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L. Introduction. Let A(x) denote the number of distinct abelian groups (up
to isomorphism) of order not exceeding x. In view of the basic theorem about
the structure of abelian groups of finite order (see. e.g, [9, Chap. 4]), we
immediately deduce that

Ax)= Y 1,
(Myeiiip....)
Where the summation is taken over all distinct lattice points {ny, ..., #, ...

€N* such that
nni...onh... < x

(N is the set of all natural numbers). The simplest asymptotic property of the
function A(x), first derived in 1935 by P. Erdés and G. Szekeres [3], is

(1) A(x) = C x+0(x'?).
Later, in 1947, D. G. Kendal and R. A. Rankin [7] obtained:
(2) A(x) = Cyx+C,x"2 4+ 0(x'*(log x)?).

In 1952, by passing to the estimation of exponential sums (the van der

C01‘1'.)ut—13hillips exponent pair method), H. E. Richert [117] was able to show
that

3) A(x) = Cy x4+ C,x"2 4+ Cyx' P + A(x)

Where, for i = 1, 2, 3, the constants C; in (1), (2) and (3) are given by

o

Ci =[] ¢
v=1
p#i

nd, for A(x) in (3), the following estimate holds:

A{X) < x.‘!,flﬂﬂogx}'ﬁl(}_
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As we will see in Section 3, the estimation for A4(x) is equivalent to
estimating certain multiple exponential sums. Hence the sharper upper bound
for A(x) one would like to get, the stronger estimates of exponential sums one
must look for. Since the establishment of (3), R. A. Rankin [10], W. Schwarz
[14], P. G. Schmidt [12], [13], B. R. Srinivasan [15], G. Kolesnik [8]
have worked on this interesting topic, and the hitherto sharpest estimate given
in [8] is
(4) A(x) < x°738 (log x)*°.

We note that besides its complication, the proof of (4) given in [8]
contains errors (as will be pointed out in the proof of our Lemma 9).

In this paper, we shall develop a technique which enables us to benefit
from both Kolesnik’s method and a kind of new method inspired by the work
of E. Bombieri and H. Iwaniec [2]. Our method leads to the following new
estimate for A4(x).

THEOREM A. For any &> 0, we have
A["\') < x40f159+£’

Remark 1. For a comparison between Kolesnik’s estimate (4) and our
Theorem A, note that

97/381 = 0.254593... and  40/159 = 0.251572...

Remark 2. It should be noted that A. Ivi¢ [6] proved, via the techniques
from the theory of the Riemann zeta-function, that

5
Ax) = Y Cx"+Q(x"®(log x)'7?).
i=1
Remark 3. We can, of course, as in (3) and (4), replace x* in Theorem
A by a suitable power of logx.

2. A bound for a kind of multiple exponential sums. In this section, we shall
prove the following result, which is a sharpened form of Theorem 3 due to
E. Fouvry and H. Iwaniec [4]. Our innovation is the use of Lemma 2 below,
which leads to an optimal choice of the parameter.

LEMMA A. Let H=1, X=z1, Y = 1000, ay(y—1)(p—1) # 0,
A> Cy(a, .7)>0, f(h, x,y)= Ah*x"y",
(5) SH,X,Y)= Y C,(h, )Cy(ne(f (h, x, y))

(h,x,yv)eD

where D is a region contained in the rectangle

{(h& x, Y h~H,x~X, y~Y}
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E:: ~H means that H <h<2H) such that for any fixed h, and x,
’ o~ H, xo~ X), the intersection Dn{(h,, Xos V| y~Y} has at most O(1)
egments. Also, |Cy(h, x)| < 1, |C,(y) <1, F = AH*X*Y" > Y. Then

©)  LS(H, X, Y) < YHX)PY F+HXY>(1 4 Y5 F-3)i2

+2\4't/{Hx)23F-4Yz4zs+ 4 (HX]J Y4Z = El
where L =log(AHXY+2), Z = max(l, FY"2).

. To givle- a detailed proof of Lemma A, we list a number of lemmas here.
he most important and new ones are Lemmas 4 and 6.

ThenLEMMA l. Let M<N<N, <M, and let a, be any complex numbers.

| ¥ al< [ KO T

N<nsN, M<ms=M,

a,e(0m)|do
With K (0) = min(M, —M +1, (n|0})"*, (r0)~2) and

[ K(0)d0 < 3log(2+ M, —M).

—ab

LEMMA 2. Let M>0,N>0,u,>0,0,>0,4,>0,B,>0(1<m<M

I .
lhg h s N), and let Q, and Q, be given non-negative numbers, Q, <Q,. Then
ere is a q such that Q, < q<Q, and

if: y N B M N M N
g um+ =Un Un RUm U + Uy Uy =,
m=1 q ng‘l "q < m2=;l ngll {A’" B" )l” ’ ’+m§]AMQI +n§l Ban h

LEMMA 3. Let I be a subinterval of (Y, 2Y] and let J b itive i
Then, for any complex Z,, ] e a positive integer.

Izznlzﬁ{\Z(I‘}‘Y\fﬁl} 1_2!|+IJ_.1 p,
- m“‘%m( QU+DI™) ¥ ZyiZoes
n—lel

LEMMA 4. Let

wwy(X. Y} = Z Z ¢r l,f/se{x,y,J

w N
here X = (x,), Y = (y,) are finite sequences of real numbers with
Ix|I<P, |yl<Q

and ¢ . . are complex numbers. Then

lwey (X, Y)I? < 20(1 + PQ)w, (X, Q)w, (Y. P)
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with

Y ol

|%r, —xry | €Q 71

“Jqp{Xs Q) =

and o, (Y, P) similarly defined.

LEMMA 5. Let H>1, N > 1, 4> 0, and let y be real. Then the number of
solutions of the inequality |hn—kr’| < A in lattice points (h, k, n, r) satisfying
h,k~H, n,r~N is

< C(;)(HN log2(2HN)+ AHN*77).

LEMMA 6. Let Q= 1, m~M, g~0Q, 30 <M, let o (#0,1) be a real
number, t(m, q) = (m+qy—(m—q)?, T=M*"", and let BM, Q, 4) be the
number of lattice points (m, m, q, §) such that

[t(m, g)—t(m, )| < AT.
Then, if Q < M*3,
BM, Q, 4) < (MQ+AM?Q*+Q° M~ ?)(log M)*

with the implied constant depending at most on o.

Lemmas | and 4 are, respectively, Lemmas 2.2 and 2.4 (with k = 1) of
E. Bombieri and H. Iwaniec [2]. Lemma 3 can be proved similarly to Lemma
5 of D. R. Heath-Brown [5]. Lemma 5, essentially due to [5], was first formally
stated as Lemma 8 of R. C. Baker [1]. Lemma 2 is Lemma 2 of B. R. Srinivasan

[15]. Lemma 6 is Proposition 2 of E. Fouvry and H. Iwaniec [4].
Now we are ready to prove Lemma A. We have

SH.X. V)< Y Y| ¥ cwelf(h, x,y)
h~I x~X yelih.x)
where I(h, x) is some subinterval of (Y,2Y]. From Lemma I, we have
LISH, X, )< Y Y |3 €, 0e(f(h, x,y)
h~H x~X y~Y

where C(y, 0) = C(y)e(0y) for some real 0 (0 is independent of h, x, y).
We consider the expression

(1) R(Q)=(HXY)?q '+ JHX)F 'Y5Zq "+ /(HX)'FY '¢°
F(HX)P g +(HX)Y2 Y222,
By Lemma 2, we can choose a Qe(0, Y?7] such that (see (6)
8)  R(Q) < J(HX)® Y F+(HXP Y** + \/(HX)?F*Y**Z°
FHXPEZYHS5+ JHXP Y Z+HX)PFPZ3Y') < Ef.
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If Q <100, then we trivially have

-1 —1/3 e
L™'S(H, X, Y) < HXYQ '? < . /R(Q) < E,.

Now we assume that Q > 100. By Cauchy’s inequality and Lemma 3, we have

©) L7IS(H, X, Y)* < (HXY)?Q ' +(HXY)Q '|s,|
where
Sy = C(y N Clv—a 0ol Ak ,
I I-‘.!.J'.E)ED. (y+4, 0)C(y—q. O)e(Ah X t(y, q)),

1y, q) = (+q9—(y—q),
Dy =D\@)=1{@ y. h.x)| y+q,y—q~Y, g~ 0Q,, h~H, x~ X

for some Q, with 1 <2 /
§ 1 <20, <0/2. By Lemma 4 p - '
our assumption) ! y a 4 we have (note that F > Y by

(10) IS\P<FY™'Q,A4,4,

Where A, is the number of lattice points (h, x, i, X) such that

(11) IhxP — Rt < 4-1Q; Yyt

with h, h~ H, x, S~ X. Notice that (11) is equivalent to
|hxP=— hb < HY XPrF=1Q !

S0 that Lemma 5 gives

(12) A, < (HX+H?*X2YQ;'F Y)I2.

Let A, stand for the number of lattice points (q, v, ¢,, ¥,) such that
[t(ys @) —tlyy, qy)l < (AH*XP)~!

With Y2 <y, y, <3V, ¢
: ¥ ¥y s 4,4, ~0Q,. Recall th: 2/3 .
6 gives (with 4 = QI-IYF—I}] I “ at @, < Q/4 < Y?’ Lemma

(13) A, <(Q,Y+Q,Y3F ' 408y 2)12,
From (9), (10) and (12), (13), we deduce that (see (7), (8))
(14)  L-5IS(H, X, Y)? < (HXY)?Q !
+HXYQ '[FHXQQ+HXYF ™ ')(1+ Y2 F ' 4+Q5Y 3)]'2 < R(0Q).

Now Lemma A follows from our choice of Q and (14).

3. Lemmas cited. Write

3
As(x)= Y 1=Y Cyx'it45(x)
(=1

mnini<x i
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where
3
C3_i = H C(J'/f)
il

By a standard argument, we easily see the connection between 4,(x) and 4(x).
LEMMA 7. If > 1/4, then
Ay(x) < xPTE = A(x) < xP*E
Proof. It is Lemma 1 of P. G. Schmidt [12].
LemMa 8. Let (x, B.7) be any permutation of (1,2, 3), ¥(u) = u—[u]

—1/2, and
Sapr= 2 PRxmIn).

mE+fpr € x
m>=n

Then, as x— o0,
A3(x) = = ¥ Sap,+O(x').

(x.f.y)
Proof. It is Theorem 1 of P. G. Schmidt [12].
Obviously, we have
(15) Saps= Y. Sap,(M, N)+0(x'*log*x)
(M.N)

where M and N run through sequences {2 /x'**#:j=0,1,...} and
{27*x'7: k=0, 1,..} respectively, such that

(16) MN > x'8, 2M >N, M**PN'<x
and
Sep,(M, N)= Z (3 xm Pn7Y),
(m,n)eD
(17)

D =DM, N)={(m,n| m~M,n~N, m**"n’ < x, m > nj.
As in [8], for any K (viewed as a parameter), K e[100, MN], we have
Sap, (M, N) < (log KYMNK™'+ ¥ min(1/h, K/h*)| ) e(f(h, m, n)|

1<h<K? (m.meD

where
fhym,n)= fh,m, n, o, B,7)=h3xm Pn77.
Thus, for some He[l, K], we have

(18) X"Sup,(M, N) < MNK ™' +min(l, K/H)®,,(H, M, N)
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where

(19) Popy(H, M, Ny=H™' 3 | 3 e(f(h, m, n)).
h~H (m,neD
LEMMA 9. Let «, B be real numbers, aff(a+ ff— D(x+B-2) # 0. Let f(x, y)
=Ax*y’, D {(x, y)| x~X, y~ Y}, X>Y, F= AX*Y?, N=XY. Then

S=(NF)™* Y e(f(x,y)

(x.v)eD
< YFEN3+ N3+ §/NSF-TX T4 NF-14 4 NY 112,
Proof. This lemma is actually a special case (with “4” = 0) of Theorem

I of G. Kolesnik [8]. But the proof given in [8] contains some computational
errors, so the final expression given there does not include the sum

NS;6+N E.-"F-lx—l_i_NF—l.fd-_
(Thus the proof of the estimate (4) given in [8] needs revision.) In fact, from R,
and R, of p. 167 of [8], we can, after making easy calculation, obtain.

(S/N)Zéq_l*l— XquN—3+ Y—l+{F2qN—I)-U4
+\4/F2q3X—4N-3+IZHFZX—IIqN—l
(noticing that in the second line of p. 168 of [8], the term (F2gN~1)~ 14 s
written as (F*gN~')"'2 but from the context, this is obviously due to

a computation error.) Then, using our Lemma 2, we can choose a ¢ in the range
0 < g < N/(log N) which minimizes the above expression and gives

S < JF*N*+ N6 NF~144 &NSF-Tx =T Ny-12

+3J/Y'2FANS + Y/ Y*F*N" + NX %8,

Since we always have

VYZFENVB LYY FIN + NX 38 < §/FPN° + N¥/6
the lemma then follows.

LEMMA 10. Let 0 <a < b < 2a, let f(z) be analytic on a domain R con-
taining the real segment [a, b], and let R' = {z| aze R} be an open convex
Set. Moreover, |f"(z)) M for zeR, f(x) is real for xeR is real and
J"(x) € —kM, k > 0. Let J'(b) = o, f'(a) = B. and define x, for each integer v in
the range o < v < f by f'(x,) = v. Then

> oe(fm)=e(—1/8) ¥ |f"(x)" Y2e(f(x,)—vx,)

a<nsh a<vEfl
+0(M~"2)+ 0(log(2 +(b—a)M)).
Proof. This is Lemma 6 of D. R. Heath-Brown [14].
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4. The estimation of S, 4, (x, f,7) # (1, 2, 3)and (2, 1, 3). In this section,
we shall prove

Tueorem 1. If (a, B, 7) # (1,2, 3) and (2, 1, 3), then
S!.ﬂ.}' é x”"h’.
This is an easy consequence of the following lemma.

Lemma 11. Let (x, B, 7) be a permutation of (1,2, 3). Then

X8, 5., (M, N) € &/xEM3* -2 N3~ 21 4 x 14,
Proof. By Lemma 10 and partial summation (using (16)), we get

(20) S e(f(h,m, n) < MF=12 % e(g(h,n, u))+ x4

(m.njel, (nujely

where D is given by (17), D, is a suitable subregion of

{(n. u)

(D, satisfies the requirements of Lemma A), and

gth, n, u) = Cla, B, y)(xh*ufn= 7)1 /e+h,
(21) F=GH=H@IxM ’N7).
Note that

u= ;‘lth. m, n), (m, n)eD}
om

(n,ueD, = u=~F/M

(b ~ B means that C, < b/B < C, for two suitable constants C, and C,). By
Lemma 9 we have

xt Y elglh, n, u)< YFSN3M 34+ NF3¥4M™!

(nujel

+NFM™YF~'N"HY8 L N(FM~")'2 4+ NY2FM ™1

Again using (16), we see that

(22) XTMFV2 Y e(g(h, n, w) < SFM3N3+/FN.

(n.ujeDy
From (18)+22), we get
(23) X “S,4,(M,N)
< MNK ' +8/K*x2 M3 N3 21 4 33/K*xM PN*"7 = E(K).
By Lemma 2, we can choose a K,€[0, MN] such that

(24) Ey(K o) 4 3 M TN 4 Y,
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If Ky > 100, we specify K = K, in
= 100, = K, in (23), and the lemma follows fi
(24). 1f K, < 100, we trivially have e SRR

(25) Sepy(M, N) < MNK;' < E,(K,)
and the lemma follows from (24) and (25).

Proof of Theorem 1. Assume that (« Y :
(16), we see that ke DLt R 1 ) >

MS«—Z}JNS::—Z? <& (Ma+ﬂN}-}2a‘—2 < sz—Z_

Hence Theorem 1 follows from Lemma LT,

5. The estimation of S Th i j i
2.1,3- T'he main object of the pres i
prove the following theorem. : present section 1s to

THEOREM 2.
82,13 K< xl4te,

LEMMA 12. Let (x, B, 7) be a permutation of (1,2, 3), then
(26)  x78,,(M, N) < /G"M'N™ + J/G M N7 + /G MO N1

+ VG MIN®+3/G M INT + Y/GMN* + &/GCEMAN® +x14: = E
Where G is given by (21).

Proof. From (19) and (20), we see that
27) x~*2@,, (H, M, N) < M(H*G)~ "2 2| X elgh, n, w)|+x'e,

h~H (nu)eD,

2

We appl i
ply Lemma A, with (H, X, Y)~ (H, F/M, N). (X,. X o
Y,, Y,) means that X;~Y for | <i<3) We gel, # R T

[23} x €2 Z J Z e(g(h, n, “))I < 14/H2':G:4M—:3N9+H36M—:Nz.ra

h~H (nu)eD,
+\/HY GO M 12NT3 L 2/ P2 GO 023 N 3% 4 24/ a7 Gaa g - 23 yia
+YH°G*MIN*+ YH G*M~3N2.,
From (18), (19), (27) and (28), we have

29)  x=¢S,,, (M. N) <« MNK -1 + /K GTMN® + /KR5GS N~
+’\Z/I?"’G:’N”+2§‘/K6G7MN24+3{‘/K“G”MN”+ YKGZMN?

+&/GMN*: = E,(K).

5 .
Acta Arithmetica 59.3
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By Lemma 2, there is a K,€[0, MN] such that
(30) E,(K,) < E;
(see (26)). The lemma is proved in view of (29) and (30).
LEmMMA 13. Let (a, B, 7) be a permutation of (1,2,3), Then
(31)  x7*S,4,(M, N) < ‘&W+W+W
+3\‘/GSMTN3°+2\"/G3M”N”+\5/62MN4+{‘/EFM2N3+x”“:= E,
where G is given by (21).
Proof. Applying Lemma A with (H, X, Y)~(H, N, F/M), we get
32 x2Y| Y elgh n w)| < YHPGOM N

h~H (nueby
+\3/H562M“2N3+%IHGIOM"3N”+24 H“GZOM_MN”
+YH GM *N*+YH G M 2N +x'"%.
Therefore, from (18), (19), (27) and (32) we get
X"¢S,5,(M, N) < MNK~'+'%K2G*M3N'3+ 8 KGM?*N*®
+‘\“7K4G“M—’N12+2§‘/K763N23+24 KZGJM”’NH
+YKGEN?+ Y GM?> N3 +x'* := E4(K).
Now, by Lemma 2, there is a Ko€[0, MN] such that
E,(K) < E,

(see (31)). The lemma is proved.
Proof of Theorem 2. From (16), (21) and Lemma 12, we have

[33) JC_ES;_;J{M. N) @40;“\.1M1N9+183x3M3N5+30}x3M3N13

+60a‘x1M‘7N39+35#x6MﬁN7+ 5 XM-I-JC"M < S/XM-}'X[M.

From (16), (21) and Lemma 13'. we also have
[34) X_‘Sz.l.a(M. N) <& .w‘xs MIINZI +l4.r‘xM5Nll _,'_lﬁfxl MNI.O
/NN 4 3/ MR + /5N + YMN +x1

< 32£x3M11N21+14.?xM5N11+52,1'x3M21N41+ 5 xN+x”“.

From (33) and (34), we conclude that

4
(35) x7¢S,,.3(M, N) < Y Ri(M, N)+x'#

i1
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where, by virtue of (16),

(36) RI(M. N) — lTIIIl( Sfo’ 32/x3M11N21} < ( SJXM}M(J!ZIXJMHNM)&.
— xl3.*32(MN)21£82 < x20/82

with (a,, d,) = (50/82, 32/82);

(37)  R,(M, N) = min(3/xM, WxM3NT) < ( *“/xM)‘”{W}"l

— XTM‘;{MN)IM < x33“32
with (0,, 6,) = (30/44, 14/44);
(38) RB(M~ N) — min( S/XM, sz;stzn N‘”} < ( SIxJW}a,a(SZJ"XSMZI Nd-l)ri;
— x23;'152(MN)4:f152 < y110/456

with (a4, 3,) = (25/38, 13/38):

(39) Ry(M, N) = min(/xM, 3/xN) < (3/xM)"(5/xN)"2
_ xl,fS(MN)UlO < XTHD.
From (35)-(39), we have

40
(: ) 32,1,3(M,N}(5x1,«4+£'

Theorem 2 follows from (15) and (40).

6. The estimation of S, , , and the

SSliioe: e 2aa it proof of Theorem A. Throughout this

0=40/159, 100x’ < MN < x'3
We proceed t i i .
0 estimate the crucial sum S, ,,. We have
THEOREM 3,
S1,2,3 € x5,

Theorem A follows from Lemmas 7, 8 and Theorems 1, 2, 3 explicitly
LemMma 14, |

X" Pi2a(H, M, N) < \/xMNTO 4 NM?P3 4 1Y/ =33 ppio
+2\‘VH‘5x'4M32N35+z\‘VxM”NZH+(‘/H_'M4N-‘+x1f4
w
here @, , 3(H, M, N) is given by (19).

" ;’roof. Using Lemma A to the sum H-&
» X, Y) >~ (H, N, M), we get the required es

1.2.3(H, M, N) directly, with
timate.
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LEMMA 15. For K = MNx~° 1 < H < K? we have
x=min(l, K/H)-®y.2(H, M, N) € %X~ MN®+§/x' " MN*
+|\1/x4—49M—5N4+zy’xs—'mM—gNb+2¢/x3—zaMaN1b
+ 2/ SMTN 42/ MON™ + min(¢/x? "M N2, {/xM"N')

= = " 2 p20
+min(¥/x2 M N2, NM?P)+min(/x> "M N2, 3/xM'*N>°).

. —2p-3
Proof. From (27), (32), we get (with G ~xM ™ *N7?)

% 6 3 12 4‘.4M—9
@1)  x"2d,,4(H, M, N) < YH X*M 'N*+ Y HxN +1/H*x

+WH M ON T+ W HI MAN + X HM N3 4 x4,
In view of Lemma 14 and (41), we have
42) x5 4(H, M, N) < YH:X*M~"N*+ Y/HxN?
+YHXM O+ Y MAN + 3/ H M 1eN !
+min(YXFHM *N 2, Y/xMTN™)+min ({/xX? HM~*N~3, NM*?)
+min(Y/x2HM *N73, \WH3x3M'*N*)

+min(Y/x2HM *N 3, X/H >x *M*N*)

+min(&/xTHM *N 73, 3/ xM'? N9

+min({/xHM *N73, YH 'M*N¥)+x".
We have
43) min(&/x*HM *N*, WH 3 x *M'N?')

< (m?)uz{:yﬁ—sx—aMwNu)m =248/, 3MN'2;

similarly, |
@)  min(@/xXPHM *N3, /H 5x*M?2N**) < /X MON',

(45) min(Y/x>HM *N 3, YH'M*N*) < x'*
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and

(46)  min(1, K/H)min({/x* HM ~*N =3, ¥/xM"N19)

S min(Yx2 "M IN2 W xMINTD),
(47)  min(1, K/H)min(Y/x* HM *N=3, NM?3)
< min(Yx* "M INZ, NM2B),
(48)  min(1, K/H)min(&/x*HM *N 3, 24/xM*2N29) .

< min (/x> "'M N2, 2/xMTIN20),
The lemma follows from (42)-(48).

Proof of Theorem 3. From Lemma 11, we have

[49] .\T_Esllz_‘](M, N)@\SIXEMNL[“I‘XIM.
From (16), (18), Lemma 15 and (49), we have

(50} X7ES, , (M, N) < 14/_\.3—30MN6+ "/x’_”MN"-f-z“ x;~zuM?-'F6

.
+/SMINZ+2/MONO + ¥ R(M, N)+x°

i=35

Where
(51)  Rs(M. N) = min(Y/x> "M N2, WM N'®, 8/xIpNT)
< (/XM TN 2 (Y M NIOPy(8/x2 N~ Tyn

267/1064

=X
With (a,, ,,7,) = (272/1064, 280/1064, 512/1064);
(52)  Re(M, N)=min(¥/x"*M 3N-2, NM23, YXIMNT)

< (XM TINTD(NMBY:(8/xTMN Ty = 14
With (a,, f,, 7,) = (4/15, 3/15, 8/15);
(53) R (M, N) = min(&x7*M N 2, V/xMEN, ¥/ XTMNY)

< {\‘l-/x'?M-M-3N-2)-:3{2\4/XM12N20)ﬁ3(\3/x2MN- l}?3
133/536

=X

With (a,, B, 7,) = (16/67, 15/67, 36/67).
Hence from (50)-(53), we have

54) x=e8, ,.5(M, N) < W5 prne 4 GXTTIMN* + 3/ MENTS

+"'\4/x3MTNIZ+2'3/‘\:3M"N'°+.\'".
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From Lemma 12 (with G~ xM 2N ~?), using (16), we get
(55)  x~*Sy2a(M, N) <2YX'M N °+Yx*M N2

If MN < x%3, from (54) we see (using (16)) that

(56) xS, 2.4(M, N) < 'Yx* "2 MN®+x°.

From (49), (55) and (56), we have

11
(57) x"581.2,5(M, N) € ¥ R(M, N)+x°

i=8

where

(58)  Ry(M, N) = min(¥/x> 2 MN®, 2Yx’"M~"N~°, Yx*MN™Y)
< (YT TIMNO (Y xTM TN OPA(Y/x* MN )

(160-260)/610 — 0

=X

with (2, Ba, 74) = (182/610, 140/610, 288/610);
(59)  Ro(M, N)=min (/x> **MN®, IxP*M3N"2, Yx*MN™Y)
< (l4;"x3—20MN6}:5( 9;xJM—3N—2}8;( B!xZMN—I 78

(68-100)/261 - 40

=X
with (as, Bs» 75) = (70/261, 63/261, 128/261);
(60} Rw{M N} — min(u/x.’!—l&MNﬁ, 35{x12M~12N-11‘ SJXZMN-I)
< (I.d-,r‘x:!—wMNﬁ)ag(ZiSe’xllM— 12N— 11)ﬁ5(8#x2MN-1)v5

T xtSSO—QZH}JZIIO < le
with (ag. Be. 76) = (644/2110, 490/2110, 976/2110);
61) R, (M, N)=min(:¥/x* PMN®, Jx*M2N"3, Yx*MN™)
< (Y5 IMN (MNP (F MNTTY

— X(47-100/177 o 0

with (., B4, 74) = (70/177, 35/1717, 72/177).
From (57)-(61) we have

(62) S1.23(M, N) < x"*",

On the number of abelian groups of a given order

If MN > x°3, from (55) we have

(63) x7%8,.2.3(M, N) < 2\%c7M‘TN“'+\5/x2M”2N'3+x”4.
From (49), (54) and (63), we see that

21
(64) x"f81.,3(M, N) < Z R,(M, N)+x°
i=12
Where
(65) Ri>(M, N) = Rg(M, N) < x*,

(66)  R,3(M,N)=min(2Yx"M-"N-¢, Ix'PMN*, 3/xMNY)

< /XM TTN 7O (/xT P MNP (Y/XTMN Ty

= x(92‘- 138)/354 o

<X

With (ag, By, 76) = (100/354, 78/354, 176/354);

(67) R, 4(M, N)= min (3)/x"M~7N~6, 2¢/x3- 20 p 6 NT6 Yx*MN-T)

< (2\(yx‘?M—'}'N—6119(2\4/x3—ZﬂMleé)ﬂg(\B/szN— l)?g
— x(345—zﬁﬂ)f1360 < xl|f4

With (ag, B, 7) = (110/340, 78/340, 152/340);
68)  Rys(M, N)=minQYx"M 7N, Wx*MNV, §/XPMNY)

< (20 x"M'TN"‘)““(zf/x" M"’N”)‘"“’(\B/xz MN- l)no

64/257

=X

With (ay0, B10. 710) = (95/257, 78/257, 84/257):
(69)

Ry6(M, N) = min(3)/x’M~"N~=¢, 22/x3 MO N0, Ex2MN~1y

< (Z\O/x?M-TN—é)a“(z\z/staNID]_E“{\B/XZMN—l)y”

= x219/878

Vith (2, By, 711) = (160/439, 143/439, 136/439);

(7
0) Ry7(M, N)=R,,(M, N) < x°,

275
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(71)  Rys(M, N) = min(J/x*M " 2N"?3, &x'OMN*, Yx*MN™)
< (/MNP (X MNP/ MN )
- xti—ﬂh’l‘) < xla’4
with (212, Br2. 712) = (5/19, 6/19, 8/19);
(72)  Ryo(M, N) = min(J/x2M 2N3, /x> PMON', Y/x* MN ™)
< (\S/FM—2N—3]«.3(%3—ZﬂMﬁNlﬁ)ﬂu(W‘_’)?u

— x(B7-100)/342  y1/4

with (3, Bis. 713) = (55/171, 60/171, 56/171);
(73) Rm(M,N)=min[\f‘/sz‘zN'3,%3M7N‘2,\*‘/x2MN")

< (W)m(m)ﬁu(wxz MN 1)

239
= x59/

with (14, Prs, 714) = (95/239, 120/239, 24/239);
(74) Ry (M, N) = min(&/x*M 2N "3, 22/, 3MON'0, ¥/x*MN ™)

< (MNP MONTOP (Y x* MN )

51/206

=.5%

with (o5, B1s» 715) = (80/206, 110/206, 16/206).
From (64)-(74), we have

(75) S1.23(M, N) <€ £,
Theorem 3 follows from (15), (62) and (75).
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