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©y» @3 Pa» P Proviennent de faces, ¢,, ¢s proviennent de points extremaux,
¢, provient d'une unité formelle.
i lim |6/%) =1.
|6/ =3, E=Ey={n;e(n) entier de K},  lim &/ %,
n=+

Remarque sur le théoréme 1. Pour montrer le thém_'é.me 1, on
pourrait penser utiliser le résultat de H. C. Williams [6] qui dit intuitivement la
chose suivante: _ .

“Si @ est un élément d’un ordre ¢ de petite norme alors ¢ est une meilleure

o Sl i
approximation de G”. Préciscmen ‘

Soit @ = Z+Zp+Zv un ordre de K (corps cubique pur) et D, son

discriminant. Soit ¢ un élément non nul de . Si:

(40) [N (@) <&/ Do/27

alors ¢ est une meilleure approximation de C. -

Malheureusement, I'approximation formelle obtenue de facon générale e
le résultat de H.C.Williams ne sont pas suffisants pour démontrer le théoreme 1.
En effet, si ¢ est un point extrémal de (y on a:

deg N(¢) < 3d—2 (voir proposition 3) et deg(Disc 4) = 6d,

I'inégalité (40) n’est donc pas satisfaite asymptotiquement.
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A Dirichlet series for modular forms of degree n
by

ALoys KRIEG (Miinster)

1. Introduction. In a recent paper Kohnen and Skoruppa [6] introduced
a new type of Dirichlet series, which is associated with the Fourier-Jacobi
expansion of a pair f, g of Siegel cusp forms of the same weight and degree 2.
The proof is based on the Rankin-Selberg method. If f = g is a simultaneous
Hecke eigenform in the so-called MaaB Spezialschar, this Dirichlet series is
proportional to the spinor zeta function attached to f by Andrianov.

Then Yamazaki [17], [18] derived the analytic continuation and func-
tional equation for this type of Dirichlet series in the case of arbitrary degree n.
The main point of his proof is the analytic continuation of an Fisenstein series
of Klingen type, which is derived from Langlands’ theory. Recently Raghavan
and Sengupta [13] obtained analogous results for Hermitian modular forms of
degree 2 with respect to the Gaussian number field.

In this paper we give an elementary proof of Yamazaki’s result [17], which
only makes use of well-known properties of Epstein zeta functions. A modifica-
tion of the arguments and another application of the Rankin-Selberg method
lead to the corresponding result for Hermitian modular forms of degree n with
respect to the Gaussian number field. Finally, we deal with modular forms of
Quaternions of degree n (cf. [11], [7]). We derive analytic continuation and
functional equation of the attached Dirichlet series. If f and g belong to the
MaaB space (cf. [8]) and if f is a simultaneous eigenform under all Hecke
Operators, then the Dirichlet series possesses an Euler product expansion and is
proportional to the Andrianov zeta function attached to f.

2. Preliminaries. A good deal of work can be done for all the three types of
modular forms simultaneously just as in [7]. Therefore let F stand for the field
R of real numbers resp. C of complex numbers resp. for the skew-field H of

Hamiltonian quaternions. Set r = [F:R] and denote the standard basis of
F over R by e,, .. where

w3 Epy

= 2 __ 2 __ .2 _ _
ep=1, e3=ej=ez=—1, e,e,=—eye,=c¢,.

Let a+ @ be the canonical involution on F and define

Re(a):=4(a+a), <a,bd:=Re(@h), N(a):=aa.
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: i i 2
The letter I is reserved for the nxn identity matrix and J for the 2nx2n

matrix
01
J:= _1 o)

Given matrices 4, B of appropriate size set
A[B]:= B'AB,

here the prime stands for the transpose. .
) Let SyI:n(n' F) denote the n+4rn(n—1)-dimensional real vector space of

. !
all over F Hermitian nx n matrices and Pos(n; F):= ‘YeSym(n, )F)|‘)‘; >r2;
the open subset of all positive definite matrices. Then the half-space of deg

n is defined to be

H(n; F):= Sym(n; F)+iPos(n; F) c Sym(n; F)®gC.

Clearly H(n; R) is the Siegel half-space, H(n; C) the Hermitian ha'efli‘-spgce, arﬁ
H(n; H) the half-space of quaternions. Moreover, H:= H(1; F) equals the upp
half-plane in C. The symplectic group (over F)

Sp(n; F):= {M eMat(2n; F)|J[M] = J}
acts on H(n: F) in the usual way by

-1 4. B eSp(n; F)
Z—M(Z):=(AZ+B)(CZ+D)"", M= cD p(n; F).

Given Z = X +iYeH(n; F) consider

Yy 0 I 0 ) . P,
Pz:=<0 Y“)[(X lr)ilESp(m, F)nPos(2n; F)

Given M = (A B)éSp(n; F)and Z € H(n; F) with M{Z) = Xy +iY,, we get
Cc D

{1) PM(Z) = PZ[MI]-

B Yt PZ[(E)]

from [7, 11.1.9 and IL.1.7]. . '
We choose a particular order (0 = O(F) for each case of F, namely

OR =Z, OKC)=2Ze,+2Ze,, OH)=Zey+Ze,+Ze,+Ze,,

ian integers
where ¢, = (e, +e,+e;+¢,). Then clearly € (C) equals the Gaussian integ
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and O(H) the quaternions of Hurwitz, The dual lattice of ¢ with respect to ¢,
is denoted by €%, ie.,
O*(F)= O(F) for F = R, C,
O (H)=Z2e,+Z(e, +e,)+Z(e, +e,)+ Z(e, +¢,).
Moreover, let
[,:=I'(n; F):= Sp(n; F)nMat(2n; O(F))

stand for the modular group of degree n.

3. Jacobi forms. If n > 1 and k is an integer, which is even for F = H, the
vector space [I'(n; F), k] of modular forms of degree n and weight k consists of
all holomorphic functions f: H(n; F)— C such that

S (M(Z)) = (det(CZ +D))f (2)

for all MeI'(n; F). If F = H we refer to [7, p. 78] for the definition of the
determinant. Let t denote the reduced trace form

©(4, B):= jtrace(AB'+ BA')  for nxm matrices A, B.

Then each fe[I'(n; F), k] possesses a Fourier expansion of the form

3) f@= Y o (T)e™ D zeH@m; F),

TeSym*(m;@), T =0

Where Sym®(n; ©) denotes the dual lattice of Sym(n; O) with respect to 1. The
subspace [I'(n; F), k], of all cusp forms consists of those fe[I(n; F), k] with

the Fourier expansion (3), where a,(T) # 0 implies TePos(n; F) (cf. [7] for
details). Now consider a decomposition

P Z[ w T— Tl_ é!
‘;;" z % Jz_tr m y

Where ze H(1; F), meN,, w=u+ive Fi ', W = i +i5’ and Fe=F@,C.
A rearrangement of (3) yields the Fourier-Jacobi expansion of A
@) f@ = 3 fuZ,, werim,
m=0
Where

fm(zl’w)= Z

TieSym™(n— 1:0) e ®n—1
such that T=0

2ni(e(TyZy )+ t(t,w))
af(T)e ni(r(Ty Zy) +o(t,w i

Then JulZ,, w) is a Jacobi form of degree n—1, weight k and index m. It is
Characterized by the identities

Sl [M] = folul4, W] = f for all Mer,_, and 4, e .
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Given ¢: Hin—1; F)xF¢! - C, M = (g E)eSp{n—l; F) and A, ueF"!
we use the abbreviations
() PhmMIZ,, w)
= o(M(Z,), m--lw)dethl _l_D)—keuznmuczum-lcnw]’
Olnlhs K1(Zy, W) = Q(Zy, WHZy At p)etnmiart nimedan,

The results on Jacobi forms are immediately verified along the same lines as in
[41, [5], [16], [19] for arbitrary Siegel modular forms, resp. in [1] and [13] in
the case of degree 2.

According to (5) we consider the group I'* = I'*(n; F), which acts
discontinuously on H(n—1; F)x F~' and is generated by

(Z,, w) > (M{Z,>,(CZ,+D)"'w), Mel,—,,
(Z,, W)= (Z,, w+Z,A+p), A, pe@" L
A fundamental domain with respect to the action of I'*(n; F) is for instance
given by #F*:=F*@n; F),
F¥:={Z,,WI|Z,€Fp-r, w=utiv, u Fr-10" 1, v: F*1/Y,0"'},

where #, = Z (n; F) is a fundamental domain of H(n; F) with respect to the
action of I'(n; F) (cf. [7]). Moreover, dv = (det Y,) 27" VdX,dY,dudy is
a volume element, which is invariant under the action of I'*(n; F).

Given two cusp forms f, ge[I'(n; F), klo, n > 1 and me N, we define the
Petersson scalar product of the attached Jacobi forms (cf. [4]) by

s 9> 1= | SnlZ1s W) Gn(Zy, w)det Yy e ‘ol gy
=
LeMMA 1. Given f, ge[I'(n; F), k], one has

<fnn gm> = O(mk)"

where the O-constant only depends on f and g.
Proof. If (Z,, weH(n—1; F)x F¢' is fixed, we get

ic+1

fm(zi, W) = !’ f(Z}e—lnlmzdz’

where ¢ is any real constant greater than Y, '[v]. Since (det Y)¥2|f(2)| i
bounded on H(n; F) due to [7, I11.2.4], we can choose ¢ = Y, '[v]+ 1/m and

get
—ki2
|fulZ1, W = 0((1;1-det Yl) 2mmYi ‘[v])’
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Thus the Petersson scalar product is majorized by

m“J. (det ¥,)~ 27" VdX dY,dudv = m*(vol 0)*" 2 vol(Z,_, ). =

scrieg,Given f.g€[I'(n; F), k]y, n> 1, we can therefore attach the Dirichlet

DU, 43 9:= T o gudm™,

which converges absolutely for Re(s) > k+1 due to Lemma 1.
The ar?alyt};: continuation of this Dirichlet series is derived by an integral
representation. Therefore we have to introduce an Ei i ' i
o gl isenstein series of Klingen
" Let C,!:= C(n; F) denote the subgroup of I', = I'(n; F) consisting of all
ose matrices with (0, ..., 0, 1) as its last row. The subscript 1 denotes the

upper lt?ft (n—1)x(n—1) corner of an nxn matrix. Then we define the
Eisenstein series of Klingen type

(6) EZ;s):= ) (

M:Cp\ln

det Y, \°
det(v,,). )’ ZeH(n; F).

In analogy with [7, V.2.8], we conclude that .
3 TSt th
Re(s) > 1 +r(n—1). e series converges absolutely for

Given f, ge[I'(n; F), k], where at least one is
» g€ ; ), k], a cusp form, the P
scalar product is defined by P tersson

(f.9}:= | f(2)g(Z)(det Y)du,

#Fn

Where du = (det Y)"27""~VdXdY is the invariant volume element. If I'(s)
denotes the gamma function, we get

LEMMA 2. Given f, ge[I'(n; F), k], then
{E(;5), g} = 2-(@ny ™ D+ 1k P(s 4 k—1—r(n— D)D(f, g; s+k—1—r(n—1)
holds for Re(s)>2+r(n—1).

Proof. We apply the usual unfolding trick. Therefore we calculate

{fE(;9), 9} = [ f(Z)9(Z)(det Y)E(Z, s)dp

Fn

= Y | f(MLZ))g(M(ZY)(det Yy) *5(det(Yy),) *du

M:Ca\I'n Fn

=2 J £(2)g(Z)(det Y)<*5(det Y,)"*dp,
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where €,:= € (n; F) is a fundamental domain of H(n; F) with respect to the
action of C,. We can choose

6, ={Z|(Z,, weF¥ y> Y '[1],0<x <1},

since M eC, has the form
I S\/U" 0 Nx(l 0))
M=o 1)\o v 01))
I pu -
SeSym(n; ), S, =0, U=(0 1), ue0"', Nel,-,;.

Hence the Petersson scalar product equals

: (7 W e , 2nill—m)
2 I ( I Z _,i,(Zl, 1,-.-}5;”(51‘ w)e 25(l+m)y o 2mill = m)x
F4oy>Y ), 0sx<s1Im21

x (det Y,k "2 Dy — Y [p]p e Ydxdy)dX,dY,dudv

in view of det Y = (det Y,)(y— Y, ![v]). Carrying out the integration over
x and substituting ¢ = y— Y, '[v], we get

< o o —damYi ' kg0
(JEC:8), 9} =2 X2 SulZis Wgn(Z,, W)e anmY i Vl(det Y, ) dv

Fam=1
£ 4
x j’ q3+k—2—r(n—lle qudq
0

)r{ﬂ'l}'l-l-k—s_ -

s

il

s gud T(s+k—1—r(n—1))(dmm
1

m

Analytic continuation and functional equation of D(f, g; s) now follow
from properties of E(Z; s). The quotient det(Y,,), over det(Y,,) in (6) equals the
(n, n)-entry of Y '. Using (2) we obtain

(7 E(Z;s) = (P[4,
i

where A’ runs through the last rows of all the matrices in ['(n; F).

4. Siegel modular forms. In this section let F = R. lTher} it follows from
[12, §11] that 4 in (7) runs through all coprime vectors in Z=". If {(s) denotes

the Riemann zeta function, we obtain an Epstein zeta function by

LREZ; )= Y (P[2D)7"

0+ ieZ2n

. ; . fions
In view of P; ! = P,[J] now well-known properties of Epstein zeta functio

(cf. [15, p. 59]) yield that
E(Z: s):=n"*T(s){(25)E(Z; 5)
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is a holomorphic function of s except for two simple poles at s=0
resp. s =n with residue —1 resp. 1 and satisfies the functional equation
E(Z;n—s)= E(Z; s).

Tueorem 1 ([17], [18]). Let f, ge [I'(n; R), k], be two Siegel cusp forms of
weight k and degree n > 1. Then

D(f, g5 s):= (2n)" T (s)I (s+n—k){(2s+2n—2k)D(f, g: s)

is a holomorphic function of seC except for two possible simple poles at s = k
resp. s = k—n with residue 3" *{f, g} resp. —in""*{f, g} and satisfies the
Junctional equation

D(f, g; 2k—n—s) = D(f, g: s).

Proof. The claim follows from the considerations above and Lemma
2 due to

{JE(-; s+n—k), g} =2*""D(f, g: 5). =

Clearly D(f, g: 5) possesses a meromorphic continuation to the whole
complex s-plane. It follows from the well-known properties of {(s) and I (s) that

D(f,g:5)=0
as well as

for s=k+4—nand s=0, —1, —2, ...

D(f. 'k—n)—ﬁﬂ-"—’f} ovided that k >
o T , g4 provided tha n.

5. Hermitian modular forms. In this section let F=C, @ = (0(C). In
analogy with [12, §11], we conclude that 4 in (7) runs through all coprime
vectors in (*" with J[A] = 0. Hence we obtain

(8) EX(Z;5):=(()EZ;5)= %

0# 42027 J[A]=0

(P,[2]) ",
where
1

Lols):= 2

Y N@) = {()L(s, (=9),

0#ael

Re(s) > 1,

and L(s, (5%) is the Dirichlet L-series.
LEMMA 3. Given n > 1 and Ze H(n; C); then
E(Z; s):=n"2T ()l (s+1—n){(2s+2—2n)E*(Z: s)

becomes a holomorphic function of se C except for possible simple poles at s = 0,
"—1, n, 2n—1 and satisfies. the functional equation

E(Z;2n—1—5) = E(Z; s).
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Proof We consider the theta series

B(Z W)= " 2 ehi{uJHule[l],

Ae2n

_ . ; [
As one easily checks for generators, 9(Z,w) is invariant under the action o
I'(n; C)x T, I' =SL2; Z). Then

OZ,w):=49%(Z, w)—n(n—1)3(Z, w),

ZeH(n:C), w=u+iveH = H(1; R).

i lic Laplacian on H, is also
A = v?(9%/0u® +8%/dv?) is the hyperbo ' ]
?;k:r:.rr?ant unde(r t{w action of I'(n; C)x I'. If Z belongs to a compact subset 0

H(n; C) one has
O(Z,w)=0(e") for all weF,.

We denote the non-analytic Eisenstein series on the upper half-plane in C by

Z U,M,

MIC;\J’

E(w, s):= weH(1; R), Re(s) > 1.

Now the integral
I:= | E(w, s+1-n)O(Z, wdu(w)

) .
converges absolutely for Re(s) > n. The usual unfolding trick (cf. [13]) yields

S =2s(s+1=2n)n"*I'(s)E*(Z; 5).

Now the claim follows by virtue of the results on the non-analytic Eisenstein
series in [15, §3.5]. = | . |
A more detailed description of similar arguments will be given 1n

Section 6.
A combination of Lemma 3 and Lemma 2 leads to

TueoreM 2. Let f, ge[I'(n; C), k], be two Hermitian cusp forms of weight
k and degree n> 1. Then

D(f, 9:9)
= (41:3]“1‘(5)1'(5—!(—1+2n}F(s—k+n)C(2s—-2k+2n)C(s—k— 14 2n)
xL(s—k—1 +2n, (5%))D(/f, 9; )

- - == k,
becomes a holomorphic function of s€C except for Fossable s:mple poles at s
k+1—n, k—n, k+1—2n and satisfies the functional equation

D(f, g; 2k+1—2n—s) = D(f. g: 5).

i i jon to
Again it is clear that D(/, g s) possesses a meromorphic continuation
the whole s-plane and has trivial zeros at s=0, —1, =2, ...
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The case n = 2 of this theorem coincides with Theorem 1 in [13]. It is
evident from the proof that the cases of Hermitian modular forms of an

arbitrary imaginary quadratic number field of class number 1 can be dealt with
in the same way.

6. Modular forms of quaternions. In this section let F = H, (0 = @(H), and
I'y=TI(n; H). In analogy with (8) we obtain

) EY(Z; 5):=(o(s)E(Z; 5) = ¥

0# Ae@2n J[A]1=0

(Pz[AD ™",

where

Lols):=4 Y N(@™*=(1-2""9{(s){(s—1),

0#aell

Re(s) > 2.

In order to derive the analytic continuation of (9) we have to express the
function as an integral of a modified theta series against an Eisenstein series on
the four-dimensional hyperbolic space.

Let 5# be the half-space model of the four-dimensional hyperbolic space
(cf. [9]), ie.,

4
H={w=utv=7Y weeH|w, =v>0).
j=1

The modified symplectic group of degree 1

MSp(1; H):= {M e Mat(2; H)|Q[M] = Q}, Qz((l’ (‘))

acts on X by fractional linear transformations, i.e.,

(10)  w > M{w):=(aw+b)(ew+d)™, M= (f E)EMSp(l; H).
The attached hyperbolic Laplacian

0

aw,

2 O
pa | =le=zl awf—Zwl

is invariant under all the transformations (10). Moreover, consider the modified
modular group

F:= MSp(1; H)nMat(2; ©)
and set

ImH = {aeH|Re(a) = 0} = Re, + Re, + Re,.
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Let Ze H(n; H), w = u+ve#, v = Re(w), and let A be a lattice in H*".
Then we define the theta series

HZ, w; A):= " Y gHCwIIAD =rwPaIA],
ded

We derive the theta transformation formula in
PRrOPOSITION 1. Let A be a lattice in H*" and let
A" :={ueH*"|Re( A)eZ for all ie A}
be the dual lattice. Then one has for all Ze H(n; H) and we #
H-Z L,w 1 A%) = (vol )Y(Z, w; A).

Proof. We express the theta series as a specialization of a symplectic
theta series on the Siegel half-space H(8n; R) of degree 8n. Given a quaternion
a=a.e +a,e,+ase;+aye,, we therefore define the real 4 x4 matrices

a, a, ay a, a, a, Ay a

—a a, —a a - —a a a, —a

q:= 2 1 4 3 , ir= 2 1 4 3 ,

—-ay, a, a, —a, —ay —a, a, a

—a, —a; a4, a —a, a4 —a, a
The mapping H — Mat(4; R), a — a, is a homomorphism, whereas the map
H — Mat(4; R), a — d, is an anti-homomorphism of the algebras. One has

a-b="5b-a for all a,beH.

We extend the definition of ~ to matrices as in [7, p. 15] and use ® for the
Kronecker product of matrices. Then we obtain

(11 (RN [M]=a®J
Setting
W:=WZ, w):= —i®J+ivP,e H8n; R)

for all ae H, M eSp(n; H).

for Ze H(n; H), we &,
we get

g(z‘ “;: A) = Uln z em‘WlA].

Aed)

where A, is the lattice in R®" consisting of the first columns of the matrices
feMat(8n, 4; R), ie A. One can use (11) in order to verify

W l=W(=2Z"Yw), det(i”'W)=|w"

Then the assertion follows from the ordinary theta transformation formula as
for instance in [7, [V.22]. =
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Moreover,’ we need to know the behavior of our theta series under
modular substitutions. Therefore let I',=TI(n; H) and set

- b\ -
r#:: a T #
{((.’ d)eFHJEG }

PROPOSITION 2. (a) $(M{(Z), N{w); 0™ = $(Z, w: O*") hold
Mer, and Nel*. ( ) holds for all

2jb) ez, 1:;)1:= ZM--,;S(Z, N<w): 0*") = 3(Z, w; 0™+ 3(Z. w+e,; (12)
+22"9(Z, w; O* 2" is invariant under the transformations Z — M{(Z> , MeT .
as well as under w+— N{w), NeT. '

Proqf, (a) The invariance under Z — M<Z), MeT,, is clear due to (1).
The invariance under the substitutions of I* is demonstrated for generators.
By the use of the Euclidean algorithm one checks that I™* is generated by

1 b
el, e, N(g) =1, (0 l)’ be(®* nImH, (1 ?), ceOCnImH.
c

(b) The claim follows from part (a) and Proposition 1, since I” is the

disjoint union of the right cosets I™*, *Q and F#(l 83) -
0o 1/

Given neN then
Q,:=4-2n(2n-3)Id
Proves to be an MSp(1; H)-invariant differential operator.
PROPOSITION 3. (a) Given Ze H(n; H), we # and a lattice A in H?" one has
Q.3Z, w; A)

= 0¥ Y ((m0)?(P,[A1% = |J [1]1D) — (4n—2)mv P, [])eri<u 3D ~moPzla)

Aed

. (b) Given a compact subset 6 = H(n; H), there exist positive constants
and & depending only on € such that

1£2,0(Z, w)| < Co~ 2"

0 ; . .
Jor c.lH Ze% and we #. Moreover, Q,0(Z, w) is invariant under the transfor-
Mations Z +— M{Z), MeT,, as well as w N{w), NerT.

Proof. (a) The calculation is straightforward.
(b) Apply the same arguments as in [9, Proposition 3]. =
. Let # denote a fundamental domain of # with respect to the action of
(cf. [9]). Just as in [9] resp. [2] consider the Fisenstein series

E(w,s):= Z (vy)', we,
N:F o \F

L
Acta Arithmetica $9.3
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where I*. denotes the subgroup of I" with (0 1) as its second row. Moreovcrl,
let dv =°;u,"‘dw1 dw,dw,dw, denote the invariant volume element. Then we ge

LEMMA 4. Given n> 1 and seC with Re(s)>4n—3, one has for all
ZeH(n; H)
(12) [ E(w, s+3-2n)Q,0(Z, w)do(w)
F

=4s(s+3—4n)(1 422" ")n"*T'(s)E*(Z, 5).

Re(s) |
Proof. There exists a constant C such that |E(w, s)| < C;i o f.:)rLz;lt
weZ. Hence the integral exists due to Proposition 3 and vol(#) < .

Fo={w=ut+ve#|0<u;<1,j=2,3,4}

be a fundamental domain with respect to the action of I",,. Then the integral
(12) has the value

[( Y Wyf*372"Q,0(Z, N{w)))dv(w)
K2

N:T\F
=2 [ v"372"Q 0(Z, w)dv(w)
Fa
=4 3 }Eu" (moPy[4])? —(4n—2)mvP,[A])e” ™ 4 dy
46027, J[2]=0 0
J 228 ¥ TI}‘_ Y((mvP,[A])? —(4n—2)mvP,[A])e ™" dv

A€0* N J[A]=0 O
=4(I(s+2)—@n—=2)I'(s+1))n*I'(s)
x( z (PZ[).])'S+22"_1 E

0+ Ae®2n J[2]=0 0#AeC*2n J[A]=0

=4s(s+3—dmn T +2277)( Y (P[A])79).

0# Ae0?n,J[A]=0

(P2[2D)7)

Then (9) completes the proof. =
Now set
£28) = TELQRS),  Eols) = (/2m) T ($)Le(s),
which satisfy

E(1=s5)=£&(s), Col2—3) = Cols).

Then the combination of Lemma 4 and [9, Theorem 3], resp. [2] implic®

. . , 0
COROLLARY 1. Given n > 1 the Eisenstein series E(Z, s) possesses a mer

[ i 5 . isely,
morphic continuation to the whole complex s-plane. More precisely

E(Z,s):=2°(1422"275(1 423" 179 (s 4+ 3—2n) & (s)E(2s +4—4n)E(Z, s)
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becomes a holomorphic function of s€ C except for possible simple polesat s =0
2n—3, 2n—2, 2n—1, 2n, 4n—3 and satisfies the functional equation

E(Z,4n-3—5)=E(Z, s).

3

Setting
D(f, g; s):=(1+42k+1-2n=5)(1 +2“2_2"“‘)5@(s+2n—k)§6(s+4n—3—k}
X f(ZS+4n~2—2k}(2n)"F(s)D(f, g 8),
we obtain
{fE(, s+4n—3—k), g} = 2227k D(f, g: 5)
from Lemma 2. Thus Corollary 1 implies

THEOREM 3. Let f, ge[I'(n; H), klo be modular forms of quaternions of
even weight k and degree n > 1, which are cusp forms. Then the Dirichlet series
D(f, g; s) possesses a meromorphic continuation to the whole complex s-plane.

More precisely, D(f, g: s) is a holomorphic function of seC except for possible
Simple poles at

s=k, k+3—-2n, k+2-2n, k+1—2n, k—2n, k+3—4n
and satisfies the functional equation
D(f, g; 2k+3—4n—s) = D(f, g; s).

Again it is clear that D(f, g; s) has trivial zeros at s — 0, —1, =2, ... One
€an also cancel several factors in the definition of D(f, g; s), but the
Cancellation increases the possible number of poles. The function

D*(f, g5 8):=(s+2n—1—k)(s+4n—4—k)(1 —2kF1=2n=5() _Jk+a-an—y
xé(s+2n—k){(s+4n—3—k)§(s+4n—4—k)
X g"(2s+4n—2—2k)(2n)"F(s)D(f, g; s)
is also invariant under s 2k+3—4n—s.

7. The MaaB space. In this section we consider modular forms in the
Maag space (cf. [8]). Therefore let n = 2, F = H. We always assume Z, T to be

Z=(f ":)en(z'; H), T=(f_ ét)ESym‘(Z; o).
w z 3t m

The Maaf space #(k; H) consists of all Se€[I'(2; H), k] with the Fourier
®Xpansion (3) such that a function af: Ny = C exists satisfying
2 (T) = ¥ d*~'o¥(2d~2det T)
deN.d~ ' TeSym®(2;0)

for all 0 # Te Sym*(2; ¢), T > 0. The subspace M (k; H), of cusp forms is
Characterized by the condition a*(0) = 0.
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Given meN set
T (m) = {MeMat(2; Z)|detM =m}, T,(m)={Me7T (m)|ged(M)= 1}

Due to [8, Lemma 2], we have

(13)  fulzs W) = il [7 ()] (z, w):= mk™!

-k az+b mw
> d f'( d ' d)

(8 5):mF (m)

where I' = SL(2: Z). We can determine the adjoint [.7 (m)]* of this operator
with respect to the Petersson scalar product. Given f, ge.#(k; H)y, m 2> 1, we
obtain

Sows 917 (M) = Ll [T (m)]*, 9,0,

where

(14) Ll L7 (m)]*(z, w)

=m? )

Ag:0/me (85T (m)

™k AHEND 2 az +b, wtaz+ i
™\ d d

is a Jacobi form of index 1. The proof follows the same lines as for the
Proposition in [6] and can therefore be omitted.

; f
In analogy with [1, §4], we introduce a Hecke operator F.9 on the space ©
Jacobi forms of index 1 via

fl[kgbn?{z, w):= mk=10 Z Z

A€ im0 M1\ Fo(m?)

f:[k.l [m_lM]h[)-s M,

where we use the notation (5).

PROPOSITION 4. Given fe.#(k; H) and m > 1 one has

m\<~2 .
(15) Ll L7 )] [Z (m)]* = Zﬂ.(?)(?) ST

Iim
Proof. Using (13) and (14) the left hand side of (15) is equal to
mt” IGZZ z Silka Im™ : MN1|, [, 1],
M N i

where M and N run through sets of representatives of I'\.7 (m). No»jv we appl);
Theorem 3.24 in [14] and see that each right coset I'L, Le.-?_'{m"}. appel;’:lefrl
exactly a,(m/l) times as 'MN, where [ is the ged of the entries of L. T
a simple calculation completes the proof. = .

Given fe.#(k; H) with Fourier-Jacobi coefficients f,, in (4) we conside
the mapping

Q: fy 1 F(z):= Y af(l)e™*,
=0
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Q maps the space of Jacobi forms of index I onto a certain subspace M, _, of
elliptic modular forms for Iy :=Ty(4) of weight k—2 (cf. [10]). Using the same
definition for Hecke operators as in [10] without any normalizing factors, we
obtain

PROPOSITION 5. Let fetk; H).
(@) Given relatively prime m, ne N one has

fl'kj;ohg;u = f:]k‘%-ng .
(b) If p is an odd prime, then

. _ _ 1 0
filid =2 I(sz‘ SJFk—IzFO(O Pﬂ)ra)

= 1 0 22I 0
HFHP = Q1 22=0F | | Ty wlo+T, Iy
k=2 02 0 1

Jor all 1> 1.

and

Proof. (a) This part is easily verified (cf. [1, §47).

(b) Proceed in the same way as Raghavan and Sengupta [13] in the proof
of Lemma 2. The arising Gauss sums are evaluated to be

G(a, h, p):= Y eZmiap™Ng+h2)

@0/ p'@
(—1)sN®2 2t e 5 is odd,
=g =2H71 if p=2, he2o,
0 if p=2, h¢20,

Where aeZ, pya, > 1, he*. u

Due to [10] the MaaB space .#(k; H) is invariant under all Hecke
“Perators. More precisely, it can be concluded from Theorem 2 in [10] that

1 1S a simultaneous ei enform under all operators 72, m= 1, provided
p m p

Jat ['is a simultaneous eigenform under all Hecke operators. Thus Proposi-
lion 5 leads to

CoroLLARY 2. Let fe.#(k; H) be a simultaneous eigenform under all
ecke operators with a¥(1) = 1. Then
ST = @ (™) =p* 42k (0™ ) Sy, [l TP = a2 2P,
Jor [>1 and all odd primes p.

{ Now we apply all the results above in order to evaluate the Dirichlet series
1 g:s).
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THEOREM 4. Let f, ge # (k; H),y, where f is a simultaneous eigenform under
all Hecke operators with «¥(1) = 1. Then the Dirichlet series D(f, g; ) possesses

an Euler product expansion of the form
= Zk— 2-3%
D(f, 95 8) = <f1» 917 T35

(1=p 490+ 37 I
x]__p[(l_pk—z—s)“__pk—l—sl(l+a?(p}p—sf2+pk—3—s)(l_a?(p)p sf +Pk )

Proof. Propositions 4, 5 and Corollary 2 imply

{(s+2—k){(s+1=k) .
D(f' g; 5)=<fl!gl>£{5+4_k}(1_2k—4ws)nEaf(p )p *

pil=1

Then Corollary 1 in [10] completes the proof. m

Remark. Under the assumptions of Theorem 4 the Dirichlet series
D(f, g; s) is proportional to an Andrianov zeta function attached to f, namely

{(s+2—K) 2 ~
D(f.9:9) = <f0: 90 Tz =2+ :);; o, (ITe) I,

57 2 e,+ez)
" \e,—e, 2 /)

If «¥(2) # 0, it follows from [10, Theorem 7] that

Sy gy 1427275 L(s+2—k)
D(f, g; 5) = [:}(2; 1._2;‘-4-3“3_'_4_;()

where .

A(/f, $),

where A(f, s) denotes the Andrianov zeta function attached to f in [10].

If additionally {f,, g,> # 0, then D(f, g; s) possesses a pole at sk= sg if
and only if A*(f, s,) # 0, whenever s, =k, k—1, k—2, k=3, k—4, k—5.
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