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Prenons I, = I = Ry et notons 2L la longueur supposée paire du cycle
d'idéaux réduits de I,. Puisque (I)" =(I%)-L=1I_-.=1I;, I, est réduit
invariant et distinct de I. L’idéal (\/:1) n’étant pas réduit (ou de R, est libre de
carré dans R, et tel que K = k(ﬂ ), nous avons donc au moins quatre idéaux
primitifs ramifiés principaux dans K, a savoir Ry, (\/r}), I, et lidéal J dual de
ce dernier (défini par J est primitif et (\/fi ), = (m)J, meR,). Le sous-groupt

s (K) des classes réguliéres est donc d’ordre au plus 2% Le théoréme
1 donne le résultat.

Ce résultat n'est que partiel et nous ne disposons pas encore de 52
réciproque (la difficulté résultant de ce que contrairement au cas des corps
quadratiques réels, ici les cycles d’idéaux réduits n’ont plus nécessairement
méme parité de longueur, et il n’est plus vrai qu’un idéal primitif ramifié¢ ou son
idéal dual soit réduit). Nous aborderons ailleurs de fagon plus détaillée ce$
considérations.
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1. Introduction. Let Z, N, Q be the sets of integers, positive integers and
rational numbers respectively. Let De N, and let p be an odd prime with p 4 D.
We denote the number of positive solutions(!) (x, n) of the generalized
Ramanujan-Nagell equation

(1) x?—D=7p"

by N(D, p). In [1], Beukers proved that N(D, p) < 4. Simultaneously, he
suspected that N(D, p) < 3. In this paper, we prove the following results.

TueoreM 1. If max(D, p) > 10'°° and
m"+1
3, ( ki ) —3 24m,

. p" _
4a*+1; (40) P™,

then N(D, p) = 3.
THEOREM 2. If max(D, p) > 1024°, then N(D, p) <3

b,

a,meN,m>1,

2. Lemmas. By the proof of Theorem 2 of [1], we see that if D is a square,
then N(D, p) < 1. From now on we assume that D is not a square.

Lemma 1 ([1], Lemma 5). Let (x, n), (x, n'), (x", n") be three positive
Solutions of (1) with n < n' <n". Then n'" > 2n'+max(3, n, 2(n'—1)/3) except
When D, p satisfy (2) and (n,n',n")=(1, m,2m+1). =

LemMA 2 ([1], Theorem 1). Let (x, n), (X, n) be two positive solutions of (1)
With n < n'. Then p" < max(2-10° 600D?). =

LemMA 3 ([3], Lemma 1). Let u, +v,./D be the fundamental solution of the
€quation
) u?—Dv*=1.

(*) Throughout this paper “solution™ and “positive solution” are the abbreviations for “integer
solution” and “positive integer solution™ respectively.
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If the equation
) X2-DY?*=p% gd(X,Y)=1, Z>0

has solutions (X, Y, Z), then it has a unique positive solution (X,, Y,, Z,) which
satisfies Z, < Z and

X, +Y,
(5) 1< ty\\/f_ < (uy+,+/D),

where Z runs over all solutions of (4). Such (X,, Y,, Z,) is called the least
solution of (4). Then every solution (X, Y, Z) of (4) can be expressed as

Z=2,, X+Y./D=(X,+Y,\/Df(u+vy/D),

where teN, (u, v) is a solution of (3). m

LEMMA 4. Under the definitions in Lemma 3, let o =ul+v,ﬁ, 0=

u —vl\/I_), e=X,+ Y,\/E, e=X,— Yl\/ﬁ. If (x, n) is a positive solution of
(1), then we have

6) n=2Z;t, x+./D=¢g°, teN,seZ,0<s<t, ged(s,t)=1.

Proof. Clearly, if (x, n) is a positive solution of (1), then (x, 1, n) i
a solution of (4). By Lemma 3, we have

n=2t, xi\/ﬁ =§p°, teN,selZ.
If s < 0, then there exist positive integers a, b, ¢, d such that

s'=a+b\/5 Iand §’=c+d\/l_).

It follows that +1 = ad+bc > 1, a contradiction. Hence s = 0. Moreover, W€
see from Lemma 3 of [1] that ged(s, £) = 1. If x+\/5 = ¢'g°, then from (5) and

g ()<

we obtain s <t. If x—ﬁ = g'p®, since g > 2\/5 and

x (.. P\ _ (V2 p">D) _@*+1
ﬁ"(”D) >{ rl } a1

—>1
I+2D> +D p"<D

x+\/5= i _lels{QZ
D \¢ '

x—

we obtain

and therefore s <t+1 by (5). Thus s <t. The lemma is proved. m
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LEMMA 5. Let (x, n), (x, n') be two positive solutions of (1) with p" < p*
< D2 Then logg < 5(log D)%

Proof. By Lemma 4, we have n=2Z,t, n' =Z,t, x+\/_ = ¢'p’,
X +\/_ &6, where s, t, ', t' are integers satisfying 1 <t < ¢’ and ged(s, r.)

= ged(s', t') =l . It follows that st’ # 5't. It'x+\/_ = ¢'g* and x’+\/_ &' g%,
then

It'log(x+\7/5)-tlog(x’ + \/ﬁjl = |s't—st'|loge = logo.
Since p" < p" < D?, we find

DI
: P log(1 -l-\ﬁ)2

. logp” 708" +2,/D) > - gp -log(x' ++/D)

Io
= t'log(x’ + \/5) > max(t' log(x+\/l_)), tlog(x’ +ﬁ))
> |t’log(x+\/5)—rlog(x'+\/r))| > logo.

The lemma holds for this case.
If x+\/1_) = ¢'g* and x’—\/l_) = ¢"g*, then

|t'log(x + /D) —tlog(x' —/D)|
= |t’log(x+ﬁ)+tlog(x'+ﬁ)—tlogp“| > logo.

7 3(log D)* >

Since
tlog p” = log p"log p” /log p** < (log p")* <.4(log D)*
and

t'log(x +\/1_)}+ tlog(x’ +ﬁ) < 2t’log(x'+\/5] < 5(log D)*
by (7), we get
logo < 5(log D)?
immediately.
By the same way, the lemma holds for other cases. m

LeMMA 6 ([2], Theorem 10.7.2). For any positive real number o, if a/b is an
irreducible fraction satisfying la/b—a| < 1/2b%, then a/b is a convergent of «. m

LemMa 7. Let (x, n) be a positive solution of (1) with p* > D*%17, and let s, t,

& & o, o be defined as in Lemma 4. Let a = (log(e/é))/loge. If ged(2s, t) =9,
25 =ga, t = 6b and D > 10°°, then a/b is a convergent of «.
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Proof. Since p" > D*°'7, we see from (6) that

25 logle/d) 1 o x+,/D

t logo| tloge gx_ﬁ

2 Di 1 (D)‘{ti\/ﬁ

" ixlogo S5 2i+1\x2) txloge’

a

® :

By Lemma 6, if a/b is not a convergent of a, then from (8) we get

xloge 1 ( p")”z
9 t> =-logo| 1+—| .
©® s/D 8 go| 1+3
Let r =logp"logD. From (9),
(10) t > tlogo(14 D)2,

Since ¢ > 2\/5 and t=logp"/logp* <rlogD, we see from (10) that
20r > (1+ D"~ Y)Y2, This is impossible when r > 20/17 and D > 10°°. Hence
the lemma. =

LeMMA 8. Let p be an odd prime, and let U+ Vlﬁ be the fundamental
solution of the equation
(11) U?—pV? =1.

If pXV, and (U, V) is a positive solution of (11) satisfying p'|V for somé
reN, then U+V\/; = (U1+Vl\/ﬁ)"” for some teN.

Proof. It is a well-known fact that U+Vﬁ =(U,+V \/E)’ for some
leN. Then

[(1-1)2) I
(12) V= (

i l)pi Ull—il'— 1 V12i+ 1.

i=0

Since py U, V,, we see from (12) that if p|V then p|l. If p > 3 and p*||1, then

l : -n p )
= —m A 21,
(21+1)p' I(2})2}+1 e A

and hence A>r by (12). If p=3 and 3|/, then U, +V,/p =2+./3,

I Nay -1\ ¥ p— ,
( )3’=I( ),—50(m0d3 ), j>1,
2j+1 2j /2j+1

and
(]’)2*—1 +(;)2*-33 = 2418 +(I—=1)(1—2) # 0 (mod 3**1).

So we have A >=r by (12). The lemma is proved. m
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Let de N be non-square, and let ke Z with k # 0 and ged(k, d) = 1.

LemMA 9 ([2], Theorem 108.2). If |k| </d and (X, Y) is a positive
solution of the equation

(13) X?2—dY*=k, ged(X,Y)=1,
then X/Y is a convergent of \/E "

LemMa 10 ([2], Theorem 11.4.1 and Formula 11.4.7). For any fixed
Solution (X, Y) of (13), there exist unique integers a, 8, | such that fX —aY =1,
l=aX—dpY, 0<I<|k| and X = —1Y (modk). We call | the characteristic
number of (X, Y), and denote it by (X, Y). m

Lemma 11 ([2], Theorem 11.4.2). Let (X, Y), (X', Y') be solutions of
equation (13). A necessary and sufficient condition for (X, Y) = (X', Y') is that
X' +Y'Jd=(X+Y/d)(U+V.\/d) for some U, VeZ with U*~dV>=1.m

LeEMMA 12. If (x, n) is a positive solution of (1) with 2|n, then p" < D?/4.

Proof. If 2|n, then we see from (1) that x+p"? = D, and x—p"? = D,,
where D, D,eN with D,D, =D. 1t follows that 2p"?> =D,—D, <D-1.
Hence the lemma. =

LemMma 13. Let (X,, Y, Z,) be the least solution of (4), and let u, +vlﬁ
be the fundamental solution of (13). Let l,,l,€Z with |, = —X (mod D),
I, = —X,u,(modD) and 0 < 1,, I, < D. Let (x, n) be a positive solution of (1),
and let s, t, ¢, &, o, 0 be defined as in Lemma 4. If 2 tn, then (x, p>'~ V%) is
a solution of the equation

(14) X*-p2Y2=D, gdX,Y)=1,
which satisfies

I, 2ls
x, phe-1i2y, { 1 s
x.p >SN\, 24s.

Proof. If 2/n, then 24Z,t by (6). It follows that (x, p“'“~ ") is
a solution of (14). Let &' = A+Bﬁ, o' =u+ v\/l_)-. Then A, B, u, v are
Integers satisfying 4 = X'{(mod D), u = uj(modD) and

(15) , x= Au—DBv
by (6). Since X% = p* (mod D) and u} = 1 (mod D), we find from (15) that

X, p?1¢~ 12 (mod D), 2s,

(16 =Au=X\ul =
) x u 141 {lez'“‘“”ul (mod D), 2J4s.

By Lemma 10, we have

(x, pPt=2y = "pzTiﬁﬁ (mod D).

Therefore (16) yields the lemma. =

6 — Acta Arithmetica 58.3
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Lemma 14 ([4)). Let B, o, o, be real algebraic numbers with degrees ry, T1»
r, and heights H,, H,, H, respectively. Let B = max(H,, €°) and Aj
=max(H,, o)) (=1, 2). If A= Bloga,—loga, #0, then
|4] > exp(—5-10%r*S, S, T?),
where r is the degree of Q(B,ay,q,;), Soq=ro+logB, S;=1+logAjr;
(j=1,2), T=4+Sy/ro+logr’S,S,. m

3. Proof of Theorem 1. In [1], Beukers showed that if D, p satisfy (2), thet
(1) has three positive solutions:

(3 = 1), =3,

pm
—2a,1 3,
(&) oe

(3”':1 ) -3,
17 (%2, my) =

(Gt

mil
2‘3‘“_3 & 32m+l)$ P=3;
(x35 m3) = (

) p # 3.

Now we suppose that N(D, p) > 3. By the proof of Theorem 2 of [1}
equation (1) has a positive solution (x,, n,) with n, > ny > n, > n,. By Lemma
1, we have n, > 2n,+n, = Sm+2, hence p™ > D?/4 since p>™~! > 4D by (2)
This implies 24n, by Lemma 12. Since p" = p < ﬁ except when (D, p, )
=(11, 5, 2), x,/1 is a convergent of \/5 by Lemma 9. Therefore, by the
definition as in Lemma 3, then (x,, 1, 1) is the least solution of (4). Let ¢, & @
@ be defined as in Lemma 4. Then we have

(x4, ny) =

|
i
\..____/
‘H~
o

(18) xt/D=e"g" i=1,..,4,
where s; (i=1,...,4) are integers satisfying
(19) 0<s;<n;, ged(s,n)=1, i=1,...,4

First we consider the case 2tm. Then (x,, p™ "3), (x3, p™) and
(x4, p™~72) are solutions of the equation

(20) X?—pY? =D, gud(X,Y)=1.
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By Lemma 10, we deduce from (17) that

~ x x
(Xas PP — (x5, P = _pcm—zwz -_p_:'

- 3,"(3'"+ HEm—2-3m* D21y p=3
= # 0 (mod D),
82 p,..(P"' DEm-2p"t 2 41), p#3
and therefore {x,, p™~"?) # (x5, p™). By Lemma 13, we have either

&4, preT Iy = (xy, P II2) or (x4, pP™TV2) = (x5, p™). Furthermore, by
mma 11, we have

Q1)  x,4+p™ V2 /p
{[x ,+p™ n;z\[)w_'_y\[) {xgy PPy = (x,, pmm 2y,
(s +P"/PU+V/p), (Xg» PV = (x5, P,
where (U, V) is a positive solution of (11). From (21),
(22) pe-1i2 = {xz V4p™-D2y, (x,, ptm:wz> = (x,, pm Y,
x3V+p"U, (Xqo P72 = x5, P™).
Since p¥x,x, and n, > 5m+2, we see from (22) that ¥ =0 (mod p™~1"?).

Notice that
+/3, p=3,
U, + l\f {
: @p—1)+4a/p, P#3.
It follows that p4V,. Therefore, by Lemma 8, we have

U+ V\/;? (U1+ Vl \/;,)F(m-n!z'

2U > (U, + Vo JoP™ " > @/prr™ .

Substitute this into (22) to get
(23) n, > m+pm V2,
If 2)m and m > 1, then m >3 and p™ Y2 > D5 by (2). So from (23) we
obtain
(24) n, > D5,

On the other hand, since p™ > D, we deduce from (18) that

x+yD _2/D& 1 (DY

*w—vD % I2021+1(x4)

4

naj2 "

p

This implies

(25) n4log%—2s4logg =lo
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Let B = 2s,/n,, @, =0, ¢, = ¢/é. Then «,, o, satisfy oaf —2u,0,+1=0 and
pa3 —2(x? +D)a, +p = 0 respectively. As the definitions in Lemma 14, we have
ro=1,r,=r,=r=2, A, = 2u,, A, = 2(x}+D) < 6D and B < 2n, by (19)
By Lemma 14, we have

(26) n4log%—2s4logg > nyexp(—2-10°(2+log2u,)

x (2+log 6D)(5+log 2n, +log(2 +log2u,)(2 +log6D))?).

Since p™ < p"* < D? by (17), we see from Lemma 5 that log2u, < 1+loge
< 1+ 5(log D). The combination of (25) and (26) yields

27 n, < 4-10'* (log D)*(loglog D)*.

On combining (27) with (24) we conclude D < 10'°°. Thus N(D, p)
= 3 if max(D, p) = D > 10'°°.

Next we consider the case 2|m. Then p =1 (mod4) and 2.¥ D by (2), and
2|x, by (17). Let

X, 4 Yy/D = (x;++/D)"* = (x, +/D)",
u2+uh/5 = (u, +vl\/5)‘=.

Then, by (18), X,, Y;, u,, v, are integers satisfying

xziﬁ = (X, + Yz\/ﬁ](uz_vz\/ﬁ)-

(28)

Hence

(29) Fl - By —Xs05:

Since 2|m and 2|x,, we have 2|Y, by (28). This implies 2./ v, by (29), and 2.fvy»
2|u, by (28). Let

(30) X +Y/D=(x;+/Dr iy +v,/D = (u,+0,/D).

Then X,, Y,, u,, v,e€Z with x4i\/ﬁ =(X,+ Y4\'/l_)](u4—v4\/l_)). Hence
(31) x, = Xau,—DY,0,.

We observed that 2|x,, 2|x,, 24n,, 2| X, and 2}t Y,. We find from (31) thift
2lv, and 2¥u,. Therefore 2|s, since 2|u,. By Lemma 13, (x,, p©+~1/?) 18
a solution of (20) which satisfies

{Xqo P~V = —x, = (x,, 1) (mod D).

Hence {x,, p™ Y2) = (x,, 1>. At the same time, we see from (17) that
{xy, 1) = (x5, p™>. Thus {x,, p™~ 2y = {x,, p™> and

(32) Xg+p™ 2 [p = (x3+p"/P)U+V/p)
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by Lemma 11, where (U, V) is a positive solution of (11). According to the
analysis for the case 2./m, we deduce from (32) that p™|V and D < 10'°°. The
proof is complete.

4. Proof of Theorem 2. By Theorem 1, we now only consider the case of D,
P not satisfying (2). Suppose that N(D, p) > 3. Then (1) has four positive
solutions (x;, n) (i=1, ..., 4) with n; < n, <n; <n,. Let ¢, & g, ¢ be defined
as in Lemma 4. We have

(33) n=2, x+/D=¢¢", i=1,..,4
by Lemma 4, where s, t; (i=1,..., 4) are integers satisfying
(34) 0<s,<t, ged(s,t)=1, i=1,..,4.

If p? > \/5 then p™ > p%' > /D and p™ > p*%* > D. By Lemmas 1 and
2, we have

max(2- 105, 600D?) > p™ > p*™*™ > D32,
This is impossible if D > 1024°. Hence p** < /D and max(D, p) = D. Similar-
ly, we have p™ < D? and logg < 5(log D)* by Lemma 5.
By Lemma 9, we have p™ > \/5 Hence, by Lemma 1,

(35) "> p2n:+2(n:‘1}!3 = D4.f3p—213_
If p < D*17, then from (35) we get
(36) p™ > D217,

If p> D*'7 then n, > 2n,+n, > 5 and (36) still holds. This implies p™ > D?
by Lemma 1, hence 24n, by Lemma 12.

Let & = ged(2ss, t3), 255 = O5', t; = ot’. By Lemma 7, we see from (36) that
¥/t and 2s,/t, are convergents of a = log(e/z)/loge when D > 1024°. Since
! <t,, by Theorem 10.2.4 of [2], we have

! 1 1

)
o > = A
v+, t(tytty)

(37 -

From (33), we get

t

2s, | 1 x3+\/l_)
——af = log
tyloge xa‘"\/E
2/D = 1 (DY 4D
— = —_— < r—r—y
tyx;loge S 2i+1\x3 tyx;loge
Since p™ > D. The combination of (37) and (38) yields

1 n3y 1/2
(39) ty+ty > Xsloge _ alogg(l +p—) ;

4./D D

l3
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Substituting (36) into (39), we get
(40) ty+t, > 1D3%ogo.
Let B =2s,/t,, oy =@, a, = ¢/e. Then «,, o, satisfy
af—2ua,+1=0 and p*ai—-2(X3+DYP)a,+p? =0

respectively. The heights of o, and «, satisfy H, =2u, and
H, = 2(X1+DY?) < 29*p* by (5). Recalling that 0 < s, < t,, by Lemma 14,
we have

41

t,log —2—— —2s,loge| > r4exp( —2-10°(2 +1og 2u,)(2 +log 20% p*")

x(5+1og2t, +log(2+log 2u,)(2 +log 20% p*))?).
On the other hand, since p™ > D, we have

42) t_tlogi—Zs4 logo| = logx4+ﬁ < 4‘/5 < 4;(2
[ x4_ﬁ xll- p o

The combination of (41) and (42) yields

(43) t4 < 10" (log 0)(log 20% p**)(log log 20> p*')*.

Since ¢ > 2\/5 and ¢y = log p™/log p** < logp™ < log2-10°D? by Lemma 2.
From (39) and (43), we conclude that

44) 20+4-10'! (log 202 p%)(loglog 20% p?1)* > D334,

Recalling that p* <./D and loge < S(logD)?, we have log2g?p”
< 11(log D)®. Substituting this into (44), we conclude that D < 10240, The
theorem is proved.
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