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g-difference equations and
Ramanujan - Selberg continued fractions
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1. Introduction. By studying the g-difference equation
Xn = ‘Xrl—l'*'q'l Xn—-Za
Schur [11], [12] examined the famous Rogers-Ramanujan continued fraction

14 7
T+l 14+

2 3

(1.1) K@ =1+

where q is a primitive mth root of unity. Namely, he established the following
theorem:

THEOREM. Let q be a primitive m-th root of unity. If m is a multiple of 5, then
K(q) diverges. When m is not a multiple-of 5, let A = (%), the Legendre symbol.

Furthermore, let ¢ denote the least positive residue of m modulo S. Then for
m # 0 (mod 5),
K(g) = ¢"' %™ K(4).

Note that it is elementary that

K() = (/5+1)2, K(-1)=(/5-1)2.

Recently, G. Andrews et al. [5] have proved that if 0 < |g| < 1, then
1/K (g™ 1) oscillates between

and
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Let
g 9+¢* ¢* *+4*
1.2 S (q):=14+42 1T 2
(12 1@ 14T +1+ 1+
4+ ¢ ¢*+4° ¢°
1.3 =1 ki z
(13) S0 =1 T T
a+q* *+q¢* ¢*+¢° ¢*+4°
14 S.(q):=1
(14 3(q)""l+1+1+1+--
Set
(a;x)():l,

@x),=(1-a)(l1—ax)---(1-ax""1), n>1,

(@;x), = lim (a;x),, |x| <1.

The following three formulas were stated in Ramanujan’s Notebooks ([10],
p. 290 and p. 373).

THEOREM 1. If |q] < 1, then

(—4; 949w
1.5 = %0
(1.3) 51@ (—4% 3D
THEOREM 2. If |q| < 1, then
4% 4. @’ 3%).
1.6 S,(g) = :
(1.6) @ (4:4%) @7 4%0

THEOREM 3. If |q| < 1, then

@9%  _@549%
(2990 @9 @ 9)w

(1.7) S3(q) =

Theorems 1 and 2 were first proved in print by Selberg [13]. Other proofs
have been given by Ramanathan [9], and Andrews et al. [6]. Theorem 3 was
first proved in print by Watson [15]. Other proofs have been given by Selberg
[13], and Andrews [2].

It is natural to examine the continued fractions (1.2), (1.3), and (1.4) when
q is a root of unity and |gq| > 1. These problems will be solved in Sections 4 and
5, respectively.

In Section 2, we shall give a simple and uniform proof of Theorems 1-3 by
using Heine’s continued fraction formula.



R-S continued fractions 309

In Section 3, we shall study the following g-difference equations:
(1.8) {X2n+1 =X+ q"" ! Xpuoy,
' Xon=X2n-1+@"+4") X2n-2,

{X2n+1 =X, +(@*" 2+ ") X301,

19
( ) X2n = X2n—1+q4"X2n—2’
(1.10) X, = Xoo 1 +(@"+4%) Xy

The solutions for these g-difference equations will be used in examining
the continued fractions (1.2)+(1.4), when g is a root of unity and when |q| > 1.

2, Proof of Theorems 1—3. The basic hypergeometric function may be

defined by
a,b > (a;9),(b; g), 2"
54521 = —_—.
2%[ ¢ ] ..go (c; 9, (g5 9)n

The well-known Heine [7] continued fraction formula is given in the
following theorem (cf. [1]).

THEOREM. For ,¢, defined above,

ab .,
(2 1) 2(pl c > 4, B +ﬂ a2 a3
' [a,bq ]_ 1+1+1+-7
2@, 3452
cq
where

g = W A-bgYa—cq)
T (- H(-cg™) T

2.2)

_2q"(1-aq") (b—cq")

= =0.
A2n+1 (l_chn) (l_cq2n+1)’ n

Proof of Theorem 1. In (2.1), weset c =0, b= -1, and z = —q/a.
Then let a—» . By (2.2), a3, = ¢*"+4" and a,,+, = ¢>"*'. Therefore the
right-hand side of (2.1) reduces to S, (g). Since

n-1
lim (a;g), ™ = lim ] @'~ = (~ 17 g7,

a—*w a—'ooj=o
we have
: -1 —q]_ 2 (=19, "2
2.3 lim ;3 q; —]=
@3 mz‘”‘[ 0 T |T LT wa
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. a—-q —q = (—4;9). 4
(2.4) lim ,¢ [ 3 45 —] = -
a—w i 0 a ngo (qsq)n

But (cf. [3], Corollary 2.7) if {g| < 1, we have

nin+1)/2

o (a4;9),4""" D"

2.5 —_
( ) n=0 (Q§ ‘1);.

=(29;9%) 0 (—4; @) -

By (2.5), we have

2 (—1;9),4"* 1?2 2 .
.,;o @a. (—4:8%) 0 (—4; 9o
2 (—4;9),q" "2 2. 2

=(—9%,9) 0 (-4 9
2z @ (4% 9% (—4: Do

Thus, Theorem 1 follows.

Proof of Theorem 2. In (2.1) and (2.2), we replace g by g%, and set
¢=0,a= —q,and z = —q/b. Let b— . Then a,, = ¢** and a,,,, = ¢*"*!
+¢*"*2. Thus the right-hand side of (2.1) reduces to S, (g). On the other hand,
it is easy to see that

b

: -qb , —¢q Z (—4;9%),9%
. 1 TR o PR G S L T/ O
(2.6) bgg 2({’1[ 0’ q; b ] ngo (qZ;qz)"

. -4.ba* , —q}_ (-4
2.7 1 g — | = —_—
en mae| TG £ SRS
By using the Gollnitz—Gordon identity (cf. [3], p. 116)

2 2
Ni+...+Nic-1 [ o]

& (=444 _
(2.8) : = (1=g"7t,
nl....,§-1?0 (qZ; qz)lll .. (q2, qz)nk—l n];[l
n#2(mod4)
n#0, £(2k— 1)(mod4k)

where N; = n;+...+n_,, for case k =2 we find that

[s o]

& (—4;99.9" -
29 — 7 = 1—g")~ 1.
( ) ngo (qz; qz)n n];[l ( 1 )
n=1,4,7(mod8)

And from Slater’s identity ([14], p. 155) we find that

i (—4:99,9"""  (49Y0 @090 (—9; 9D
o (@497, (@* 9w )

(2.10)
But
@9 = (4 9%) 0 @490 (0% 0% (475 4%,
(0990 (—4: 4% = 0% 4% s



R-S continued fractions 311

(0% 9D = (@5 4Y 0 (0% 0% (@°5 8°).-
Thus, from (2.10),

5 (=4:40,9""" _ 4:9)0 (—4:4)) 4% 1V
im0 (@), @990 4% 0% (@°;4°)s

= (g% 4% (¢* 4% (4% d%)".
Therefore, by (2.9), (2.11), and (2.1),

(2.11)

ao

5 (—4;99).9"

o @5a)  _ @59’ 9)
(—4:99,4" """ (@4%)@;4%)s
n=0 (‘12;‘12),.

Theorem 2 follows immediately.

Proof of Theorem 3. In (2.1) and (2.2), we replace q by g2, and set

=—q,b=—1,c=0, and z = q. Then a,, = ¢*"+4¢** and ay,,, = ¢*"*!

+¢***2. Thus the right-hand side of (2.1) reduces to S, (g), while the left-hand
side is the quotient

_q7_1 —q, 2
(2.12) 2901[ 0 ;qz,q]/zqu[ Oq;qz;q]-

.To evaluate (2.12), we shall use Watson’s theorem on the general basic
hypergeometric function ,¢,, which is defined by

a, ..., a, O (@y; Pne-- (@3 @ (= 1T gl FS TN II2 g
r(psl: ! 5 45 Z]Z= Z ! . . q )
bl’ ceey bs n=0 (qa ‘1),. (blaq)n"'(bs’ q)n

THeoOREM (Watson’s g-analog of Whipple’s theorem [2]). If N is
a non-negative integer, then

a, q\/f_l, —q\/‘_l, by, ¢y, by cr g™
\/57 _\/‘;a aq/bla a‘I/Cp aq/bl’ a‘I/cz, aql
_ (ad;q)n(9/b3 ¢35 9w [aq/b1 ¢is by a7 g; q]
(aa/by; a)y (ag/cy; @)y * 7 Lag/b,, ag/ey, by, g™ Va® ™

In (2.13), we replace g by g%, set b, = —q,c, = — 1, let a tend to 1, and let
b,, ¢, and N tend to infinity, N, of course, passing through integral values only.
Then it is not difficult to see that

2 —2N
aq /bl C1» —-4q, _la q 2 2] [_qa -1 2 :I
¢ - 97,97 |29 sq97549 1,
4 3[an/b1, an/cl’ q 2N+1/a 2¥1 0

(2.13) 8(p7[ @ a by ey by Cz]

because
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—2N. ,2
lim Equ+1, ). =q"
N—'m(q /a q
a1

On the other hand, the left-hand side tends to
142 Y (=g = ¥ (-1yg™,
n=1 n=-o
because as b,, ¢,, N— oo, the general term
@ 4°)(aq*; (=45 42)n(— 15 47)a(b13 47), b1 "(c1; e (g™ *"; 47)u g a? g™
(@; 4% (—ag; 4*),(—aq”; 4°), (4%; 4%), (aq*/by; 47), (aq*/cy; 4°)u (ag™™* 25 4,
tends to 2(—1)"g*", for n > 1. Thus, by (2.13),

(q; Z)w(q’ zoo - ’_1
1 1) qo ;4% q |

2.14 -1y g™ =
@14) ,=Z_w‘ N = g~ 2

Similarly, we replace q by ¢2, and set a = g%, b, = —gq,c, = —q? in (2.13),
and let b,, ¢, and N tend to infinity. Then

4 2 ,—2N 2
q/blci’—q’ —q°,q L2, 2 —q, —q . 2.
4(p3|:q4/b1,q4/cl,q—21v+1 475 9 _)2(pl 0 Y e’ )

while the left-hand side now reduces to

1)"(1 q2n+1) it 2m
q3 +2

(_ l)n q3n2+2n,

1
=12

' M

because as bl, ¢y, and N — oo, the general term

@97 4% 9%, (=% 4 (=45 47 (013 4a b1 " (€134 ¢ " (@347 ™ 4™
@ 9 (— 4% P (— 2% @) @58 @*/b1; ) @/e1; 870 @V 45 00,

then tends to

_ n(l_q4n+2)(1+Q) 3(n2—n) ,Sn __ n(l 2n+1) 3n2+2n
CUi=aa et T VT

Thus from (2.13)
. (@%4Ys @) [ g, —q° ]
n ,3n% _ @© © .
1 n_z_m( ) q (_q3;q2)w (__qz;qz)w 2‘P1 0 > q > q
By using Jacobi’s Triple Product (cf. [3]), we deduce that

2.15)

a
Y (=11 g* = (g% 4%, (@% 993,

n= —0a

T (=1 g = (6549, (@349 (€% 4

n=—aw



R-S continued fractions 313

Thus
® -4, _1 q2. q i (_l)nanz
2¥1 N = __ @e%
—g, —¢* i o amrrze (@49 (@°54%,
2%[ o ;qz;q] Y (—1yg*t?

This. establishes Theorem 3.

3. Difference equations. For the statements and proofs of our theorems we
need some simple facts about Gaussian polynomials which are defined by

(1—gY(1—q*™Y)...(1—g*" 8"y
(3.1 [A] = { Q- (1—¢"Y...1—q f A2B>0,
q

B .
0, otherwise,

where A is a non-negative integer and B is any integer.
These polynomials satisfy the relations

T4 A—1 A-1
62 ] -] )
A a-17  , [a-1
(3.3) [:B:Iq =[: B ]q+q B[B_l]q-

A linear second order g-difference equation is
(34) aan+ann—1+chn—2 =09

where a,, b,, c, are functions of q. Let X, (a, b, g) denote the solution of (3.4)
with X_,(9) = a and X,(q) = b. Obviously X, (a,b,q) is then determined
uniquely. Now let

(3.5 P,=X,1,1,9, Q,=X,01q, n>-—1.

Then a general solution of (3.5) can be written in the form S(q) P,+R(q) @,
where S(q) and R(q) are certain functions of g.
We shall give explicit formulas for P, and Q,(n > 1) in (1.8)(1.10).
We begin. with (1.8).

THEOREM 4. Let

ABA+1)2, if A=0 (mod2),
ABA=1)2, if A=1 (mod2),
32224742+2, if A=0 (mod2),
3222+522+1, if A=1 (mod?2),

(3-6) f@)= {

(3.7) h(A) = {
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(322244, if 2=0 (mod?2),

(3.8) @ = {312/2+2/1+1/2, if A=1 (mod?2),
_ {0, if 2=0 (mod?2),

(3.9) v(l)—{l, if 2=1 (mod2).

Then the solutions P,, Q, of the equations
{sz.ﬂ =X2+q"" Xon-1,
Xon=X20-1+(@"+q") X20-2,

are given by

hod 2n 2n
— — 1)4/2} J) __ 4hA)
Py Eo( b (q [n—le 1 [n—zz—z])’
it 2n+1 2n+1
[4/2] J(A) _ WA
Pa=2 (=D ( [n—2/1+v(l):|q 1 [n—zz—2+u(,1)l)’
(3.10)
o 2n
- — 1A+ 1)/2) La(3)
an—1 zgo( 1) q [n—Zl—l]q’

8

2n+1
[(3+1)/2) go(d)
Q= ¥ (1) [n_u_vm].

Proof. Let P%,_,, P%,, O%,—; and 0%, denote the right-hand sides of (3.10)
respectively. It is enough to show that P} = X,(1,1,9) and QF = X,(0, 1, 9).
By (3.10), we find that P*, =1, P§=1, Q0*, =0 and Q§ = 1. From the
definition of P%,.,,

i 2n+2 2n+2
P%.. = — 421} SR k()
2n+1 AZ (=1 (q ["‘*‘1-2/1]4 q [n_1_21:|q>

@ 2n+2 2n+2
_ 12 g® —g"?
Ag (=1) (q [n+1—21+v(1):|q 1 ["—1—24‘*”(}‘)]9)

A=0(mod2)

d 2n+2 2n+2
-2 @ MR
+ X D (q [n—2/1+v(/1) 7 [n—21—2+v(ﬂ.)l)'

A=1(mod2)

By (3.2) and (3.3) we have

< 2n+1 2n+1
% — _1 /2 J(A) S(AD+n+1-24
Flaes Eo (-1 (q [n—2,1+v(/1) +a [n—2/1+1+v(,1)

A2=0(mod 2}

—g"® 2n+1 _giP*n-1-22 2n+1
n—2i-2+v(d) |, n—2i-1+v(d)],

! 2n+1
_a-o2| g
+ Z (=1 (q [n—zuv(,l)l

A= l(mod2)
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+qf(l)+n+2/1+l[ 2n+1 ]
q

n—2A—-1+0v(4)
) 2n+1 _ghdrnr3ea 2n+1
n—2i-2+v(d) |, n—2i-3+v(d) |,
it 2n+1
= P%, 2 [ gfwen+1-22
Wt Aglo (=D (q ["—2’1"'1]«
A=0(mod2)
—gMwHn-1-24 2n+1 :
n—-2i-1],
& 2n+1
Az grarent2a41
* 12:1 (=1 <q [”—21]41
A=1(mod2)

_gihHnt21+3 2n+1
n—21-2|)

Using (3.3) and (3.2) again, we find that

> 2n
P% ., = p% W2 g +n+1-22
Zn+1 ant zz:o (-1 (q I:”_Zl‘*' l]q

A=0(mod2)

2n

A f(y 2041

+a [n—ZAl

_gin-1-2 2n — g+t 2n
n—2i-1j, n—2i-21,

i 2n
_1 (A—1)/2 SJ(A)+n+22+1
R e N

A= 1(:nod2)

2n
f(D)+2n+1
a l:n"'?'}‘]q

_gient21+3 2n _g2nt1 2n
n—24-3), n-21-2],

= Pgn+q2n+l Pgn—l+R2n+l’

where

@

. 2n
- w2l fy+n+1-22
G1)  Ran= Y (D) (q [n_m +ll

A=0
A=0(mod2)

_gMorn-1-2 2n
n—2i-1],

3 — Acta Arithmetica LVIL4
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had 2n 2n
a2 grr+ne2ast M +nt22+3 )
* 121 =1 (q ["_ZA_I:L z ["‘_2}“"311)

).Eli;nOdZ)
In the first summation of (3.11), the first term (1 = 0) is

2n 2n 2n 2n
J(O)+n+1 _ h(0)+n—1 = gnt1 _antl =
TR Y Ry B R B R

because

(3.12) ['Z] = [m'f k] :

Replacing 4 by 4—1 in the second summation of (3.11), we find that the second
summation of (3.11) reduces to

it 2n

2n
_W2-1| gfG-Dat2a-1 BA—D)+n+2a+1 i
L D (‘1 [n—2/1+1l 7 [n—u—1l>

lEO(?nodZ) :

For A even, by (3.7), we find that f(A—1)4+n4+24A-1=f(A)+n+1-24, and
by (3.7, h(A-1)+n+2i+1=h{(A)4+n—22—1. Then R,,,; =0. Conse-
quently,

P;n-i-l = Pgn+q2"+l P;n—l'

Similarly,

i 2n+1 2n+1
- N2 gf® — g
e ol e LB

A=0(mod2)

< 2n+1 2n+1
—A-u2z§ S e o1
tor G (q [n—21+ll 1 [n—u—ll)
1

A=1{(mod2)

. e 2n 2n
= — 12| oW S)+n+1+22
).Zo (=D (q I:"_z}‘]q-’-q ["‘2}‘_1]41

,IEO(:nodZ)

— g 2n _ g3t 2n
n—2i-2]1, n—24-3 "

it 2n 2n
-1 (4—1)/2 J(2) J(A)+n=-24+1
* ;.gl (=1 (q [n_zl:lq-*_q ["_21"'1]«
1 2)

p 2n _gh+n-22-1 2n
n—2iA-2 4 n—24i-1 "
+

hd 2n—1 2n—1
_ 1)A/2 S(A)+n+1+22 (A)+ 2n
z D (q [n—u—zl“h I:n—ZA—ll
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—gtwnr3e2a 2n—1 — gD+ 2n 2n—1
n—2i1-44, n—24-34,

@® 2n-—-1 2n—1
A2 [ ff D +n-22+1 S(A)+2n
* 121 ( ) (q [”“2)‘+1:|q+q [n—Zil

As l(:nodZ)

— g n-22-1 2n—1 _qh(l)+2nl 2n—1
n—24-—1], n—22-24,

= P;n—l 'HIZ" Pgn—2+qn S2m

where
[+ o

2n—-1
_ __1)A/2 J(A)+24+1
(313) Sm= ¥ (-1 (q [n_2 1—2].,

A=0
A=0(mod2)

g+ 22+3 2n—1
n—-21-4]

@

2n-—-1
_Nna-2f Lf(A)-2a+1
X =n (q [n—2l+1]q

a=1
A=1(mod2)

_g-2a-1 2n—-1 )
n—-21-1],

Replacing 4 by A—1 in the first summation, and A by 4+1 in the second
summation of (3.13), we find that S,, = P%,_,, because
1) = {f().—l)+21—1, if A=1 (mod2),
fGA+1)=24-1, if A=0 (mod?2),
h(i) = {h(l—l)+21+1, if A=1 (mod?2),
h(A+1)—24i-3, if A=0 (mod2).
Therefore
. P%, = P}, +(@*"+4") P%.-.
Next,

©

2n+2
* = _ N©tA+1)/2]) L9(2)
0%+ (-1 q [n_2 ll

A=0

hd 2n+1 2n+1
—_1A2 | L9(3) gA)+n+24+2
z, O <q [n—u]q” [n—Zl—l:L)

1=0(mod2)

d 2n+1 2n+1
-1 (2+1)/2 () g(A)+n—24
* )_Zl ( ) (q I:n_Z}‘_l]q-*-q [n——Zl])

A= 1(mod2)

d 2n
— O* _ 1A 4e(A) R+ 22+ 2
Qint AZO (=D%q [n—2,1—1:|q

2=0(mod 2)



318 L-C. Zhang

+ X (—1)<*+1"2qem+n-u[2n+1]
q

s n—25
A=1(mod2)
= Q0%+ i (= DH2 [ god+n+24+2 2n
- n—2A-2],
A=0(mod2)

2n
g(A)+2n+1
+a [n—z/l—ll)

@

2n 2n
-1 (4 +1)/2 (A +n-22 g+ 2n+1
* 121 (=1 (qﬂ |:n-21:|q+q [n—ZA—l]q)

A=1(mod2)

= an"'qzm)-1 an—l+'1"2n+1a
where
i 2n
. = — 12 gA+n+2a+2
3.19) Ton+1 2.;0 (—1)%*q [n—Z 1_2]"
A=0(mod2)
- 2n
-1 (A+1)/2 g(A)+n—22 )
toE VT [n—zzl

A=1
A=1(mod2)

Replacing 4 by 41— 1 in the first summation of (3.14), we easily see that T5,,; = 0,
because g{A—1)+n+2(A—-1)+2 =g(A)+n—-24, if A1 =1 (mod 2). Thus

an+l = an+q2n+l an—l'

At last, we have

@ 2n+1 d 2n+1
* _ _1\2 8 _1A+1)2 g
0= T (~1y1g [n_ul* S (—pering [n_u_l],,

220 (mod2) = Fimoa2
- & el 3 e[ )
+ 121 (= 1A+ 12 (qg(l) [n—iZ—l]q-*-qgm””HZ [n—gz_z])
A=1(mod2)
— 0%+ 120 (= 1)A2 <qﬂ().)+n—2). [Zi;i:lq+qgu)+zn I:ni;;i 1:L>
A=0(mod2)
+ i (—1)‘**””(q"“’*"*“”[nf;;i31*""(‘”2"["3;;]«)
i=1(med2)

= an—l +¢12" an—z +q" VZM
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where
: - 2n—1
3.15) W, = — 12 get-22
( ) o 122 (=1"q l:n—ZA:L
A=0(mod2)
- 2n—1 2n—1
_1)A+1/2 ge+24+2 .
vy 0T [n-za—sl“{ n l
A=1{(mod2)

Replacing 4 by A+1 in the first summation and 4 by A—1 in the second
summation of (3.15), we find that

[ )

2n—1
= —1}A+1)2 e(A+1)—2(A+1)
w= 3 (-1 [n_ZA_zl

A=1
A=1{mod2)

nd 2n—1 2n—-1
— )2 gaa-1+24 - 0% _
+ ;2,2 (—D"*q I:n—z'{—l]q-*-l:n—l]q 03%.-2
A=0(mod2)

because g(A+1)—2(A+1)=g(4), if A=1 (mod2), and g(A—1) =g(A), if
A =0 (mod2). Thus

0%, = 0%, -1 +(q*" +9") Q%2
The theorem has been proved completely.

THEOREM S. Let

_ [32%/4+4/a, if 4=0,1 (mod4),

(B16) S = {312/4+5,1/4+1/2, if A=2,3 (mod4),
_ [32%/4+54/4, if 2=0,1 (mod4),

(3.17) A= {312/4_*_1/4_1/2, if A=2,3 (mod4),
_§0, if 4=0,1 (mod4),

G18)  uld= {1, if A=2,3 (mod4),

i, if 4=0,1,6,7 (modS8),

= (— A+2)/4) _
(19 W =(-1 {_L f 2=2,3,4,5 (mod4),

1, if 4=0,2,5,7 (mod8),

— {— 1\[(3A+3)4] _
(3200 e(d) = (-1 {-1, if 4=1,34,6 (modS8).
Then the solutior;s P,, Q, of the equations

{in-n =X0+@"* 2 +¢*" ) Xon-1,
X2n = X2n—l+q4"X2n—2,

are given by
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nd 2n
- F)
Pin-1y Agoé(l)q [n—l—u(l)lz’
d 2n+1
P, = 5('1)4”"[ ] ,
: l§0 n—4 Jg

(3.21)

® g 2n
Qan-1 = ;,gosu')q @ I:n—l—"l'*'u()‘)]qz,

i 2n+1

0n=3 e(A)q«“’[ " ] .

=0 n—i |»

Proof. We use the same notation and remarks as in the beginning of the
proof of Theorem 4. Then

ao

2n+2 ad 2n+2
P*" -~ (A J(2) 3(A J(2)
2n+1 Ag‘o ( )q [n+1—1:|qz+ lgz ( )q I:n—'l iLz
)..=,0.1«(>mod4) A=2,3(mod4)

2n+1 2n+1
S gr® F()+2n+2-22
zzo ( )(q I:”_)‘ ]q2+q [:"‘*‘1_)']42)

As 0,1_(mod4)

d 2n+1 2n+1
XP) J(4) S(A)+2n+4422
* 122 ( )<q [ n—2a :|q2+q I:"_l_)':lq’>

A= 2,3-(mod4)_

> 2n 2n
= P*n ) 6 A J(A)+2n+2-24 JA)y+4an+2
nt zzo ( )(q I:n+1—l:Lz+q [n—llz)

250.1—(m0d4)

bt 2n 2n
(A)+2n+4+22 S(A)+4n+2
* ).Zz 6(1) (qf ["“A_Z:L-Fq [”_A_ I:Lz)

As 2.3-(mod4)

= P§n+q4n+2 P;n—l +q2"+1 R2n+l,

where

o«

2n
- SA)+1-22
(322 Rusi= Y (g [n e AL

A=4
A2=0,1(mod4)
[+ o]

2n
5 l J(A)+3+22
X %% [n—x—z],,z

A=2
A=2,3(mod4)

+ 2n + 2n
1 n+1 42 n qz.

Replacing A by 4+2 in the first summation and 4 by A—2 in the second
summation of (3.22), we have
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- 2n
= JA+2)+1-2(3+2)
R2n+1 ; z 6(A+2)q I:n/—l—-l:lqz

zaz,;(mou)
+ i 5()__2)qf(l—2)+3+zu—z)[ 2n ] +[2n] +q[ 2n ] .
n_'{ g2 n 2 n—1 42

).-30,1-(mod4)
By (3.19) and (3.16), it is easy to verify that
d(A+2)=06() and [fU++1-2(A+2)=1(A),
3{A-2)=6() and f(A-2)+2(1-2+3=1(),

Therefore we deduce that R,,,; = P%,_, and
Pgn+l = Pgn+(q4"+2+q2n+l)P§n—l'

if A =2, 3(mod4),
if 2=0,1(mod4).

2n —

AEO,I_(modA-)

i 2n 2n
J(d) Sf(A)+2n-22
* Z d (A) (q [n —A- I:qu 4 I:n - ]':lqz)

152,3_(mod4)
i ' 2n—1 ] 2n—1
— p* SA)+2n+2+22 S +4n
P _.+ Z 6(}.)(q [n-z—z z+q [n—A—ll;)

Similarly,
Pt — i s g® 2n gl P24 2n
n_l qz n—.l—l qz

a=
A=0,1(mod4)
ki 2n—24 2n—1
F()+2n~24 S()+4n
* Agz '6 @ (q [ n—Aa :|q2+q [n—l_l]qz)
A=2,3(mod4)

= Pgn-l +q4n Pgn—2+q2nS2m

where
d 2n—1
).EO,I=(mod4) e
@ 2n—1
+ 5('1)(1}’(1)-2).[ :I .
lgz n—24 g2
A=2,3(mod4)

Replacing 4 by A—2 in the first summation of (3.23), we find that §,, = 0,
because by (3.19) and (3.16), if A = 2,3 (mod4), then 6(A1—2) = —§(4), and

f(A—2)—2+424 = f(4)—2A. Therefore,
P;a = P;u—l'*'qm’P;n—Z'

Next,
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d 2n+2 d 2n+2
= 2) ¥ 1) g¥®
Q%41 IR [n—zllf E e(d) q [n—1+1]qz
A=0,1(mod4) A=2,3(mod4)
o 2n+1 : 2n+1
- WM @ gA)+2n+22+4
Ago s )<q I: n—Aa ]q’+q [n_.l_l]qz)
A=0,1(mod4)
@ 2n+1 2n+1
A g() (A)+2n+2-22
* lgz 8( )(q I: n—2 :qu+qg I:"—l'*'l:'qz)
A=2,3(mod4)
_ o D gg»+2m+22+4 2n
- an'*- z 8( ) q n_l_z )
ZEO,I—(modnt)

2n
A +4n+2
T4 I:n_l_l:lﬁ)

a0

2n 2n
A g(A)+2n+2—-22 g(A)+4n+2
M 122 8 )(q l:"_}"*' l:lq’+q l:”_'{]ﬁ)

152.3_(mod4)
— 4n+2 2n+1
= Q0% +q" " Q%1+ Tty

where

d 2n
— 9A)+24+3
(324) Loi= Y c(a [n_ 1_2]‘12

A=0
A=0,1(mod4)

st 2n
g(A)+1—22
e 5 eweenn 2]

A=2
A=2,3(mod4)

Replacing A by A—2 in the first summation and A by A+2 in the second
summation of (3.24), we see that T5,,, = Q%,—,, because by (3.20) and (3.17), it
is easy to see that

te(A-2)=¢(l) and gA—2)+2A—-1=¢g(4), if A=2,3 (mod4),
e(A+2)=¢(l) and g(A+2)—24-3=¢g(4), if A=0,1 (mod4).
Therefore
Q%1 = 0%+ 2 +q*" ) Q%1
Finally,

& 2n 2n
- 9(3) g(A)+2n—2A
Q;" ).Zo ’ (A) (‘1 [" —A- 1]412 i l:n - j':lqz)

A=0, 1_(mod 4)

d 2n 2n
a(4) g(A)+2n+2+24
* zzz ¥ (q [" - Ajlqz 4 [” —A- 11;)

A= 2.3-(mod4)
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-2

A= 0.1—(mod4)

@

+ z 8(A)qg(;.)+2n+2;.+2l: 2n ]
) , »

2=2 n—i-—1
A=2,3(mod4) ;
s 2n—1 2n—1
=0% .+ ()| g#FPt2n-22 + gf D +4n
Q%1 ;=o1§<m4) ()(q n—i |.*9 ne1—1,
- 2n+1 2n—1
+ Z s(l)(qg(l)+2n+2l+2[ ] +qg(/1)+4n[ ] )
).=213=(|iod4) n—A-2 22 n—Ai-—1 2
= an—l +q4" an—2+¢12" ‘/Zm
where
il 2n—1
(3.25) Vo = Z e(d) qg(;.)—z;_[ nn ) :|
A=0, 1=(mod 4) e
d 2n—-1
+ z 8('1)qg(1)+2).+2|: :I
= n—A-2
A= 2,3_(mod4) a*
had 2n—1
= Z s(l)q”“"“[ ]
= n—2
A=0,1(mod4) e
ad 2n—1
+ z 8(A)qg(/1)+2).+2[ ] ,
= n—l—2 2
A=2,3(mod4) o

because, by (3.17) and (3.20),
- -1
e(0)qﬂ<°)[2" 1] +e(1)q«<“-2[2" ] = 0.
n 42 n—1 q2

Replacing A by 4+ 2 in the first summation of (3.25), we find easily that V,, = 0,
because, if A = 2,3 (mod4), it is easy to see that ¢(A+2)+¢(1) =0 and
g(A+2)—2(A+2) = g(A)+24+2. Consequently,

an = Q;n— 1 +q4n an—z-

Thus, we have proved this theorem.

THEOREM 6. Let
31%/8+4/2+1/8, if A=1 (mod2),
(326 r@ = {3,12/8+/1/4, if A=0 (mod2),
(327) g(d) = 3A(A+1)2,

(3.28) a(d) = A—[A/4],
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(3.29) b(2) = A—[(A+2)/4],
(3.30) c()= A+[4/201+1, .
(3.31) d() = A+[(A+12]."

Then the solutions P,, Q, of the equation
Xu = Xn—l +(‘1"+q2") Xn-2

are given by

& 2n
P, . = 1)
2n—-1 lgoq _n—a(l)_qz,
P2n= i qf(l)_2n+l— ’
A=0 _"—b(}-)_qz
(3.32) -,
& n
- 9(4)
Q2n-1 zz:oq _n——c(l)_qz’
d [ 2n+1 7]
- o(1) )
Q2n 1§=:oq _n—d(/l)_qz

Proof. From (3.28)(3.31), it is easy to see that

_ (bA), if A=0,1 (mod4),
(333) ad) = {b (D+1, if 4=23 (mod4),

_(d+1, if A=0 (mod2),
(3:34) c)= {d ), if A=1 (mod?2).

We begin with P,,.;. By using the same notation as in the proof of
Theorem 4, from (3.33), we have

o 2n+2 it 2n+2
P*,, = J(A) [ :I 4+ f) [ :I
P T FTE R P P P
A=0,1(mod4) A=2,3(mod4)
d 2n+1 2n+1
- 1) 4 g2n+2-260)
).;o 1 ([n -b (l)],,z 1 [n +1-b (A)l,)
A=0,1(mod4)
@ 2n+1 2n+1
a(2) 2n+4+2b(3)
o <[n— b (z)]q, +4 [n —1-b (A):Lz)
A=2,3(mod4)
i 2n
= P%, F(A)+ 20+ 2 — 2a(2) .
Bt 2 (" [n+ 1 —a(,z)lz
1=0,1(mod4)

2n
SJ(A)+4n+2
e [n—aw].,z)
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= 2n 2n
+ qf(l)+2n+2+2a(2)[ :I + f(1)+4,,+2[ :I )
zgz ( n—1-a(2) . 1 n—a(l) |.

A=2,3(mod4)
= P;n+q4n+2 an—1+q2"+l R2n+1,
where
- 2n
335 Ry = S+ 1-2a(4)
(335 Ruui= Y @ [n+1—au)l,

A=0
A=0,1(mod4)

d 2n
+ S+ 1+ 2a(d)
PRI n—1-a(d) ],

A= 2.3—(mod4)

2n 2n had 2n
= + + F)+1-2a(1)
9 [n+ I:Lz l: n ]qz. 124 4 n+ 1 —a(l) g2

A=0,1(mod4)

©

2n
J(A)+1+2a(l)
+ Zz q [n— l—a (l)]qz'

A= 2,3_(mod4)

Replacing 4 by 1+2 in the first summation, and 4 by A—2 in the second
summation of (3.35), we find that

2n 2n it 2n
= £(2)
Ran+a [ n L“Lq [n—l],,f Lz 9 l:n-—a(l):lqz
A=2,3(mod4)
+ i qﬂl)li 2n :I = an—n
i=4 n—a(l) 2

A=0,1(mod4)

because, by (3.26) and (3.28), we sec that
fO+2)+1-2a(A+2)=f(4), a(A+2)—1=a(d), if 1=2,3 (mod4),
fSA=-2+1+42a(A-2)=f(4), a(A—2)+1=a(l), if A=0,1 (mod4).
Therefore

PYs1 = PL+(@" 2 +q*" ) P3, -y

Also we have

b 2n+1 it 2n+1
* S2) + J(2)
Ph= ¥ 4 [n—a(l):lqz Z 1 [n—a(z)+ 11,
A=0,1(mod4) ' A=2,3(mod4)

@©

2n 2n
— () gl W+ 2n+2+2a00) [ ] )
zgo (q [" —a ()»):Lz 1 rn—a(—-1],

A=0,1{(mod4)
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i 2n 2n
J(2) S(A)+2n+2-2a(d)
* Ez (q [n—a(l)]qz+q I:n—a(l)+ 1]‘,2)

A=2,3(mod4)
it 2n—1 2n—-1
- P* _ S+ 20+ 2+ 22) S()+4n
Bt X (" [n—b(l)—212+q |:n—1—b(}.) )
1=0,1(mod4d)
i 2n—1 2n-1
FA)+2n—2b(2) F()+an
* Agz (q [” -b (A):'qz 4 [" -1-b ()*)]q)
A=2,3(mod4)
= Pgn—l +¢14" Pgn—Z +q2" S2m
where
i 2n—1
3.36 S y = J(2)+2+2b(2)
(3.36) 2 EO 1 [n —b()— 21,,
A=0,1(mod4)
& 2n—1
+ PUCREL D) [ :I )
).;2 n— b (l) qZ
A=2,3(mod4)

Replacing A by 41—2 in the first summation, and 4 by 4+ 2 in the second summa-
tion of (3.36), we find that S,, = P%,_,, because, by (3.26) and (3.29), we have

SA=2)+242b(A-2)=f(4), b(A-2)+1=b(4), if 1=23 (mod4),
JA+2)=-2b(A+2)=f(4), b@A+2)—1=b(4), if A=0,1 (mod4).
Therefore
P3, = P%,_,+(q*"+q*") P%, ..
Similarly, we have, by (3.34),

< 2n+2 ® 2n+2
* = a(d) g(2)
s 1;0 1 [n —d ()-):qu + ,1;1 1 [n +1-—d ().)] 2

A=0(mod2) A= 1(mod2)
— g() + g(A)+2n+ 4+ 2d(2)
Ag:o <q [" —d (l)]qz 1 [n —-1-d (A)]qz)
A=0(mod2)
had 2n+1 2n+1
+ (1) + g(A)+2n+2—2d(4)
2, (q [n—d(i)lz T nt1—d() ],
A=1(mod2)
ad 2n
— O% G(A) + 2n+ 2 + 2¢(A)
Q2n+ Ago (q I:n—C(A)— 1]q2
A=0(mod2)

2n
g(A)+4n+2
4 I:” —C ('1)]42)
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e 2n 2n
g(A)+2n+2—2¢(A) g(A)+4n+2
* ).;l (q ["+ 1—c (l)]q+q ["—C (l)]qZ)

A=1(mod2)

= Q:zun+q4n+2 an_l+q2n+l T2"+1,

where
i 2n

3.37 Typsy = 9(A) + 1+ 2¢(2)
(337 2n+1 ).Z:o q I:n—c(/l)—llz

A=0(mod2)

< 2n
+ 9(2) +1 - 2¢(2) )
121 q n+1—c(,1) 42
A=1(mod2)

Replacing 4 by A—1 in the first summation and A by A+1 in the second
summation of (3.37), we find that T;,., = Q%,_,, because, by (3.27) and (3.30),
we know that

JA—D+1+2c(A-1) =g(), cA-D+1=c(), ifAi=1 (mod2),
JA+D+1—2c(A+) =g(), c@A+D)—1=c(d), if A=0 (mod2).

Consequently,
Q%s1 = 0%+ @ 2 +¢*"* 1) 03—,
At last,
o 2n+1 i 2n+1
* _ g(2) g(4)
an Ago 1 [n —C ()') + l]qz * Agl 1 [n —C ()-):qu
A=0(mod2) A=1(mod2)
it 2n 2n
—_ g(A) gA)+2n—2¢(A)+ 2
P (q [n—c (A):qu+q |:n—c(l)+ 11,:)
A=0(mod2)
ot 2n 2n
g(4) g(A)+2n+ 2+ 2c(A)
- (" [n—cw]qz*" [n—cu)—l])
A=1{mod2) f
et 2n—1 A 2n—1
= 0O* g(A)+2n—2d(A) g(A) +4n
Oh-it 2 (q [n—d().)]q2+q [n—du)— 11,;)
A=0(mod2)
ol 2n—-1 . 2n—1
g(A)+2n+2 + 2d(A) g(A) +4n
* L (‘1 [n—d(l)—2]qz+q [n—d(l)— 1],,:)
A=1(mod2)

= Q;n— 1 +q4" an—z +q2n VZM



328 L-C. Zhang

where
i 2n—1
3.38 Vou = g(A) ~ 2d(2) [ :I
( ) 2 zgo q n—d(4) "
A=0(mod2)
i . 2n—1
+ goP+ 2+ 248 [ ]
,E‘l n—d(A)—2 42
A=1(mod2)
2n—1 d 2n—1
- + 9(3) - 2d(2) [ ]
[ n :LZ Agz 1 n—d(4) ],
A=0(mod2)
i 2n
+ goP+2+ 248 [ :I )
l; n—d(A)—2 2
A=1(mod2)

Replacing 4 by A+1 in the first summation, and A by A—1 in the second
summation of (3.38), we find that V,, = Q%,_,, because, by (3.27) and (3.31), it
is easy to verify that

g.(}.+l)—2d(l+1)=g(l), dA+1)=d@A)+1, if A=1 (mod2),
gA—1D)+24+2d(A-1)=g@A), dA-1D)+1=d(A), if 2=0 (mod?2).
Consequently

0% = Q% -1 +(@*" +¢"") Q%.-».

Thus we have finished the proof of the theorem.
4. Continued fractions I: g — a root of umity. Let

1 a, 0
-1 1 a,
-1 1.
D(a,,a,,...,a,) = c . -
0 A
-1 1

D(a,, a,,...)= lim D(a,, a,, ..., a,),

a a a a
4.1 ha)=1+2 2 3 2
(4.1) Cly, 6, .., a) l+1+1+1+...+1’
4.2 C(a,, ay,...)=1lim C(ay, a,, ..., a,).

n—w
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In his paper [11], Schur pointed out some simple facts which will be used
in the proofs of our theorems.

1. The finite continued fraction can be written as

4.3) C(a,,a,,....,a)=PJQ,,
where
4.4 P,=D(a,,a,,...,a,), nz1,

1, if n=1,
43) Q.= {D(az, asy,...,a), if nx=2.

Then an infinite continped fraction C(a,, a,, ...) converges to [ if and only if

lim 5 = lim D(al’ L TREED) au) =1
n—w Q" n-© D(az, eeny a,,)

2. Let
DI = {D(ak, A1y +-0s @), if k<l
: 1, if k>1.
Then
(4.6) D(a, a,,...,a)=D(a,, a,-,, ..., a;),
47 D(a,,a,,...,a)=Dla,y,...,a,_1)+a,D(a,, ..., a,-3),
4.8) DYV =DM pm*V g DM, D™*2  for 1 < m< n.

Let P_, =Py=1,0_, =0, and Q¢ = 1. Then, from (4.3), (4.4) and (4.7),
we find that for n > 1

P,=P,y+a,P,—, and Q,=0, 1+a,0. .
Therefore, P,, Q, are the solutions of the difference equation
_ Xo =X, 1 +8, X, 5,
or more specifically, if a, is a function of g, then
P,=X,(1,1,q9 and @, =X,0,1,9).

Thus P,, Q, are the same as in Section 3.

For our theorems, we also need some facts about Gaussian polynomials
which can be verified ‘easily. In this section, we always assume that g is
a primitive mth root of unmity. It is easy to see that

l

m+1 0, if 0<l<m
4.1 =< ’
(4.10) [ l l {1, if =0o0rm,

49) ['”] =0, if 0O<l<m,
q
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@.11) [Zm] ={o, if 0<l<2m, and |#m,
q 2, lf l=m,

0, if 1l<l<2m,and l# m, and m+1,

2m+1
4.12) [ '"l+ ] ~{d1, ifI=1o0r2m,
4 2, if l=mor m+1.

If m is even, then

m 0, if O<l<m, [|I+#m/2,
4.13 = :
@) [llz {2, if 1=mp,
1 0, if 1<l<m, I#m?2, and m241,
(4.14) ["‘7 ] =41, if I=1orm,

“ L2, if I=m?2 or m2+1.

{

By the definition of Gaussian polynomials, for any x, and a non-negative
integer n,

HRE

Now we are ready to discuss the Ramanujan—Selberg continued fractions
when g is a root of unity.

THEOREM 7. Let

qg 9+¢*> ¢ q¢*+¢q
S.(q) =14 4 ,
1 (@) +1+ 1 +14 1 4+ ...

where q is a primitive m-th root of unity. Then, if m = 0 (mod 2), S, (q) diverges;

if m=1 (mod2), S,(q) converges. Furthermore, for odd m, and ¢ =

g), the

Legendre symbol,
S, (q) = (—1)m-ov4 \/iq(m—oP/B .

Proof. In this case, by (4.1), 4.2), S,(q) = C(a;, a,,...) with az,—,
=¢*" ! and a,, = q¢"+4>". Noting a,, = 2, a, = G, 2m, and DZ™*V = DV, |
by (4.8), we find that, for n > 2m,

Pn = P2m—1Pn—2m+2P2m—2 Qn—2m’

4.16) 0n=0om-1Pr-2m+2Q2m—2CQn—2m
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In particular, letting n = 2m in (4.16), we have
Pim=Pym-1+2Pop_3,
Qom = Qom-1+2Q2m->.

In order to discuss the continued fraction, we shall study P,,_,, Pyn-2,
Qom—-1 and Q,,_, by using Theorem 4. By (3.10), we have

o 2m 2m
P, = 3 (=2 g —g'® .
2t z;o =1 (q [m -2 }*]q 1 [m —2i— Z:L)

r'rom (4.11) and (4.15), it is not difficult to see that if m =1 (mod4) or
m = 3 (mod 4), then

@.17)

2m
—_q = —10 SO = 2.
Pom—1=(—1)"¢ [ml 2;

if m = 2 (mod 4), then

P2m—1 = 2+(__ 1)(m—2)/4 q(3m2—2m)/8_(_ 1)(m—2)/4 q(3m2+2m)/8 =2_1—-1= 0;
and if m = 0 (mod 4), then

PZm-l —_ 2+(_1)m/4 q(3m2+2m)/8_(_ 1)m/4 q(3m2—2m)/8 — 2+qm/4_q—3m/4 =2,

Similarly, by (3.10) we have

d 2m+1 2m+1
= — N2 | ofR — A '
Fan ;.;o( ) (q [m—2/1+v(l)]q 1 [m—21—2+v(1):lq)

By (4.12), (4.15), and (3.9), (3.6), (3.7), we can see that if m = 1 (mod 4), then
sz = 2+(_ 1)(m—l)/4 q(3m2—4m+ l)/8+(_ 1)(m—1)/4 q(3m2+4m+ 1)/8
=242(=1)m- 14 gqim= V8,
if m =2 (mod 4), then
P.Zm = 24(—1)m= 24 G3mI=2my/8 _(_ 1)m=2)/4 g3mi+2my8 _ 5| _ 1 = (;
if m =3 (mod 4), then
P2m = 2_(_ 1)(m—3)/4 q(3m2~4m+ 1)/8 _(__ 1)[(m— 1)/4] q(3,,,2+4,,,+ 1)/8
= 2—2(—1)m= 34 glm+ H8,
and if m = 0 (mod 4), then
P2m _ 2+(_ 1)m/4 q(3m2+2m)/8_(_1)[(m—2)/4] q(3m2—4m)/8 = 2+qm/4_q—3m/4 =2.

By (3.10), we also have

i 2m
= — 1){A+1)/2) o(2) .
Qam-1 zgo( ) q [m—Zl—l:L

4 — Acta Arithmetica LVIL4
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From (4.13)4.15), and (3.8), we find that if m = 1 (mod 4), then
Qam—g = (— 1)ln+ 181 g(3m2=2m=1)/8 __ (_ {ym=1)/4 gm? = 1)/8,
if m=0, 2 (mod4), then
Qom-1=0;
and if m = 3 (mod 4) then
Q-1 = (—1)m+1ye q(3’"’+2""l)/8 = (=1)m+1ye q,(’”z_l’/s,

And we have

e 2m+1
- — A+ 1)/2] g(h)
Qo = 2 (1) 1 [m—zx—uu)l'

=0
By (4.16)(4.18), and (3.8), (3.9), we find that if m = 1 (mod 4), then
sz = 2+(_1)[(m+ 1)/4}1 q(3m2—2m—1)/8 = 2+(_1)(m—1)/4q(m2—1)/8;

if m =2 (mod 4), then

if m =3 (mod 4), then
sz — 2+(__1)(m+1)/4 q(3m2+2m—l)/8 - 2+(_1)(m+1)/4q(m2—1)/8;
and if m = 0 (mod 4), then
Qo = 2+ (— 1)/ g3 =4mi8 4 (_ q)lim+2)/4] o(3m?+4my8 _ 31 _ | = ().

Summarizing the results above and using (4.17), we get the following
tables:

Table 1
Pz,,, PZm—l P2m—2
m =0 (mod4) 2 2 0
m=1 (mod4) 242(—1)m- 104 g8 2 (= 1) 14 gm=1778
m =2 (mod 4) 0 0 0
m m+1)2 (m (m
m=3 (mod4) 242(—1)m* 104 gim+ 1718 2 (= 1)+ 104 gt 178
Table 2
Q2m QZm—l QZm-Z
m =0 (mod 4) 0 0 0
m=1 (mod 4) 2+(_ 1)(»!—1)/4 q(mz—l)/S (__ l)(m—l)/4 q(mz-l)/ﬂ 1
m =2 {mod 4) 2 0 1
m=3 (mod 4) 2+(__ l)(m+ 14 q(m’— 1)/8 (_ l)(m+ 1)/4 q(m2—1)/8 1

Now we are ready to study the convergence of S, (g). Using (4.16) and

Tables 1 and 2, we shall discuss the following cases.
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@ If m=0 (mod4), then P,,,., =2'P, and Qyp+, =0 for t > 1,
0 < r < 2m. Therefore, we easily see that S, (g) diverges.

@) f m=2 (mod4), then Py, =0 and Qyppy, =2'Q, for t > 1,
0<r<2 But @,,—; =0, @;,-, = 1. Therefore S, (q) diverges.

@ii) If m = 1,3 (mod 4), let

(4.18) a= (_1)(m-o)/4 q(m—o)2/8’ so that a ! = (_ 1)(m-o)/4 q(mz-l)/8,

where ¢ = (—'42), the Legendre symbol. We can easily see that P,,,_, = a, and

Qam—1 = a~'. By using (4.16) repeatedly with n = 2mt+r, where t, r are
non-negative integers, and r < 2m, we find that

(4'19) P2mt+r = Az Pr+aBz Qr’ Q2mt+r =aq! C1P7+Dt Qr'

It is clear that A,, B,, C, and D, in (4.19) are integers and uniquely determined.
From (4.19) and (4.16), we find that

4.20) A,=A2A,_1+2C,_1, B,=2B,_,+2D,_,,
C,=A4,_,+2C,_,, D,=B,_ ,+2D,_,.
For our purpose, we need the following simple lemma.
LEMMA 1. Under the assumption above,
4.21) A,=D, and B,=2C,.

Proof. We prove this lemma by induction on t.
It is trivially true for t = 1. Assuming the lemma is true for t—1, we find
that, from (4.20),

At = 2At..1+2C,_1 = 2D,—1+Bt-1 = Dt’
B,=2B,_;+2D,_; =4C,_.,+24,_, =2C,.

Thus Lemma 1 is proved.
From this lemma, we find that

B 1
=1+ 3 —»ﬁ, as t— + o0,

A,
1+
B,_,
Ay
and
B
P =
. P2m?+r . '+aQ'At Pr+ zaQr
llmQ = lim B = \/5 =./2a.
t—=o0 X2mt+r t=+1 _—1 t _
— P 1V =
a 2At r+Qr a 2 P,.+Qr
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This result is independent of r, and S, (9) converges to \/5 a. Thus, we have
proved Theorem 7 completely.
Next we shall study the continued fraction S, (g).

THEOREM 8. Let

a+¢¢ ¢ ¢©+4° ¢

1T +14+ 1 +1+..)

8
S, (@=1+

where q is a primitive m-th root of unity. Then S,(q) diverges if and only if
m =0 (mod 8). Furthermore, if m is not a multiple of 8, we have

((1+/2)gm* 102, if m= +1 (mod8),

gTmr s, if m=2 (mod8),
S,(q) = { ™24, if m= —2 (mod 8),
(1—/2)qm+ 12, if m= +3 (mod8),

cflel, ¢ =gl mr B LgmT N if m = 4 (mod 8).

Proof. First, we shall study P,,—y, Pom—2, @Q2m—-1, and @5, -, by using
Theorem 5. In this case, a;,—y = ¢*" '+4¢* "2 and a,, = ¢*". Therefore,
az, = 1, and D@™*Y = DV, for n > 2m. Then we have

Po=Pyn 1 PyosmtPrn—2Cn-2m;
Qr=0Qom-1Pr-2mtQ2m-—20n-2m

In particular, we have

(4.23) Pyn = Pym-1+Prm-2, Qom = Q2m-1+Q2m-2.

If m is odd, then g2 is also a primitive mth root of unity. Using (3.21), (4.11),
(4.12), and (4.15), we shall study P,,, Pam-1, Q2m and Q,,,_ in the following
four cases.

(1) If m=1 (mod 8), we find that
P2m—l — 2+q3m2/4+m/4 — 3’

P,, = 2+q(m2—5m+2)/4+q3m2/4+m/4 = 3+q(m+l)/2,

4.22)

— 3m2a-miA—1/2 __ -1)/2
sz—l—-qm/ m /—q(m 2,

sz —_ 2+q3m2/4—m/4— 1/2_q3m2/4+5m/4 =1 +q(m+ 1)/2.

(2) If m =3 (mod 8), then

Pym—y = 2"1(3"'2_"')/4 =1,

Py, = 2 _q(smz ~-m)/4 _q(3m2 +5m+2)/4 _ | _ q(m+ 1)/2,

=—9q

(3m2+m—2)/4 (m-—1)/2
*

Qom-1= —¢
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sz =2 _q(3m2+m—2)/4 + q(3m2— Sm)ja _ 3 _q(m— 1)/2 .

(3) If m=5 (mod 8), we find that

P2m—l = 2_q3m2/4+m/4 =1,
PZM = 2_q(3m2— Sm+ 2)/4_q3m2/4+m/4 =1 _q(m+ l)/2’

(3m2—m-2)/4 — _m-1)2
b

Oom-1= —¢ q
Qom = z_q(3m2—m—2)/4+q3m2/4+5m/4 = 3—gm-12,
4) f m =7 (mod 8), we see that
Pyp-y = 2+gB3m™ ™4 = 3,
Py = 24 qBmmi4 | g(3m34Smt2)/e _ 34 pm+ 12

(3m2+m-—2)/4 (m—1)/2
b4

Qom-1=¢ =4
=7_ (3m2-5m)/4 (3m2+m-—2)/4 = (m—1)/2
Qom=2—¢q +q 1+q .

Therefore by (4.23), we have the following tables:

Table 3

Pz"l PZm—l P2m—2
m=1 (mod8) 34gmrrnz 3 g+
m = 3 (mod 8) 1—gm+i2 1 —gmt 12
m=35 (mod 8) l_q(m-l-l)/z 1 —q""* 1)/2
m =7 (mod 8) J4gmti2 3 gm o

Table 4

Qzm Qam-1 Q2m-2
m =1 (mod 8) 14gm- 02 gtm- 12 1
m =3 (mod 8) 3_gm-wz | gm-np2 3
m=35 (mod§) 3—gmm2 | _gm-ni2 3
m =17 (mod 8) 14gm-102 gtz 1

335

From (4.22) and Tables 3 and 4, if m = +1 (mod8) and a = ¢™* 2, then

424) Pomesr = 3i2m(x—1)+a Qomi—1)+rs
Qom+r =8 " Pamg—1y+r+Qama-1)+r
where t > 1, 0 < r < 2m. Similarly, as in (4.19), let

(4'25) P2mt+r = At Pr+aBt Qn Q2mt+r = a_l Cr Pr+Dl Qr'
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Then by (4.24),

A =34,,+C,-;, B,=3B,_,+D,_,,
C,=4,.,+C,y, D,=B,_;+D,_,.
It is not difficult to prove that

4.27) B, =C,.

In fact we shall prove (4.27) by induction on t. For t =1, (4.27) is true
obviously. Assuming (4.27) is true for all positive integers less than ¢, by (4.26),
we find that

B,=3B,_1+D,-1 =3C,-1+(B-1—2B,_3)=C,,+3C,_;-2C,_,
=C-1+3(4-2+C,-3)-2C,;=C,-1+34,-,+C,->
=Ci-1+4,-y =C,.

Then we have

(4.26)

A_A_, 2G4, 2
t Cr At—1+ct—1 1+Ax 1,
B, -,
5=3B,_1+D,_1=3_ 2D,_, —3_ 2
D, B,_,+D,, B,_1+D,—, 1+Bx—1
D,_,
Therefore
A, 2 2
Iim—=3—- - =1 2,
limp'=3-7_7_ . +V2
B, 2 2
Iim—=3—- =1 2.
D T T . +/2
Consequently,
A,
—P
let+r A P +aB Q . Bt '+aQ'
th = lim a'ICP-}-DQ—hm BT
=1 X2mt+r t—1 r t—1 -1 ot §
el o

1+./2)P,+aQ,

__(+JyIPtag = (1+/a.
a 'P,+(1+/2)71Q,

This limit is independent of r, and here a = ¢

Similarly, if m = +3 (mod 8), let b = —q™*'/2, Then we have
Pom+r = Pomg—1y+r+b Qome—1y+r = 4, P,+b B, Q,,

(m+1)/2
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Q2mr+r = b_l P2m(t—1)+r+3Q2m(t—l)+r = b—l Ct Pr+Dt Qr'

By using a similar argument in the cases m = +1 (mod 8), we find that

(4.28) " B=c,
and

A =A4_,+C, B,=B,_,+D,_
4.29 1 t—1 t—1 t t—1 t—1
( ) Ct=At—l+3C'—ls D‘=B'_1+3Dt_1.
Then

. D, -

hm—-l+f and 11m-——=1+\/§.

t—’l t—1 Bt
Therefore

B,)' !
— ) P,+bQ,
llm P2ml+r = li At Pr+bBl Qr — 1' (Al\

m = 11m
:*1Q2mt+r t_,lb_lC,P,'FD,Q, =1 -1 Dt
b™'P +—
+p &

IUECNE el AL B S
bR, +(1+/2)Q, 1+./2

If m is even, then
(4.30) DY = p - for n>m,
and
(431) P, =Pu 1Pyt Pu2Qn-m @n=Cm-1Pr-m+0Om-20n-m-
In particular,
(4.32) P,=Pp_i+Pn-2 Qn=0m-1+0m->.
From (3.21), we have

L m
m+1
P, = Z (%) m)[ mf2— A]

(4.33)
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We shall determine P,, P,_;, Q, and Q,_; by using (4.13), (4.14), and
(3.16)3.20).

(5) If m = 0 (mod 8), we find that

P,_, = 2+5(ﬂ) q(3m2+2m)/16+5<ﬂ_ 1) gim=2mis
m 2 2

— 2+(qm/2)m/8 q(3m2+2m)/16+(qm/2)m/8 q(3m2—2m)/16 — 2+qm/8+q—m/8’
Pm=Pm—1a Qm—l=os
0, =2+¢ m gieme+10my16 4 o m_4 g3m* - 1omy16
" 2 2
— 2+(qm/2)m/8 q(3m2+10m)/16+(qm/2)m/8 q(3m2—10m)/16
— 2+q5m/8+q—5m/8 — 2_qm/8_q-m/8'
6) If m =2 (mod 8), we find that

P, = 2+5<§) goemHIMING _ ) 4 (gmi2)m=2)/8 G(3mi+2my16 _ |

P, = 2+5<ﬁ) q(3m2+2m)/16+5(@_l)q(3m2—10m+8)/16
m ) 2

= 1+(qm/2)(m—2)/8 q(3m2—10m+8)/16 _ 1+q(—m+2)/4,

m 2 2m-8)1 2\(m = 2)/8 (3m2 — 2m—8)/1 ~-2)4
Qm_1=8<5—1>q‘3’" m 8)/6___(q'n/ )(m ) q(’" m )/6=q(m 2)/,

0, = 2+8(%n) q(3m2+10m)/16+8<%_l)q(3m2-2m—8)/16

= 2+(qm/2)(m+6)/8 q(3m1+ 10m)/16+(qm/2)(m—2)/8 q(3m2—2m—8)/l6
- 1+q(m-2)/4.
(7) If m =4 (mod 8), we find that
Pm—l = 29

"

— M\ (3m2+10m+8)/16 m (3m2—10m+8)/16
P, 2+5(2>q +6<2 )q

— 2+(qm/2)(m+4)/8 q(3m1+ 10m+ 8)/l6+(qm/2)(m—4)/8 q(3,,,z_10,,,+ 8)/16

— 2+q(—m+4)/8+q(m+4)/8,
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2
= (qm/Z)(m —4)/8 q(3m2 +2m-—8)/16 + (qm/Z)(m +4)/8 q(3m2 —2m-8)/16

m m
Qm—l = 8(—) q(3m2+2m—8)/16+e(5_1> q(3mz—2m—8)/16

— q(—m—4)/8 +q(m-4)/8,

Qm = 2+Qm—1'
(8) If m =6 (mod 8), we can see that

Pp_y = 2+6(§_1)q(3m2—2m)/16 = 24 (gnim* 28 gmE+2mL6 _
P = 2+5<ﬁ_ 1) q(3m3—2m)/l6+5<T> gOm+10m+8)16

= 1+(qm/2)(m+2)/8 q(3m2+10m+8)/16 — 1+q(m+2)/4’

m
3m2+2m—8)/16 2 +2)/8 ,(3m2+2m—8)/16 —(m+2)/4
Oney = 8(2)q< mi+2m=8)/16 _ (gm/2)m+2)/8 g(3m2+2m=8)/16 _ g(m+2)/4

0, = 2_*_8(%) q(3m2+2m—8)/16+8<§_1) g~ 10mi16

— 2+q—(m+2)/4+(qm/2)(m—6)/8 q(3m2—l0m)/16 — 1+q—(m+2)/4.

Using (4.32), we obtain the following tables:

" Table §
Pm Pm—l P,,,_z
m =0 (mod 8) 2448 4q ™8 24g"8+q ™8 0
m = 2 (mod 8) 144t-m*2Ns 1 gi-mr e
m=4 (mod8) |2+g\ ™8 gim+en8 2 gimmr s | gim+ays
m = 6 (mod 8) 14gm*20s 1 gt
Table 6
Qm Qm—l Qm-z
m =0 (mod 8) 2—gqm8—gq ™ 0 2—gri8 g8
m =2 (mod 8) 14qm-24 g . 1
ms= 4 (mod 8) 2+q(m—4)/8 +q-(m+4)/8 q(m—4)/a+q—(m+‘)/3 2
m= 6 (mod 8) 14+g m+2u4 PRUAC L 1

By (4.31), if m = 0 (mod 8), we find that
Pmt+r = (2+qM/8+q_M/8)‘ Pn QmH-r = (Z_QMIs_q_MIs)t Qr
fort >1,0<r<m—1.ButQ,_, = 0and P,_ # 0. Therefore S, (q) diverges.
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If m = 4 (mod 8), by (4.31) and Table 5 we have

(4~34) Pmt+r = 2 Pm(t—l)+r+ch(t—1)+n th+r = EPm(t—l)+r+2 Qm(r—1)+n
Whefe c = q(—m+4)/8+q(m+4)/8'

Similarly, let
(4.35) Ppsr=A,P +¢B,Q,, Qum+ =¢C,P.+D,0,.
‘From (4.31), it is easy to see that for any positive integer ¢,

A,=2A,_1+|C|2C,_1, Bt=2Bt—l+Dt—h

4.36
(4.36) C,=A1+2Cry,  D,=I|c? By +2D,,,
and
4.37) A, =D, B =C,
Therefore

Ay,

Bl 2+Al—1

B,
and
A lcP=4 |c*—4

4.38 lim=—t=2 .
(4.38) o T S R

The right-hand side of (4.38) is a periodic continued fraction with period k = 1.
Since |c|>—4 # 0, by a well-known theorem for convergence of periodic
continued fractions (cf. [8], Theorems 3.1 and 3.2), we find that (4.38) converges
and the limit is |c|. Consequently, by (4.35), (4.37) and (4.38),

Al
—P
: Pmt+r . A,P,.-I-CB,Q, : Bt '+CQ’
llmQ = hmm = lim
t—+1 Xmt+r t—1 ttr tZr t—+1 = t
P 4+
-c r+Bth
P40, ¢
" EP+IlQ,

This limit does not depend on r. Therefore S,(g) converges.
If m= 42 (mod8), let

i g™ if m =2 (mod8),
= Qg s, if m= —2 (mod 8).

Then by (4.31),

-1
Porr=Poy_1y1r+dQmu—-1y+rs  Qmisr =4 " Prg—1y4++ Ome— 1)+
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Consequently, Ppy+r/Qm+» = d,fort 2 1,0 < r < m—1. We conclude that S, (g)
converges to d in this case. Therefore this theorem has been proved completely.

THEOREM 9. Let
4+q¢* ¢*+q* ¢+4°

=1
S(0) t 1 + 1 + 1 +..0

where q is a primitive m-th root of unity. Then S;(q) diverges if and only if
m = 0 (mod 3). Furthermore,

24%0B3 if m=1 (mod6),

. 2 gm0, if m= —1 (mod 6),
qUmr Ve if m =2 (mod6),
gem* e, if m= —2 (mod6).

Proof, It is obvious that in this case a, = 2 and D{"*V = D{1), . By (4.7),
we have for n > m

(439) P"= Pm—IPn—m+2Pm—2 Qn—m’ Qn = Qm—an—m+2Qm—2 Qn—m-
In particular,
(440) Pm=Pm—l+2Pm—2a Qm=Qm—l+2Qm—2-

We shall determine P,_,, P,, Q.-, and Q, by using Theorem 6.
For m even, by (3.32),

R [ m
P,_, ;.go q _m/2 —a (/1)],,2,
i i i
Pm = Z qf(l) mt ] »
- 2—b(4
(4.41) 1;0 m/ 7))
— (4
Om-1 = Eo e | mj2— c(ﬂ.):l
-3 | mtl ]
=2 T mp—am

By using (4.41), (4.13) and (4.14), we study P,,_,, P,,, Qmm-1, and Q,, in the
following 3 cases.
If m =0 (mod 6), then

Pp_y = 2+qf(2m/3)+qf((2m"3)/3) — 2+q’"/6+q_m/6’
Pm = 2+qf(2m/3)+qf((2m‘3)/3) — 2+qm/6+q—m/6,
Qm—l = 0,
Q = 2+qﬂ(m/3)+q0«m‘3)/3) = 2+qm/2+qm/2 = 0.
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If m =2 (mod 6), then
Pm—l — 2+qf((2m—1)/3) — 2+qm(m+1)/6 — 1’
P, = 2+ g @m+ 203 4 gf(@m=1)3)  of(2m=4)3) — | 43 g2 m6

Qm_1 — qy((m—Z)/3) — q(m—Z)/G’
Qm = 2+qq((m—2)/3) = 2+q(m-2)/6.
If m =4 (mod 6), then
P,_,= 2+qf((2m—2)/3) = 2+qrn(m—1)/6 =1,
P, = 24¢/@m+ 13 4 (1@m=5)3) — 1 4 ) gm+ 26
Qm~1 = 2+qa((m—1)/3) = q—(m+2)/6’
0, = 2+qa((m—l)/3) = 2+q-(nl+2)/6.
For m odd, by (3.32),

P, = 120 g’ (- 1)/';—17 @
P - § | i Damal ol

Q-1 = éo | - I)Z—d(ﬂ)_«z’
0, = éo T m+ ;r;/; . e |

Using (4.9), (4.10) and the formulas above, and noting ¢* is also an mth
primitive root of unity, we study P,_;, Pn, Qn-, and Q, in the following
3 cases.

If m=1 (mod6), then

Pm—l = qf((zm-Z)/3) =1,
Pm = qf((2m+ 1)/3)+qf((Zm-Z)/3)+qf((2m—5)/3) = 1+2q(2m+ l)/3,
Qm—1 = qa((m—l)/3) = q(m—l)/3,
Qm — qg((m—l)/3) = q(m—l)/3_
If m =3 (mod 6), then
Pp_, = qf(2m/3)+qf((2m—3)/3) = q-MI3+qm/3,
Pm = qf(2m/3)+qf((2m—3)/3) = q—M/3+qMI3’
m-1=0,
¢ Q, = qa(rn/3)+q9((m—3)/3) = 2.
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If m=35 (modé6), then
P,_, =g/@m-1i3 _

Pm = qf((2m+2)/3)+qf((2m'l)/3)+qf((2m"4)/3) = 1+2q("l+ 1)/3,

Om-

_2 -
L= gFmm 23 < gmm+ 13

— -2)3) _ ,—(m+1)/3
0, = ™3 = g=tm+1y3,

Therefore, by (4.40) we have the following tables:

Table 7
P'" P"'_l Pm-Z
m = 0 (mod 6) 24g"6 g~ ™6 24 g™6 g ™6 0
m =1 (mod 6) 142 q(z'” 1)/3 1 q(2m+ 13
m = 2 (mod 6) 1424g@-mi6 1 PERLL
~ m =3 (mod 6) qi+q ™3 g g™ 0
m = 4 (mod 6) 14+24m*2V6 1 gm+ave
m =35 (mod 6) 1424003 1 g
Table 8
Qm Qm-— 1 Qm-z
m = 0 (mod 6) 0 0 0
= 1 (mod 6) qemhB g3 0
m = 2 (mod 6) 24 4mm 26 qm- e 1
m = 3 (mod 6) 2 0 1
m = 4 (mod 6) 24q (m*206 gt e 1
m =35 (mod 6) q o g+ 0

- If m=0 (mod 6), by (4.39), we find that
Pmt+r = (2+qm/6+q—m/6)t Pr

for t 21, 0 <r <m Thus it is obvious that S,(gq) diverges.
If m =3 (mod 6), from (4.39), we find that, for 0 <r <m,

Pmt+r = (q"'/3+q_"‘/3)l Pr

m/3 -mj3
fim (%

It is obvious that

Thus, for @, # 0,

2

t—~w

hm Pml+r _
t—> o Qm!+r

and

and th +r = Oa

t
) -o.

0.

QmH-r =2 Qr'

343
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But Q,_, =0, and P,_, # 0, so S;(q) diverges.
If m= +1 (mod6), and

. gt if m=1 (mod6),
= q(m+1)/3’ if m= —1 (mod6),

then, by (4.39), we find that for a positive integer ¢

- _ -1
Puisr = Ppy-1y4,+2aQmg-1y+r and  Quisr = 87 Ppy—1)4s-

Therefore
Pmt+r = m(t—l)+r+2Pm(t—2)+r'
Consequently,
P, P,., 2
mt+ =a t + =a 1+_
th+r Pm(t—1)+r Pm(t—l)+r
Pm(x—2)+r
Then

: Pm|+r 2 2

im—— = 1+- - =2a.

t—'oont+r a( 1+1+ ) ¢
If m= +2 (mod6), let

b q? ™6, if m=2 (mod6),
T lg™t e if m= —2 (mod6).

Then, by (4.39) and Tables 7, 8, we have
Prsr = Prg-1y+1+2b6Qme-1y+r and  Qpy, = b~? Pog-1)+r+2 Qma—1)+rs

fort>1, 0<r<m Thus P, s, /Qm+, =b and S;(q) = b.
Thus Theorem 9 has been proved.

5. Continued fractions II: |g] > 1. In this section, we shall discuss the
Ramanujan-Selberg continued fractions S, (q), S,(g) and S, (gq) when |q| > 1.
Let x =q7 !, then 0 < |x| < 1. It is easy to see that

A sumlA
o It N

| 2] . (1—=x)...(1=x)
(52) 322[ _,]x = m e = Y (=9 .. (=)

= (x; x)5!, for any integer I
We first discuss S, (¢).

THEOREM 10. Let
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9 9+¢* ¢ q*+4*

S@=1+7 T T o4

1

where |q| > 1. Set x = q~'. Then the odd indexed convergents tend to

(=% X%, (= X% %1%, (—=X75 X",
X (=x%; x10) o (—x%; x19) o (—x1% x19)

(5.3)

while the even indexed convergents tend to
(= %3 %1% (=X%; X1, (=x%; x4,
(= x5 x79),, (=x% %7, (— %% %70,
Proof. From (3.10) and (5.1), we find that
Pyu-1(9) = Pon—1 (x7Y)

< 2n 2n
_2 [ - kD
Y (" [n—zz],-, x [n—u—zl_,>

i 2n
_ )21 [ n2+a22- 1)
zgo (= (x [" -2 '1]:

— MG+ 12K 2n
n—21-21,

3 2n
=x"" -1 [4/2] S§22/2+(—1)A*+14/2
* lgo( ) x n—-24 "

_x5}.z/2+51+5/2+(~1)“”(l+1)/2I: 2n ] )
b
X,

(5.4)

n—24i-2
Pa(q) = P (x™1)

® 2n+1 2n+1
- — 1M4/2] —f(3) _ A
Eo( D (x [n—21+v(1):|,-. x I:n—2/1—2+v(l)]x-1)

n 2n+1
— —n2—n _ 1 [A/2} 512/2 +(—- 1)‘13/2
LY (" [n—z A+v(z)]x

_x512/2+5/1/2+ 3/4+(—1)A*1(32/2+3/4) 2 n+ 1
n—2i-2+v() )’

Q2n-1(9) = Q2a-1 (x_l)

e 2n
- _{)(A+1)/2] o~ gD
L (=1 x [n—u—ll-,

A=0

" 2n
— _1 [(A+1)/2] . —n2+(24+1)2—g(A)
zg'o( ) * ["‘2}*—11‘
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n
= x7" Y (= 1)+ DSR2 SH2 34 (- 1M2A+ 1/4 2n
b
n—24-1],

Q24(9) = Q2a(x” 1)

A 2n+1
—_ — 1A +1)/2] . —g(d)
X (=D X I:n—ZA—v(A):L-.

2=0

[+ o]
— x—nz—n z (_ 1)((A+l)/2]x5;.2/2+s;./2+3/4+(—1)“l(3;/2+3/4)[ 2n+1 :I
X

=0 n—2i1—v(A)
Let
P2n 1 (q) 2n (Q)
CO (q) - :Ln:) Q2n 1( ) and ¢ (q) n— o Q2n( )

Then, by (5.2),

i (- 1)[1/2] (xs(l) - xT(l))

(5.5) Col@) = Co(x™1) =225 ,
Z (_ 1)[(/1+ 1)/2} xR()-)
A=0
Z (— D21 (xS1d xnu))
(5:6) C.lg =C,(x™ 1) =22 ,
Z( 1)[(l+l)/2]xks(i-)
where
542 Y
S(l)——2—-+(——1) >
2
TW =2 =45 atog(—aprr A2
2 2
2 523 22
R(}) = 5'1 A A (e +2
57 2 tat
) 512 31
S;,(4) = —+(—1)‘
512 5 (34 3
7;(,1)_—2—+51+ +(— 1)(2 5)
512 51 3 a1 (343
R,(A) = +2+Z(1) S+

The Ramanujan theta function f(a,b) (cf. [1]) is defined by
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(5.8) f@b= Y got2pe-12

where |ab] < 1. The following two results will be used in our proof.
ENTRY 19 ([1], p. 30). We have

(5.9) f(a,b) = (—a;ab), (—b;ab),, (ab; ab),,.
ENTRY 31 ([1], p. 46). Let

nn+1)/2 bn(n— 1)/2 nin—1)/2 bn(n+ 1)/2

u,=a and v,=a

Jor a positive integer n. Then

(5.10) funo) =Y u,f(“"—*', ”—)

r=0 ur ur
From (5.5), we have
(5.11) Co(x™Y)

i (= 1)H21 (xSB) _ x Ty i (— 11421 (S8 _ Ty
A =

A= 2=1
_ A=0(mod2) A=1{mod2)
- © )
Z (_ 1)[(11+ 1)/2} xR(l)+ Z (_ 1)[(1** 1)/2) yR(4)
A=0 A=1
A=0{(mod2) A=1(mod2)

Replacing 4 by 2k in the first summations and 4 by 2k—1 in the second
summations of the numerator and denominator of (5.11), we find that

Colx~ Y

i o
Z (_l)k(xlok—k_xlokz+9k+z)+ Z (_l)k—l(x10k2_9k+2_x10k2+k)
= k=0 k=
W

1
Z (_l)kx10k2+6k+1+ i (_1)kx10k2—6k+1
k=0 k=1

[ a
Z (_ 1)&2 xlOkz—k_xz Z (_ l)kz x10k2+9k
—k=-w k=—

x i (_ 1)k2 x10k2+6k
k=—o

_f(=x, = x)=x? f(=x"%, —x)
- xf(——xlﬁ, _x4) .

Letting n =2, a= —x?, and b = x* in (5.10), we see that

f(—x27x3) =f(_x99 _xll)_fo(_xl9’ —X).

§ — Acta Arithmetica LVIL4
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By (5.9), we find that
f(_x2’x3) _ (x2; _x5)w(_x3; —xs)eo (_XS; -xs)w
X (=x16, —x%) x5 x2), (% 270, (2% x%0),,

Colx™Y) =

_ (xz; xlo)m (_x7; xlo)w (_xs; xlO)w (xs; xl(’)cu (_xs; xlO)w (_xlo

3 X

XO)

o0

x (%), (% %), (2% ),
(=25 %% (=% %1% (= x7; %),
T x(—x% %19, (= %% x10), (—x% x10)
Then (5.3) follows.
Similarly, from (5.6), we find that

€7
@
Y (= DR (xS Tay Z (= A2 (x$18) _ xT1(h)
— AE())‘(Tn?)dZ) ).—l(modZ)
i (= 1)@+ 172 xR 4 i (= 1)+ /2] g Ra(d)
AEé(Tn?st) lEf(T'nLdZ)

i

k k=

©
(_l)k(x10k2+3k_x10k2+13k+4)+ Z (_l)k—l(x10k2—13k+4_x10k2—3k)

1
© =)
(_l)kx10k2+2k+ (_l)kxIOkz—Zk
g kgl

Z ( 2 10k2+3k 4 i (_1)k2x10k2+13k
—k=- k=-w
z (_1)k2x10k2+2k
k=—-ao
_ f(_x13’ _x7)__x4f(_x23, _x—3)
- f(_xlz’__xs) :

Using (5.10), n =2, a= —x* and b = x, we find that
' f(=x*x) =f(—x'3, =x")—x* f(—=x, —x7?).
Therefore, by (5.9),

-1 f(—x‘*,x) (x4 __xS) ( x5 __x5) ( X 9_x5)co
C.(x )=f(—x12,—x8)= x'%;x%%)_ (x%; x29)_ (x2°; x29)_

(%5 1Yo (—%%5 X1 %) (=% %19 (=33 X1, (=% %10, (x1% x

10)

[

%X (—x%5 X1 (6% X1 (= X% X1 o (1% 1) o (= x1% x1)
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_ (=% x19g (=x% x19), (=% x19),
(=x%; x10)g (=% x10) g (= %195 x10),

The theorem has been proved.

THEOREM 11. Let

a+q* ¢* ¢©+¢° ¢

1 +14+ 1 +14..)

8

Si@) =1+

where |q| > 1. Set x = q~ 1. Then the odd indexed convergents tend to

(x19; x40)°° (x21; x40)® +x (x29; xntO)(10 (xll;x«tO)m
x2 (x31 ; x40)°° (x9; x40)w —X6 (x41 R x40)w (x— 1; x40)w ?

while the even indexed convergents tend to

(x27; x40)a0 (x13; x40)w +x3 (x3; x40)w (x37; x40)m
(x17; x40)w (x23; x40)m _x2 (x7; x40)°o (x33; x40)w

Proof. From (3.21) and (5.1), we find that

© 2
Pa-1(@ = Pou-1 (x™) = 3 6(Q)x~/? [n—-).:lu(l):l
i=0 X2

™=

o(A)x~ 22+ 2(2+u(2)? — () [ 2n :l

A n—A—u(l)

— y—2n2 . 2n
=x"y ‘5('”"3“)["_,1_14(1)],2’

A=0

0

P2n(q)=P2,,(x_l)= i 5(A)x_fu)[2n+1]
A=0 n_.2 -2

n 2n+1
— —2n2+242+ 20— f(3)
zgoé(&)x [ n—-2 :L
2n+1
S1(4)
6(4)x [n—Z :L’

) 2
Qor-1@ = Qar-s (57 = T s@x" [n_l-znww],-z

—2m2—
= x 2n2-2n

n

A=0

z 2n
—_ —2n2+2(1 + A-u(A))2—g(d)
EO e x [n— 1—A+u (A)L

i 2n
— y—2n2 R(2)
X Y () [n— 1 —A+u(/1)L’
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02 (@) = Q2nx™Y) = 3 e(d) x~ [2nn—+al] -,

A=0

n 2n+1
— y-2n%2=2n 222+ 24~g(2)
x 2 e()x [ n—2 :Lz

=0

n 2n+1
_ y~2n2-2n Ry(d)
X Y e(A)x [n—Z ]xz,

A=0
where
2
%_2, if =01 (modd),
SW=2A+u@)*—f(A) = 2
5i 1143
gty i =23 (mod4),
2 1
%J,Tﬁz, if 4=0,1 (mod4),
RA)=2(1+1—u@)*—g () = 2
542 i1 :
r 2
%_74_‘, if 1=0,1 (mod4),
Sy =28420-fN =152 5, 4
T+T_§, if A=23 (mod4),
( 2
%_3_4'3, if A=0,1 (mod4),
Ry(A)=222+22—g) =1 (.,
AT i 1223 (mod4)
4 a2 —o '
Then
5(1) XS — Z 5(1) xS(l)+ Z 5('1) xS0
=0 22071 (mod4) 12213 (modd)

© [> o
— Z (__lyg(x20k2—k+x20k2+9k+1)+ Z (_l)k(x20k2—9k+l+x20k2+k)
k=0 k=1

=Y (—1)F x206 k& Y (= 1) x20k*+ 9%

k=—- k=-ow

=f(=x'%, =x*)+xf (=x*°, —x'!)

and
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[- ] 0 ©
YexM = Y xRV Y g(A)xR®
A=0 A=0 i=2
A=0,1(mod4) A=2,3(mod4)
= - (_l)k(x20k2+11k+2_x20k2+21k+6)

k=0
©

— Z (_ l)k(x20k2—21k+6_x20k2—llk+2)
k=1

= x2f(__x31’ _x9)_x6f(_x4l’ —x_l)'
Therefore
f=x1, =x*)+xf (=x*%, —x'1)
x2f(_x3l’x9)_x6f(_x4l,x—1)
_ (x19; x40)m (x21; X40)°° +x (x29; x40)ao (X“; x40)co
xz (x31; x40)m (x9; XAO)(lo _x6 (x41; x4o)oo (X_ l; xd-o)uo

On the other hand,

Col@) = Co(x™1) =

© «©

(A X512 z 8(4) x5t 4 Z 3(%) x5

A=0 A=2
4A=0,1(mod4) A=2,3(mod4)

>
|
s

—_ i (_l)k(x20k2+7k+x20k2+l7k+3)
k=0

)

+ Z (_l)k(x20k2—17k+3+x20k2—7k)
k=1

= i (_1)k2x20k1+7k+x3 i (_1)k2x20k2+17k
k=—ow k=—wo

=f(—x27, —x‘3)+x3f(—x37, _x3)

and
- o] o [
Y e@xR = ¥ gW)xMP4+ Y g(A)xP@
A=0 A=0 A=2
A=0,1(mod4) A=2,3(mod4)

@©
Z (_ l)k (x20k2+3k_x20h2+13k+2)
k=0

+ i (__l)k(_x20k2—13k+2+x20k2—3k)
k=1

=f(_x23, —x17)—x2f(—x33, _x7).

Therefore
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C.l@) = C. (- Y) = E X ) (675 x50 2 (173 5%, (6775 x*9),,
e e (X17; x40)m (x23; x40)m _x2 (x7; x40)w (x33; x«tO)ao :

The theorem follows immediately.

THEOREM 12. Let

+ 2 2+ 4 3+ 6 4+q8
S3(q)=1+qq +9 9+q9 g ’
1 + 1 + 1 + 1 +..
where |q| > 1. Set x = q~!. Then the odd indexed convergents tend to
(=35 %2 (= %13 X2 +x (= X% X2, (—=x1%5 x2%)
x2(_x3;x24)m(_x21;x24)

b
[> ]

while the even indexed convergents tend to

(—x; x24)w (—x'7; x24)w +x3 (_xzs;xu)w (_x—l;x24)w
(=% %) o (=% %),

Proof. From (3.32) and (5.1), we find that

_ ® 2n
Pares@=Pous ) = 3 x ’“’[n_aw]x_z

2n 2 n
— x—IA [ ]
}.;0 n—a(l) -2
2n 2 n
- x™ 2n2 + 2a(A)2 —~ f(A) [ :]
,E‘O n—a(A) |,

2n
=x""Yy 5(l)xs“)[ 2n ] ,

=t n—a(l)
o 1 2n+1
_ -1y _ -1
P2n (Q) P2n (x ) ),gox I:n—b(l)]x-z
= E x-2n2—2,.+2b(;.)2+2b().)—f(l)[2n+1:I
= n—>b(4) |2
2n 2n+1
— o~2n2-2n $1(h)
X Agoé(l)x l: n—2 ]xz,
© 2n
— -1y _ —g(2)
Q2n-1(9) = Q2a-1(x7") ag'ox [n—c(l)]x—z
2n 2n
= x~ 2n2 + 2¢(A)2 — g(A) l: ]
P n—c(d) L

2n 2n
— x-2n2 xR().)I: ] ,
2 e e
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_ O —an| 2n+1
Q2n (q) = Q2" (x 1) - A§=:0x ? [n_d('i)]x'2

2n
=y x—an—2n+2d().)2+24().)—g(l)[2n+1]
A=0 | x2

n-d(2)
2n 2n+1
=x—2n2-2n xRﬁ(l)I: :| ,
;.go n—d(4) ).

where

S =2a@’—f () = 2('1—[2])2—(% A +3A+19)+(—1)' G A+1%),

S, =2bW*+2bA)—f (A

= 2(1—[}#])2+2(A—[#D—(&l@%“ﬂ;)ﬂ—1)*(%“7%),

R(A)=2CA)*—-g) = 2(1—[£]+1>2—%A(l+ 1),

2
A+1T\? A+1
R, () =2d(+2d(H)—g(}) =2 (x+[%]) +2 (A+[%])—-}A(A+ 1).
Therefore
[+ ] - xs(l) + i xs(l)
xs(l) g: -
C (q) _ ago _ 150?1 (r?lod4) l=2?.3_(:xod4)
0o T o - @ @
Y xR@ y xRy Y xR@
A=0 A=0 A=1
A=0{mod2) A=1{mod2)

(x12k2—k+x12k2+7k+1)+ i (x12k2—7k+l +x12k2+k)

is

k=1
= [+ o] s o]
Z x12k2+9k+2+ Z x12k2—9k+2
k=0 k=1
_f(xll’x13)+xf(x19’x5)
- x2f(x21,x3)

B (_xll; x24)°° (__x13; x24)w +x(_x5;x24)w (_x19; x24)w
xz(—x3;x24)m(—x2’;x2“) *

[+ o}

and
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[+ @
) S1(2) S1(2)
. xSith r x>+ ) X
_ —1y _ A=0 _ 220.1(mod4) A=2.3 (mod4)
Clg=C.(x") = = © =
Y xRih T oxRg F xR
=0 1=0 i=1
A=0(mod2) A=1(mod2)
an [+4]
2 2 2 2 _
Y (x2S 1R L T (12K 1343 g 12K 5K)
k=0 k=1

hd 2 ; 2
12k2+ 3k 12k2 -3k
Y x + ) x
k=0 k=1
_ f(x‘,",x7)+x3 f(xzs’x—l)
f(x*%,x%)
_ (_x7;x24)w (___x17;x24)w+x3(_x25;x24)w (_x—l;x24~)clo
(—x%; x4 (= %1% x),,

Thus theorem has been proved.
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