13.0 W. Y. Vilez

Thus we are left with the, case where r < e—2 and I < .
Since [<r<e—2 [ <e so a = +3(mod 8) and using thls and ap-
plying 2.2 and 2.6 we see that () cannot hold in this case.
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An arithmetic problem on the sums of three squares
by

A. Arenas (Barcelona)

Introduction. As is well known, any positive integer n # 4°(8b+7) can be
expressed as a sum of three integer squares. In general, given a decomposi-
tion of n, n = xZ+xZ+x2, very little is known about the integers x;,. C. F.
Gauss proved that n admits a primitive representation as a sum of three
squares if and only if n£ 0, 4, 7 (mod 8) (cf. [5], Art. 291). Catalan showed
that if n = 3", the three summands could be chosen to be prime to 3 {cf. [3]).

Special representations of integers as a sum of three squares have
recently appeared in connection with the determination of some Stiefel-
Whitney classes (see [117). Let &, be the real bundle over the classifying
space BA, associated to the standard representation of the alternating group
A, into SO,(R). Let w*(¢)eH*(BA,, Z/2Z) = H*(A,, Z/2Z) be its Stiefel-
Whitney class. Since w!(£) =0, w?({,) is the nontrivial element of
H2(A,, Z/2Z) = Z/2Z. 1t is shown in [11] (cf. also [7]), that if n =3 (mod 8)
admits a representation as a sum of three integer squares with (x;, n) =1
and x? < (n+1)/3, then there exists a continuous surjective representation
o: Gal{Q(T)/Q(T)) — 4, of the absolute Galois group of Q(7) such that its
second Stiefel-Whitney class o* w?(£,) is trivial

Given an integer n, we consider in this paper the maximum value I
= I(n) such that n can be written as a sum of three integer squares with !
summands prime to n. We call [(n) the level of n

Obviously, all integers having level 3 satisfy the preceding condition.

The problem of the determination of the level of an integer leads to
compare numbers of representations of this integer by dlffcrent ternary
quadratic forms of a very special type.

Since the number of representation r(n, f) of a given positive integer by
a quadratic form cannot be determined in general, we approximate this
number by the average value r(n, gen f), where gen f stands for the genus of
/. By means of Siegel's Hauptsatz (see [9]) this average value can be
calculated using p-adic densities.

For the forms we are dealing with, we . have that r(n, gen f)

r(n, spn f), where spn f denotes the spinorial genus of f.
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If n is square-free, the above considerations allow to estimale the error
r(n, f)~r(n, gen f) by applying recent results of Schulze-Pillot about the
growth of Fourier coefficients of cusp forms of weight 3/2 (cf. [6]).

We conclude, under the assumption of Ramanujan-Petersson’s conjec-
ture for modular forms of weight 3/2, that if n s 7 (mod 8) is a square-free
positive integer sufficiently large (see Sect. 4), then:

(i) [(m=2 1 ged. (n, 10} # 1,

(i) I(n) =3, if gcd. {n, 10)= 1.

The nonsquare-free case is considered in [2].

[ wish to express my thanks to Professor P. Bayer for her valuable help.

1. The level of a positive integer.

DeriniTioN. For a positive integer n we define the level [(n) of n as the
maximum value of { such that there exists an integral representation of n as a
sum of three squares, n = x}+x3+x3, with ! summands prime to »n.

We agree that [{n) = —1 if n =4*(8h+7). If 4|n and n # 4°(8b-+7), then
it is clear that /(n) = 0. So we shall assume that n %0, 4, 7 (nod 8).

If 2 or 5 divides n, then we have [(p) <3. :

By elementary methods, some families of integers with a given level can
be constructed (see [L]).

For a given positive definite ternary quadratic integral form f(x, x3, xa)
we wrile, as usual

rin, [y = # {(x) €2 f(x;, X3, x3) = n},
Fm (?’I,f) = # {(xi) EZ/mZ)JIf(Xla Xg, x3) =n (mOd m)}!

and we denote by #(r, gen f) the average value of representations of »n by all
the forms in the genus of [ (see [9]). .

Siegel's Hauptsatz (see [97]) asserts that r(n, gen f) may be evaluated b
means of p-adic densities d,(n, f), with p prime or oo, as follows

rin, gen f) = d,(n N ]800,
’ . »

where
2mntf? .
(—dw, if =90,
SOI=9 )
J’—pz;———, for all « > 28+1, where p’||2n, if p is prime.

We write {ai, a3, a3 for a diagonal quadratic form and I3 = {1, 1,
for the identity. As usual, we denote by u the Mobius function, and by [ ]
the integral part function. ' '

An arithinetic problem on the sums of three squares 133

In order to evaluate [(n) we first introduce the following alternating
sums:; '

Sf(n) = QiZ(_l)iu(al)"!(QZ).u(afl)r(n: <a%1 a%, ag))a
(1
for i=1,2,3. The sum (1) is taken over those square-frec positive integers
a;, j=1, 2,3, such that 1 <agln for j<i and a; =1 for j>i We take
o =3-2[i3]
We introduce the functions

50) sl =2

_ 8y {n}—=s2(n)+s3(n)
r(n, 13)’ r(“, ]3)

g, () = Loty =20
» 43

The next proposition establishes a criterion for the determination of the
value of I(n).

Prorosrrion 1, I{n) =i if and only if g.(n) < 1.

Proof. One needs only to observe that the sums s;(n), i = 1, 2, 3, count
the number of integral solutions of X7+ X%+ X? = n with at least i sum-
mands not prime to n. ‘

2. The main term in the square-free case. As, in general, the value of

r(n, f) cannot be determined, we introduce the following average alternating
SUITS:

Sitm) = 0: Y (= 1 iay) ulay) plas)r (n, gen a3, a3, a3)),
(1)

for i=1,2,3. The sum (1) and g, are defined as in Section 1.
In order to estimate the value of I(n), for n squaredree, we next define
the main term G;(n) in the determination of the level, as follows:

Gy(my =530, Ga(m) =Sy(n)—255(n),  Gsim) = S} () — S5 (n)+ 55 (),

where S{(m)=r(n, 13)" 5:n), i=1,2,3.

From now on we will assome that n & 7 (mod 8) and that n is a square-
free positive integer. We will always write n = mt with m = 2*p;...p,, & =0
or I, p;=1(mod 4) and 1 =gq,...q, with ¢, =3 (mod 4).

ProrosiTion 2. For n= mi, the alternating sums 5,(n), 1 <i <3, can be
written in the form:

M 5(n) =Y (=1 pla, az a3)r(n, <ai, a}, a3)),
(2) :

where the sum (2) is taken over the positive integers a; such that a;m;
ged {ap a) =1, for j#k:a;#1if j<iand a;=11if j> 1L



134 A. Arenas

(i) If n is even, we also have

S3 (ﬂ) - SE_H(zal a2)r(n1 <a;]7.'s CI%, 22 >)1
(3}

$2(0) = 65 —p(@)r(n, <a?, 2%, 12)+53(n),
@

51 (1) = 3r(n, 2%, 12, 123} 45, (n)—s5(n),
where the sum (3) is taken over the positive integers dy, a,, such that
ged. (ay, ay) =1 and 1 <g;|27"m, for j=1,2. The sum (4) is taken over
the positive integers a with 1 <aj2™'m.

Proof, (i} The first expression is a consequence of the following two

facts: First of all, sinee n is square-free, a prime p dividing » can appear only
in one ;. Secondly, if g =3 (mod 4) is a prime dividing n, then ¢ fa;, j

-1
=1, 2, 3, for, otherwise, by reducing modulo ¢ we would have (~q~)= ,
which is'impossible.

Observe that the last consideration also proves that if m = 1, then {(n)
s 3,

(ii) In this case, one needs to distinguish in the formula given in (i) just
the summands involving 2 from those not involving it.

Levma 1. Let n=mt be an odd square-free positive integer,
ng 7 (mod 8).

Let al, a2, a?> be o quadratic form with a)|m, @, square-free, for i = 1, 2, 3 and
ged. (a4, a;) = 1, for i #j. Then:

_ -1 :
(1-p73% (lw(Tn)p*) . i pim,

(1=p™%, i pln and pa, a;a,.
20=p7", i ployazay

(l) ap (n, <le, a%} ﬂ§>) ==

Jor p# 2.

e 3/2 if n=1, 5 (mod 8),

a 2 2 ‘2‘ — ¥ » B

(11) 2(”7 <a’1: az, ﬂ3>) {1, -!:j n=3 (mOd 8)‘

Proof. (i) The first two equalities of (i) follow immediately from [10],
Hilfssatz 16. '

Now, if pla, as a3, say pla,, in order to calculate 8,(n, {af, a3, a3)) we
first evaluate r s (n—a?x%, {ai, a3)) for each x, in Z/p* Z. Letting now x,
run over Z/p*Z and applying Siegel's formulae to the case of binary forms
(cf. [9], Hilfssatz 16), we eventually get 8,(n, {a?, a3, a3d) = 2(1—p~Y).

(i) As the as are odd we have &,(n, (af, a2, a2>) = 8,(n, I5); and this
reduces to the. trivial calculation of rys(n I3), from which the assertion
follows.
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Prorosition 3. Let n=mt be a square-free positive integer,

n % 7 (mod 8),
then: (i) If nis odd, aj|m for i=1, 2,3, and god. (@, a)) =1 for i #j, then

A

r{n, gen{at, a3, a3)) =-ﬂn”2L(1, Xaw 11 201+p7 0,
n plajazuy
with
Al — 16 if n=3(mod 8),
M=% fn=15(mod8),

and L(s, y_4,) being the L-series associated to the character y_,,.
(i) If n is even, a;|27 ' m for i =1, 2, and gcd. (ay, az) =1, then

8 _
r(n, gen<ai, a3, a3)) = E”m L1, x—a») \H 2(1+p7 "
playag

Proof, (i) By Siegel's Hauptsatz and Lemma 1, we have:

2mati? -
r(n, gen af, a3, a)) = Oy (m, <ai, a3, a3 [1(1—p7?
Gy dz dy pin .
pFEZ
-1
—n _ = —
(=) 1 ey T 2a-
pin P ol plajanag
p#E2 pajanasy

So the first part of the proof follows from the observations that { 3!
=[f{l—p~% and that
r

—n —4n
162 T2 s

(i) In this case &,(n, <a?, a3, a3)) can be easily calculated if we observe
that

r2k+1(”w <a%1 ‘1%! G%)) = 22 rzk(n: <ﬂ%, a%s a§>): for k 2 3.
Using these formulae we immediately obtain
Prorosition 4. Let n=mt. Then
() If v is odd,
Sim) = oy (=D ulayazag) [ 20+p7",

() rlagazes

for i=1,2,3.
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(ii) If n is even,
S1(n) = 1+ 55 (n)—S3(n),
Sy(n)=2% —u(@[]2(1+p) ™" +55(n),

(G pla

S50 = Y —p2ayay) T 20497

(3) playay
Next we give the value of the main term.
Tueorem 1. Let n = mi be square-free, n;é 7 (mod 8). Then
() If n is odd,
Gy(n) = 1 =3P (m)+3P;{m)—P3(m),
Gy(n) = 1—=3P,(m)+2P;5(m),
Ga(n) = 1—P3(m),
(i) If n is even,
Gy () = 1=2Py (m)+ P, (m),
Gy (n) = 1—Py(m),
Gy(n) = 1.

Here

r

Pim) =[] (ln-?.j(l-}-_pi)—'l), Jor j=1,2.3

i=1
Proof (i) Let x; = 2(1+p)" % 1 <i<r, then

r

H (1 d_]xf = H Hj)kgk(xla Ty xr)s

a,, being the elementary symmetric polynomials of dcgree A in r variables, We
have

4

1=3P +3P,— Py = [[ (=1} (3=3-2*+3H g (xq, ..., x,).
k=3
Now we observe that each summand of S5(n) is of the form

(=1, g, B<k<y)
and that it appears in S4(n) a number of times equal to

kR (Rlmky Koo
kaz>0 (kl)(kz )( ks )" L e = 3302643,

. _ k>0 k11k2!k3|
ki+kog+ka=k ky +hy+hywk .

X
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This shows that $3{n)=1-3P;+3P,—P;. Proceeding similarly we get
85(n) =3—6P, +3P, and §)(n) =3—P,. Recalling now the expressions of
G;(n) in terms of S;(n), we are done. Observe that if 5|n, then P3(m} = 0 and,
consequently Ga(n) =1.

(i) In this case we have that S5(n) =1—2P; + P;,

Sy =2-2P;, S(m=2—P,.
Note that G;(n) = G;(m) in all cases.

CoroLLAary. We have
0L G (MK Gy(n) <Gy(n) =1, if ged. (n, 10) # 1,
i) 0L G, (MG (M=EGy(m < 1, if god. (n, 10)=1.

Proof. From the definition it follows that Py < P, < Py and P; > 0, for
j=1,2,3 Letus write P;=1~y;,j=1,2,3;then by induction on r we see
that yq < 2y, — ¥y 3(3;7 Yi)h Y2 = Vi 2y, = y,. Now, from these in-
equalities the assertlon follows immediately.

3. The error term in the square-free case. We call error term in the
determination of the level to the difference g;(n)—G;(n) for i =1, 2, 3.

Let 6(f, z) and #(spn f, z) be the theta series associated to f and spnf
(spinorial genus of f). If f = <a?, a}, a3) is a quadratic form with g.c.d.
(a. ap) = 1, for i #j, then 8(f, z) belongs to the space M0 (3/2, 4af a a3) of
modular forms of weight 3/2 with respect to Iy (da} a3 a3).

Lemma 2. Let us write n = mt, as usual, and f = <ai, ai, a3 with a;|m,
a; square-free, for i =1, 2,3, and ged. (@, a) =1, for i #£j. Then

(i) r(n, spnfy =r(n, genf),

(i) The validity of Ramanujan—Petersson’s conjecture for modular forms of
weight 3/2 implies that for every &£ >0

rin, f)—rin, genf):()e’mf(tlmﬂ).

Proof. (i) It suffices to apply th. 4.6 of [4] that assures that for our
forms gen jf = spn [

(ii) By [6] we have that 6(f, z) B(Spnf z) lies in U*, where U is the
orthogonal complement, in the space of cusp forms S,(3/2, 4af a3 a3), of the
space U spanned by Shimura's theta functions (cf. [8]). Since the growth of
the Fourier coefficients a(n), n square-free, of a cusp form g lying in U" is
predicted by the Ramanujan-Petersson’s conjecture for weight 3/2, in the
sense that

a(n} = 0,,(n"**%), for every ¢ >0,

it suffices to apply this claim to our forms Obviously, the final O-constant
will be independent of I.

Under the assumption of Ramanujan- Peterssons conjecture for weight
3/2 we can state
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THEOREM 2. Let n = mt be square-free, n % 7 (mod 8). For every & > 0, we
have

gi(m—=Gi(n) = Oy (17475, for i=1,2,3.

Proof. Let ¢; be the O-constant appearing in Lemma 2 and set

€y =0Cy (85 m) = Z S (8/2, m, <C1%, a.%:' a§'>)n
uJ-Jm
avhere obviously the a;s considered are exactly the ones appearing in the
definition of either ¢; or G; as alternating sums., Then, we may write, for
every £ > 0,
19:(n)— G;(n)] < g tY*+8r(n, It
As, on the other hand, for every g > 0, we have, with our hypothesis,
that
rin, 1) = O nH2+97)
(cf. [10]), we obtain
i (m) = Gy(n)f < cq-17H4"2,
where c, =c.(s, m):=c,'¢y, and ¢; being the O-constant appearing in
r(h, Ia)-‘ 1.

4. Asymptotic behaviour of [(n). Taking into account the bound of the
main term given in the Corollary of Theorem 1 together with the growth of
the error term given in Theorem 2, we can state the following

Tueorem 3. Let n=mt be square-free, n = 7 (mod 8), The validity of
Ramanujan—Petersson’s conjecture for weight 3/2 implies that there exists a
constant cs = cs(m) such that

() g2(m) <L if ged. (n, 10)# 1,
(@) gs(m) <1, if ged. (n, 10) =1,

for every t > s,

For each m=2"p;...p,, a=0 or 1, p;=1(mod 4), i=1,...,r we
introduce the family

F(m):= {n#7(mod 8)| n=mt,  square-free containing no prime
factors = 1 (mod 4) in its factorization},
and the constant
c{m) : = mes (m).

Using Proposition 1, Theorem 3 can be reformulated in terms of levels
as follows,
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TueoreM 3. Let n# 7 (mod 8) be a square-free positive integer and let
F(m) be the family to which n belongs. The validity of Ramanujan-Petersson's
conjecture for weight 3/2 implies thar if n > c{m), then:

() Im=2if ged. (n, 10} 51,

@) Imp =3, if ged. (n, 10} = 1.

The following table, computed by P. Llorente, shows that the constants
c(m) are, in general, non-trivial. All positive square-free integers n < 10° not
contained in the table have the level predicted in the Corollary of The-
orem 1,

Table
Fim) n=2p, ...0qy... 4 {n c(mz
F{13) 13 2 403
403 =13-31 2
F(10} 30=2-5-3 1 27150
70=2-5-7 1
210=2-5-3-7 I
310=12-5-31 1
330=12-5-3-11 1
430 =2-5-43 1
670 = 2-5-67 1
790=2-5-79 1
1330 =2-5-7-19 1
2170 =2-5-7-31 1
2230 = 2-5-223 L
2530 =2-5-11-23 1-
3070 = 2-5-307 1
27190 = 2-5-2719 1
F(3n 37 2 37
F(13-61) 793 = 13- 61 2 793
F{2-5-29) §70=2-5-29-3 1 870
F(2:5:73) 2190 =2-5-73-3 13 2190
F(2:5-17) 3910 =2-5-17-23 1 3910
Fi{2-5-97) 6790 = 2-5-97-7 1 6790
F(2:5-13+41) 15990 =2-5-13:413 1 15990

Finally, we give an application which, in fact, motivated the study of the
preceding problem.

COROLLARY. Let n=mi be square-free, n =3 (mod 8), n # 0 (mod 3) and
n> c¢(m). Then every central extension of the alternating group A, can be
realized as a Galois group over Q.

Proof. Assuming the validity of Ramanujan-Petersson’s conjecture for
weight 3/2, we will get that all the integers above have level 3. This implies,
as is shown in [11], (see also [7]), the existence of a continuous surjective
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representation ¢: Gal(Q(T)/Q(T)) — A, with a trivial second Stiefel-Whit-

ney class ¢* w,(¢,) eH2(Gal(Q(T)/Q(T)), Z/2Z). Here £, denotes the real
bundle over B4, associated to the standard representation of the aliernating
group A, into S§0,(R). Since ¢* w?(A,) can be viewed as the obstruction to
the embedding problem given by the diagram

’GaI[(}Tﬂ/GITH

-

// q
-

Yo 2 RZ i Ay —— e Ay e |
where A, denotes the universal central extension of A,, the result follows.
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Biniire quadratische Formen und Diederkorper
von

Franz Harrer-Kocu (Graz)

Gegenstand dieser Arbeit ist die Darstellung von Primzahlen durch
ganzzahlige bindre quadratische Formen. Die Gauf¥sche Theorie der Gesch-
lechter gestattet es, zu entscheiden, ob eine Primzahl durch ein Geschlecht
quadratischer Formen dargestellt wird oder nicht, aber sie erlaubt im allge-
meinen keine Aussagen iber die Darstellung durch individuelle Formen.

Die binéren quadratischen Formen fester Diskriminante bilden beziiglich
der Komposition e¢ine zur Ringklassengruppe dieser Diskriminante isomor-
phe Gruppe, und jeder Satz tiber die Darstellung von Primzahlen durch eine
Form dieser Diskriminante ist ein Satz iiber das Zerlegungsverhalten dieser
Primzahl im Ringklassenk&rper; umgekehrt ist auch jedes Zerlegungsgesetz
fiir den Ringklassenkorper ein Darstellungssatz durch bindre quadratische
Formen (auf Grund des Artin-Isomorphismus). Kann man nun aof andere als
auf klassenktrpertheoretische Weise (etwa mittels einer Radikalerzeugung)
ein Zerlegungsgesetz fiir den RingklassenkSrper herleiten, so hat man damit
einen Darstellungssatz fiir Primzahlen durch binire quadratische Formen
hergeleitet. Auf diesem Prinzip beruhen viele der i den letzten Jahren
publizierten Potenzrestkriterien fiir quadratische Einheiten, welche man auch
als Darstellungssitze fiir Primzahipotenzen durch binfire quadratische For-
men deuten kann ([21, [15], [25], {141, [26]. [12], [13])

Verwendet man an Stelle des vollen RingklassenkSrpers nur einen
Teilksrper desselben, so erhilt man nicht mehr Darstellungssitze fiir indivi-
duelle Formen, aber doch noch Darstellungssiitze fiir gewisse Mengen von
Formenklassen, welche im Spezialfall absolut-abelscher Teilkdrper gerade die
Geschlechter sind. Eine in diesem Zusammenhang bereits mehrfach unter-
suchte Korperklasse ist die der Diederkorper 8. Grades ([21], [15], [2¢],
[227), da deren Radikalerzeugung leicht zu iberblicken ist. Die daraus
resultierenden Darstellungssitze fiir Primzahlen durch bindre quadratische
Formen bestimmen die Klasse darstellender Formen bis auf 4. Potenzen in
der Kompositionsklassengruppe ihrer Diskriminante.

In den zitierten Arbeiten wurden die Diederkérper 8. Grades immer nur
in solchen Fillen verwendet, in denen die zugehdrige Ringklassengruppe nur



