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Necessary condition for the existence of an incongruent
covering system with odd moduli II ‘

by

Marc A. BERGER, ALEXANDER FELzensauM and Aviezri S. FRAENKEL
(Rehovot) ‘

1. Explanation of results. For ¢, me Z, m > 2 denote by a(m) the residue
class a{m) = la+km: ke Z}. We refer to m as the modulus of this residue
class. Let 4 = {g;(m): 1 <i< I} be a covering system, 1.e. a system of residue
classes which cover Z. We say A is incongruent if the moduli m; are all
distinet. An old conjecture of Erdds-Selfridge (see [3], (1.9)) asserts that if 4
is incongruent then some modulus m, must be even. In [17 we showed that if
the moduli m, are alt odd then a necessary condition for 4 to be incongruent
is . . ‘
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" where f is the n—vari_ate polynomiai
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X is the i)oint with coordinates
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and N =lcm.(m,, ..., m) has the prime factorization
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It is clear that in the domain X, ..., X, > 0, f(x) is increasing in each of the
variables xq, ..., X,. Since '
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we also arrived at the necessary condition

1 1 u
(6 oz gms)=
) _ P2 Pu—2 il_I1 pi— zg:
independent of the exponents s;. From this condition followed at once that n
must be at least five. Observe that for

(7 n=3;

the lefi-hand side of (6) equals 2+ J%. Nevertheless, Churchhouse [2] has
conjectured that this particular case (7) is also impossible. Actua]ly our
condition (1) gives some partial information. For example if n is to be five,
then necessarily p; = 3, 5, = 3.

We present now a new necessary condition, from which will follow in
particular that if 4 is incongruent and the moduli m, are all odd, then n must
be at least six. This then rules out (7), establishing Churchhouse’s conjecture.

THEOREM. If the moduli are all odd then a necessary condition for A to be
incongruent is

(8) ' g, 3) = 2

where g is the (n+1)-variate polynomial

p1=‘—"3, p2=5: P337, p4=113 p5=13

9 g(w, ) =(1+w) ﬁ (I+z}p~w—~(1+w—z) )E Z;

i=2 i=2 .
~212;232,25(27 '+ 225 '+ 32714+ 325Y),  weR, zeR",

and
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To see how we arrive at the conclusion n 26 observe that in the
domain
(12) WoZyhon2y>00 w23z 25,23 < 1 oz, 25 < 1/3
g(w, z) is increasing in each of the variables W, Zy, ..., Z,. Since
- 1 : 1
(13) W B e
_ p=2" 7" T pi(p,—2)
1 .
(14) Li<——, 2xign
p—3 -
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we arrive at the necessary condition
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From (15) now follows that n > 6. (S:mply check case (7) — the worst case

for n=15)
2. A geometric approach. We shall use the following _
Lemma. Ler G be a forest (i.e. a finite undirected graph with no cycles)
with vertex set V = V(G) and edge set E = E(G) Let {S;: ie V) be a family of
sets. Then S

(1) lUSI 2IiSl— X 18 Sy

ieV ieV (l-ijE

Prool. lt suffices to prove (I) when Gisa 1ree We use. mductlon on
[V]. When |V| = 1 (1) is clear, 3o we assume now_that (1) holds for’ V] =k, -
Let ve ¥ be an endpoint of G, and let ue V be adjacent tor Set ¢'=G-uv
Then G’ is also a tree and by the induction assumption,

(2) " ‘ IU S.t Z 18— 2 [$; NS

iev ek

Here V' = V(G V\{v} and E = E(G) = E\ {{u, v}l Since

@ Y SI= 1Y SsUSI-K Y S)ns.os)

< | U S +I8,)—S. N 8
igV* .
(1 féllows now from (2). =
A product set, R, in Z" is any finite nonempty set of the form
) # =R, x...xR,

where Ry, ...,
denoted

(5) . R=m(®),

R, « Z. The set R; is referred to as the i-th projection of A,

1€ign.
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For be N* the set

(6) A=leeZ" 0<g<b; 1<ignl
is called the (n; B)-parallelepiped. Tet p,, ..., p, be distinct primes. We define
D(n; pyy ..oy po) to be the family of those product sets in Z" of the form

(a, p‘f, cens a,,p’,,")+;%’, where ay, ..., @, I,...,t, are any non-negative
integers and .2 is the (n; (p{,

ProrosiTion. Let py, ..., p, be distiner odd primes and let # be the
(n: (s, ..., piM)-paralielepiped. Let T' = ®(n; p,, ..., ) be a fumily of pro-
per subsets of .# which cover . If g(W, 7) <2, where g, W, Z are given by
(L9111 then I comtains two sets of the same cardinality.

Cevs p:,"))-paralle]epi_ped.

Proof Assume, on the contrary, that the. sets in I have distinct
cardinalities. Set N =|24. Modify I" to I'* as follows. Enlarge each #erl

with _
. o N .
(7 | # =——0=, 2<i<n 0<r <y,
' : 2V C

to a larger product set #* by enlarging =, (#) to n,(#). In other words if
#el satisfies (7), then replace # with 9#*  where m, (%% = =, (P) and
m (#%) = i; (#), 2 < i< n. Since we assumed that the sets in I' have distinct
cardinalities, it follows that I'™* can contain at most two sets of cardinality

N/pi™ 2<i<n 0<t<s, no sets of cardinality N/p, pfi~
0<r <y and at most one set of any other cardinality.
Each set #el™ can be partitioned into “building blocks” # =) #,
o ! e

, 2€i<€n,

where each #,c®(n; py, ..., p,) has cardinality |#/ = I pi and
: i
(8) o Ihznd(%’)e— l<ign ,T,( ) ().

We now modify I'* to a new family I'** by rcplacmg each # e I'* with all of
its building blocks 2#,. The sets in I*** all have cardinalities of the form ﬂ D

for some I = {1,

. I # (. Furthermore, at most o (I) sets in I** have
this cardinality, wherc

-1

p—1’ 1 =i}, i1,
N 5'1—1_1 s‘_] .
© R s S ) (N N P
s - . riasd . .
1
%«m-l—, otherwise.
el (.

icm

An incongruent covering system with odd modulf 11 77

We are going to forget about I' now. Instead we will assume that
** = @(n: py. ..., p)is any family of subsets of # containing precisely (1)
distinct (and therefore disjoint) sets of cardinality [ ] p;", for each I # Q. Our

igl
conclusion will be that I'™* cannot cover . This is obwously more than -
what the Proposition states.
We introduce some notation. Let

(10) A= ReI**: |ind(#)] =1}.
For [ = {1, ...,
(11) : .%(I):U(REI"**: ind(J?}:I).

The basic observation about A is that for #eA that set #\# is also a
product set. Thus

(12) F=P\J H#= D (P\H)
. e A Aed

n}, |I] = 2 set

15 also a product set. For any i, 1<i<n

(13) i (AN = | (0 (AR = | D (P =
e A HeAd
where
(14) Y = ﬁsi—a(‘i'}
Thus for #el™, ind(A =1, 122, #F O
1, el
(15) o A= omS ={ o)
so that :
ae o | ] = AT
’ iel
From this we obtain the bounds
e 0 NiATlE téror =
iel
17 1@ A< 'y'“w,l}y‘ T )1#4w[]5. leland |1 >3
fi;:-kll. .
Thus o
(18) S 1A S1< 19104, v, 2-1]
W=z '
where .
(19) gow, 9 =(1+w [[0+z)}—-w—(1+w—zy} .Ezz,-.
' i=2 i=
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To prove the Proposition we show that the sets in I'*\ 4 cannot cover
5. more precisely,

(20) | | Y, 00) <191

We make an assumption now which is worst possible regarding (20).
AssumptioN. Each set #el™** |ind (#) = 2, intersects ..
It follows from this assumption that if I, = |{;] = 2, I, A I, = (b, then
@1 l#U) ) n A= ] =
fefuig

Let # denote the family of subsets I < {1, ..., nl, Nl =2 Accbrding to the
Lemma

(22) IUILJ (#D P < | ADNS— 3, [RUT)NR() N

=2 .- FaieE(Gh
for any forest G w:th V(G) = #. Thus

m)ujwmnﬂsE:mwnmﬂLuwmmﬂ
=2 LEE LEE)

S Y IADnSI- ¥ |#U)NRUI) N A

[1tz2 {f1.021e E(G)

In view of (18), (21) it suffices now, to cstabllsh (20), to exhibit a forest G,
with V{(G) = 7, satlsfymg

_(24) 111,[2}EE(G)=>11 nl, =0,
such that '
(25) Z H iy = I (3222324+3322325+2222'425+2324z5).

Wy 2)eB(G) il uly

Such a graph appears in Flgure 1 (all vertices not in the figure are
isolated). m

{1.2) {as)
(1) (24)
(141 =\ Rom (23]
(1) (5]
{3s})
(23]

Fig. 1
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CoroLLARY. Let H be a fimite cyclic group of odd order with prime
Jactorization

n
: |} = [] "
i=1
Ler 4 be a family of cosets which cover H. If H¢A and g(w, 2) <2 then 4
contains two cosets of the same order.

The proof is exactly as in [1]. Since a covering system of residue classes
is equivalent to a cover of cosels for a cyclic group, our Theorem follows.
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