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The greatest prime factor of the integers in an interval
by

R. C. Baxer (Egham)

1. Introduction. Let P(x) denote the greatest prime factor of

n.
x<ngx+xli2
It is conjectured that P(x) > x for large x. As an approximation to this
conjecture it was shown by Ramachandra [17] that P(x) > x'*%, and later
[18] that P(x) > x*8, for large x. The same problem was considered by
Jutila [15], but the strongest result in the literature is

P(JC) - x0.66

(Graham [7]). The object of the present paper is to show that, for large x,

) P(x) > x719,

Qur proof is far longer than that of Graham.
Let ¢ > 0. The greatest prime factor of the integers in the slightly longer
interval

(x, x+xlf2+e]
was shown by Jutila [14] to be larger than x%°7% His result was improved
in the series of papers [1], [2] by Balog and [3], [4] (Balog, Harman and
Pintz) culminating in the lower bound x%%2 The stronger result is due to the
availability of Dirichlet polynomial methods, which do not apply to P(x).
The main tools we use to improve Graham’s result are
(i} a more elaborate treatment of “Type T sums

<o)

Llemde

than Graham’s [6], [7], though the same basic principles are used;
(i) estimates for “Type II' sums

IS RIEY
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adapted from work of twaniec and Laborde [13] on Py’s in short intervals,
and Heath-Brown's work [10] on prime numbers of the form [n7};
(iii) Heath-Brown's decomposition [9] of sums of the form Y A(n) f(n);

(iv) Twaniec’s form of the error term in the linear sieve [12]; and

(v) a small but significant ‘deduction’ owing to almost . primes counted
by the upper bound sieve, as in [4], [11] for example.

We begin like Graham [7]. We shall write

y=x"2  L=logx
and
Nd= ¥ L
X<HEX+ty
dln
Then
(2) L0 = 3 logn= ¥ T AW =Y AN,
xEnSxty x<n€x+ydn d

where 4 is von Mangoldt’s function.
Let ¢ be sufficiently small, Constants implied by *<” and ‘0" notations
will depend at most on ¢ With

@ = 13/22—c¢,
we have
3) TADN@= Y A@N@+ Y Nplogp+ Y N(plogp.
d d<xr pia-;P AP <ps P(x)
=

Here and later, p, pi. P2, ... denote prime variables.
Since N{d) <1 for d > y,

() Y Nphlogp< Y, logp <y
PP Pgxty
iz32 iz2

In Section 3 we shall prove the following asymptotic formula:
Prorosrrion 1. We have

(5) Y AN =y ¥ ADd F+00() = @yl O

d€x? e

In Section 6 we shall prove the foliowing upper bound:
Propnstrion 2, We have

© Y Nimlogp<(1~g—gyL

X psaii 1

for large x. -
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It is a simple matter to deduce (1) from these two propositions. In fact,
combining (2)-6), we see that ..

(73 2.

x?fl(]‘.:p,;‘ P(x)

In particular, the sum on the left in (7) is non-empty and (1) follows.
"Throughout the remainder of the paper we use the following notations:

2(0) e EZm’ﬂq
Wig)=6-16]-1/2,

|E| = Lebesgue measure of the Borel set E.

N{pjlogp > yL{1—p)+0(y)—{i —p—e) yL> }eyL.

The dependence of constants, such as C; (y), will be shown explicitly, so that
C, denotes a positive numerical constani. It is convenient to put x = g2 We
assume that x is larger than a suitable function of e.

2. Type 1 sums. We first state some lemmias on transformations of
exponential sums. We then derive our two basic results on Type I sums,
Lemmas 4 and 5.

Lemuma 1. Let T be a subinterval of (Y, 2Y] and let Z be a positive integer.
Then for any complex numbers w, (nel), we have

Swf<U+YZY) § (1—HZY) T Wil
nel ki=Z

nn-t+kel

Proof. See '10], Lemma 5.

Lemma 2. Ler 0< Z < Z, € 2Z. Let f(2/Z) be holomorphic on an open
convex set 9 containing the real line segment [1, Z,/7] and suppose
|f"(z)) € M~ ! on Z&. Let f(x) be real when xe ZR is real and ler f"(x) <
—eM™! with ¢ > 0. Let f'(Z,) = o, /'(Z) = § and define y, for each integer v
in the range o <v<f by f'(y,) =v. Then

| 3 e(f(m)—e(=1/8) T 1f I e(f () —ww)

Z<nsty acvef
< C (MY +log(2+ M~ Z)),

where C depends only on ¢ and #.

Proof. See {10], Lemma 6.

We now consider Srinivasan’s analogue [19] of Lemma 2 for real
functions f on %, where & =[M, 2M] x[N, 2N] is a rectangle. This is the
simplest result from the literature that serves our present purpose. In Lemma
3 we suppose that f has continuous partial derivatives, of all orders in 4 and
we write D;;f for the common value of '

gt f gy

, =
Axh oxh’ P xy
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let 2 be a subset of # and suppose that lines parallel to either coordinate
axis meet @ in O (1) segments, and that the same is true for 9 n & where & is
a subset of # defined by any inequality

Dr,sf Zc or Dr,sf sc

We suppose that the transformation

(¥1, ¥2) =Dy [, Do f)

is one-to-one on &, with image set 4. We further suppose that lines paralle!
to either coordinate axis meet the curve

Dj,k\f: 0

in O(l) points whenever j+k =2. (These conditions are easily seen to
be fulfilled when we apply Srinivasan’s result in the proof of Lemma 5.)
We write '

with r45 =1,

H(f) H(f x) = Dz,ofDo,zf“‘(Dmf)z-

LemMma 3. With the above notation, suppose that throughout & we have,
for some B> 0, :

[H(f )l » B*M™*N"2,
D, f <BM™"N™* for 2<r+s5<3,
BM % g|Dyof| «BM™2, BN %<|D,,f| <BN72,
Let x(v) = x(vy, v;) denote the unique solution in 9 of

(Dy f(x), D2 /' (x)) = (v1, v2)

for veA and write H, (¥) = |H(f

S x(W)|. Let w denote the number of changes
of sign in the sequence

1, Dyo f, H(S).
Then

2 e(flm, )~ 7" ¥ HL ()7 P e(f (x ()~ vy %, (8= v2 X, (1)

{m,n)eZ ved
K B'YV12 (B2 + MB~ %) (NB~*2 1 log (BN~ +2)
+(B'*+NB~ %) (MB~'* +log(BM™' +2)).
Proof. This is a special case of Theorem 2 of [19] (take r = B2,

R=B"1),

In the next lemma and later on, we use expaonent pairs (x, A); for a full
dlscusswn see Phillips [16]

icm
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Lemma 4. Let (x, A) be an exponent pair. Let

Mzl, N=z1, M, <2M, N, <IN, x<(<2x

(8) Lo XM vy e,
{9 1 Hgox V3% H<H <2H.
Suppose that
(10) M <x lﬁnmin (UI,'Z XQG", xv"l’ (x(1+x)l2 U—x)ll(l +F-))’
Let

AR

H<h<H, McmsMy |[N<nsy I
vamnse]
Then
S <ox 2,

Proof. In this proof and later on we use, without comment, the
inequality v €« MN < v for nenempty S. Suppose first that

{11 HM?B g px~V3-2n,
Then we use the estimate '
Z e(ﬁ)<(HxM'1)”2N"”z—i-(HxM‘i)"“sz,
mn

max{N,om™~ 1} <pEmin({Ny,uim- 1)

which follows at once from [21], Theorem 5.9. Thus
S < HM {{Hx)Y? v~ Y2  (Hx)" Y242 N}
& (MZ,’S H)S[Z xi/Z o~ 1,’2+H1f2 x~ 1/2 v3]2
< vx” 2rp+u2 x—3[4>+ 2 .@ vx—lrj

in view of (8), (9) and (11). :
Now suppose that (11) fails. Because of (9), we must have

(12) M > xieon,

Then, from Lemma 2, with y, = (h))"*(mv)™ "%, we have

—ht
N<§SN1 e( mn )

p<mn$vy

—e(~1/8) 3

Uy <V S by,

{2(}‘6)_ 12 12 32} =112 g pLi2 L1212 y U2

O((hx)™ Y2 M2 N¥2 4. 1),
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Here
HxM N 2<a,b,<HxM N2
Thus an easy partial summation argument yields (with c¢,e(a, b,])

(13)
S «{Hx)_”z MUZ N2 Z 2 l Z

H<hsH|  M<msSM;p ¢y <y,

c,(zhl,'z i;l,-’;! PR U”Z)[

+ HYE xR (MNP HML.

Moreover,

(14) hrljzx—l/Z(MN)S/Z_i_HML«: ulxv-314+2n+v3,’2x—l/2+4q <& vaZ',
from (3), (9) and (L0).

Combining (13) and (14), and Cauchy’s inequality together with Lemma
1, we find that

STgvixTT4x T MING Y 2

H<h€Hy M<mSM,

Ik i
"Jk,%z (I“Z um(\gm e(~ 2112012 m™ 12 ((y k)12 — 12},

where the natural number Z is at our disposal We put
(15) Z = [min(M?x~ 128 HxM U NTH].
Note that

HxM~1N™2

= (Ux—l,'3-2nM-2/3)xM-1N—2 > 12362,,'3---2"].}---2 Ml/':) -~ x3[4~5nv-1 s X7

(I+HxM™'N"2Z"Y)

using (12) and the falsity of (11). Thus Z > 1, and for some h, v, H< h < H|,
HxM ™ IN"% v < HxM ' N™2 we have

(16) S*<v*x "+ HMNZ 'H(HxM *N~%

xy | ¥ e —2hHELN ™12 {y 4 )2yl )
K| €Z M<ms My
V"ML HAXMNTLZT L HAXNTYZT Y ISy,
15|k €2
Here the sum

So= Y

e(-- 2h1/2€‘1/2 m-— 172 {(V +k)1/2 . ],1/2})
M<msM,

may be estimated by the method of exponent pairs, since

D < 3%(~2h1/2z:”2m~1f1 {v+K12=y"2)) < D,

icm
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where
D = HY2xU2 (32 [k (HxM ~* N~ )~ 12 = k| NM ™' » 1.
(For the last inequality we simply observe that
M<v¥? so N3»vt?)
Thus
17 S, < D* M < [k N* M=%
Combining (15), (16), (17) and (9) we find that
S x4+ HAXMN 1 (M~ x!/2- 181 g1 x" 1 MN?)
+H3 XN MAT (M2 xR ey
€ UE XM {px T VRN o1 (2B (g URHANZ M
+(wa1/z+4,,)3 el mHi2H9 2= pgah 1
On inserting the bounds (8) and (10) we get
S2 € p?x~ M40 x“1+8”x_26"(xv“’)+vz""‘x"“*‘"’“"’“"(x‘”"”z‘16”1}“")

x4,
This completes the proof of Lemma 4.
LEMMA 5. Make all the hypotheses of Lemma 4, except that (10) is
replaced by
(18) xM? g v € X",

Then

N > xl,‘4— 611'

S €px™™,
Proof. In the first place, we may assume that
(19) N < v'?,

otherwise the result follows from Lemma 4 with (x, 4) = (1/2, 1/2).
Tt suffices to show for a fixed h, H < h < H,, that

h
Nenzc ¥y ¢ (mn)

LRI

@ xl/l—-ﬁn‘

(20 T=

M<msM,

We begin with an application of Lemma 1 to the inner sum, in conjunction
with Cauchy’s inequality:

1)
<MO4NZY Y ¥ (1-’—;‘) S e(htm (k) )

M<meM M<Z w(24)
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Here the natural number Z is at our disposal; we choose

(22) Z = [pixT1r120
50 that
(23} 1<Z <« Nx~"

as an easy consequence of (18). The sum Z runs over integers n satisfying
(24}

(24 max (N, om™") < n, n+k < min(N,, o, m™ ).
We apply Lemma 3 to the sum

L= 3 > elhlm™ {(n+k)~ ' —) n"ty.
M<ms My m(24)
It is not difficult to verify that (writing 2 for the domain of summation of T, )
the function
F(m, n) = fi(m, ) = Wm™ " {(n-t k)=t —~n~ 1)
satisfies the conditions of Lemma 3 with

B=B,=HxM kN 2p xv" N~ 5 xp=%2 5 1.

Moreover, it is easy to see that

BM'? 4+ (BY? + MB; %) (NB; '+ log (B, N~ 1 +2))
+H(BY?+ NB; V) (MB; 2 4 log (B, M1 +2)) < BIV2 4 yB ' 4 ML.

We write

U= 2 H (W "e(p(w)

ve 4

where (V) = f{x(¥))—v, x; (") —v, x,{v). Noting that sML <p?Z~! from
{23), we can combine (21) with Lemma 3 to get

(25)  T*<MNZ'Y(MN+ Y |T))

15|kl €2

Ud+e? 27 0z ¥
15l €z
|Ukl+x1—1zn+u17/6x~11/16+s+v'3/zxn
1€lk|sZ

<vZ™t ¥
BT

on applying (9), (22), (18) and (19).

We now consider the sum Up for a fixed k, 1<k

<pZ 1

(B;f””-{—uB,:l)
1&8kj<Z

(Uil 4 xt 42

£ Z. For some

icm
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integer v,, v, < B, M™!, we have

(26) Uy <(B,M™'+1) Y H (v, va) Y2e(p(v,, va))-
{vl,‘;zl)ed
The last sum plainly takes the form
(27 Z H, (vy, va)~ 1z 3((!’ (1, Vz))
a<vy €h

where BBN"' <a<b< BN\
Now H_ (v, v;)} is monotonic as a function of v, (@ < v, <
summation, thc sum in (27) is

< MNB;}| e(@(vy, v2))

a<vysc

b). By partial

for some ¢, a <c < h.
Just as in the proof of Proposition 2 of {20}, we find that

IDrs{@ (1, y2)— Ay} p32) < Ao -7 yliD -y
(1). Here A = A(h, k, O),
(k| )% < |A| <€ (ki x)14.

In particular, N € D,; ¢ <N on 4. The theory of exponent pairs with
(s¢, A} = (1/9, 13/18) (that is, ABAzB(O, 1) in the usval notation) gives

| Z elptn )] < NY(B N+ 1.

a<vy ¢

on A, for r,s=0

In conjunction with (26) this yields
U, < (ByM™'+1)sB; L {N*(B,N~ 1y + 1}
<& Hlxl M-—.i lNu 3A|kilv+Ha%'- A IMJ, )sN 3J.+=c+z;kEl 1
+N+H 1x 1o Nk~
Thus, applying (9),

vz 1 Z IUk|<(vx”")"v"l"N""““(vzx"l)’tvzxm"
15k €z

+xl-1+16n UlMle"- 2£+l(v2x-1)1—1’u2+0N
<€ U:U.-I-l x—;.,!2+ lﬁqN—(zl“lwx)(l +u”*x‘.‘/2}+vN.
Taking into account (8) and (18), {19) we find that

AL}

15kl

[U,| € p3++ 1= at(40/4 5220 4 1312 ¢ 2219 (= 4/9220 g 3 1= 12

4

Z

In tandem with (25) this establishes (20), and Lemma 5 is proved.
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3. Proof of Proposition 1.

Lemma 6. Let f(n) be a complex vahied function for nz 1. Let v =2,
v<v; <ev. Let o, b, z be positive numbers satisfving
2<€a<sh<z, da*<z, 128az®<v, 2Y%p, bR
The sum

Y Awfin

vengoy

may be decompased into < (logv)® sums S, each of which is either of the form
() or (I), where:

2 S(mn)

(D) S= Y a,
M<msM; N<n€Njy
B<mrSoy
or
S= Y a4 Y (lognf(m)
M<m<M, N<nsNy
v<mn<ry
with Nz z, M, € 2M, N, € 2N, a,, < ";
{n S= Y a, 3 bf(mn,
M<m$M1 N‘ZI’IQNI
v <mnS e

with a < N< b, M; <2M, N, < 2N, a, <", b, < 1"
Proof. See Section 1 of Heath-Brown [9].

LevMa 7. Let 022, 0<b(m) <1 (v <n<ev). Let J = 1. Then for some
$1, 82 with x <0y, {, <x+y, and for some vy, v <v, < ev, we have

RS =6

«%Lﬁ ¥ b(n)e(%)

=1lev<nsy

i=0 J

+ Y min (L()Ejzl, é)

93]
n<§‘=eue( ':r )

Proof. Following Heath-Brown [10], Section 2, we usé the estimate

e ()
o<|jl€s 27”.1'

| . 1
§(%, /) = min ( Jneu)

VO = T Lo, ),

where

2 aye(6)).

icm
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Here {|0)| = min |#—n| and
nreZ
28) ' < i (IogZJ J)
a;, < min|—-—, = }.
J I ]2
Thus

@ 5 op) G

-~ Y bt 3 e{ix +y)j/n) —e(xj/m)

v<n<er o<|jl<r 21“]

wo( 5 o(F ol 2o Go))

We now observe that ‘
. 3 ' - x+y .
, ((X‘H’)J)_e (XJ) e (O_J)dg,
n n n o3 \n

e((x+y)j/n)—elxi/n)
o<|jl<Jd 2mij

=T x5 Me(L)a

X o<jlsJo<pSer I

=x}y?t~2 ¥ Z b(n)e(%)d@

D <}j| €£J v<n<minft,ev)

. Z Z (n)8(§11)1
o<|f| ST v<nsuy n

for some vy, v <y, <ev and {,, x<{; <« x+y.
Moreaver, with { = x or x+y,

(31) b g( ) Z a Y e(%)

v<n€er j=-—m  v<nger

< (55 3, G)

from (28). The lemma follows easily on combining (29), (30) and (31).
Lemma 8, Let H>1, N21,4>0. Let v be real. The number of
solutions of the inequality |

(32) [ —kr'| £ 4

so that

(30) 3 bn

v<nser

=1

< yu

)
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in integers h, k, n, r satisfying H<h,k <2H, N <n,r < 2N is
(33 < Cy (-y)(HNlog2 2HN+AHN*™).

Proof This is established in all essentials in the argument following
equation (16) of Heath-Brown [10].

Lemma 9. Let M2 1, N21, H2 1, M, <2M, N, €2N, H, < 2H,
lgvgl, oy <ev. Lat g, MSmE M), b, N<ng€ N, e, (H<h<H,)
be cqmp!ex numbers all <1 in modulus. Let

B\
S = Z am Z b" Z Che ('_"' .
M<m€M, N<n€N; H<h<H, mn

vamnEng

Then,_ Jor any exponent pair {x, 1), and any Q = 1,
(34) SZ <§ QH1+1,(02+1;N—1+U3+nc-1)+(10g2N)Q->¢M1-—2x+).CxN2_xH2+n_

In particular, for x <{<€2x,y <v < x5,

(33 H g ox~ 12+
36) L I g N g 2803,
we have

37 S ST

Proof Following Heath-Brown [10], Section 4, we begin by noting

' Z Chb E(Ch)’
H<h<H{, N<n<N1 mn

v<mn\01

that

INESED)

M<m<M,

s 2o

M<msM g€Qi

Chb [ '
{h, ﬂ)e&"q
v<mns

where &, is the set of (h, n), N <n< Ny, H < h< H, for which

2HN"1(g—- 1)< Q™' < 2HN ‘g4
Now we apply Cauchy’s inequality:

, hn~! =1
<OM' Y Y Y b, Ekﬁe(( )
M<m€ My a<Q (niirk)es, m

v<mumrSuy)

<gM Y T e(omMhnm k),
mrhk(39)7 M<m<My -
v<mn,'mriu1

(38 182
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where Z indicates a sum over quadruples with
nrhk(39)

(39 N<nr<N, H<hk<H, |mi=k Y <2HN*Q "

The contribution from the quadruples with hr =kn to 3 s
nrh ki (39)

(40) < (HNY'"" M,

by a divisor argument and a trivial estimate for the exponential sum. The
remaining quadruples have |an~* —kr~!| > (2N)"2, and may be partitioned
into O(log2N) sets defined by

(41) A2 < '—krm Y < A
Here
(42) , N2gA<2HNT'Q 1,

For any quadruple satisfying {41), we have
(43) S e(tm it —kr™ )

M<mSMq
v<mnmr ey

< min(M, (ALM™ 31 (ATM 3 M),
(The term (4{M~%~?' is incorporated to allow for the possibility that

-;—xﬁx_l(hn‘l—kr'l) <%

at x = M; we then use Lemmas 48 and 4.2 of Titchmarsh [21].)
Combining (38), (40) and (43), we obtain (for some A satisfying (42))
IS1* < QM2 (HN)Y' ™

+(log 2N) QM min {M, (AM ™)~ +(aM™*M*} Y 1
(n..r,h,k):(‘t-l!

< QM* (HN) "+ QM (4{M~2* M* AHN? log 2N
+OM(ALM™?)" Y AHN? log 2N

in view of Lemma 8 with y = —1. Thus, applying (42),

18)? < Qu“".Hi*’"N‘1+QHM1‘2’”"‘A1+"C"N3 log 2N+ QHv*{" ' log2N
< QH1+"(UZ+"N_1+va+"Cﬂ)+QHM1"2””‘C"Ng‘(HN'IQ"I)H“]OgZN‘
< QH]. +n(U2+r| N"l_}_UB +?]'C-1)+Q—x H2+XM1—2:¢+1C>¢ NZ—nlOgIZN

as claimed in (34). _
Now suppose that x €{ < 2x, y<v<x*® and that (35), (36) hold.
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Then

(44) lsll & va-1f2+5q(vl N~ 1 +U3 x—l)
+Q~xvz+x M1—2x+,l N2-xx-1+x,'2+11r|.

We choose

45) Q = [Ny~ x40,

(Note that Q¢ = 1 from (36).) Then

(46) Qvtx~ Y2 NP xmt < XM pR M

from (36); also
(47) Q—xvz+x Ml-—2x+J.N2~xx—I+u,'2+11u & 02-4-2:: M1~2>¢+J.N2~2xx~1+16n
& UZ M1+3 NZx—1+16r| & U3+41N1"ﬂ.x—1+16q.
Evidently the optimal choice of (¢, A} is (1/2, 1/2), giving
SZ & sz_4’r+v7/2N”2 x—l+15u % le—"&n

on combining (44)-(47) with (36). This completes the proof of Lemma 9.
Proof of Proposition 1. Since

v L4 (2

we have to show that

Loy ) v (o

By a simple splitting up argument, it suffices to show that

LB ) o

for y < v < x®. (These bounds for v will be used frequently in the prooi.)
Here, and later on, we write

(48) J=J({v)=[vy~ ! x*].
Applying Lemma 7, it suffices to show that
' z C1J -
(49) 2 Al Z <ol?
vedgoyg Jj=1

and that

- . (L J _
(50) Y min (7 _2) T e (Eij) <yt

Jj=0 <n€ev
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Here x <, { s x+y.
‘We tackle (50) first, using the estimate

(51) Z 6‘(%-—)< Cl;’Zjl,’Z U—112+C—1/2j—1j2 ﬂ3/2

v<ngyy

1@“
|

which follows at once from [21], Theorem 5.9. The sum in (50) is

& v.?'i'L Z 1/2 1/2 1/2+x—- 1[2j—1/2v3/2)

j= 1
+ Z 1/2 1/2 1/2+x— 1{2j— 1/2 v3/2)
_,>J
£ yx 3q+Lx1/2Jllzv*l/2+u—1/2v3]‘2x—1/2
<<yx—3q+x1,‘4+3q+ux"-1,’4+n & yx—Bq

since ¢ < 3/4—e.
Next we prove (49). We apply Lemma 6 with

1= 3 ¢(2)

taking a = px” V2101 h = 10003, z = x!1/*~ % We thus decompose the sum
in (49) into O{L5) sums of the types:

J N
4] > Y a4, > (logne (gﬁ)
jS1M<mEM{  N<asNy mn
e<mnEny
with N > xY/4~ " (with the logarithmic factor possibly omitted, which would
simplify the subsequent argument);

(I f: Y a4 3 e (Cu)
Jj=1 M<msM, mN<nsN1 ne mn

v<mn<u

with px~ V2T < N < 10003, We have a,, b, < 0"
Jt remains to show that both sums (I) and (II) are O{vL 7).
In the case of a sum (I),

$ s s (o

=1 M<msM, N<nsNy
p<mnEoy

Niqg g

=i"_]r-z

Gy Y (El—{)dt < (log 2N)pt T x™ g oL77
JE1M<m<M;  max(No<asyy P

in view of Lemma 5.
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As for Type Il sums, we have
Ux-vl,12+10:1 < N < 10001/3 < x2_40"1)—3,
and so such a sum is
< Uer_Ux*m; < UL*'?’
by an application of Lemma 9. This completes the proof of Proposition 1.

4. The linear sieve. We shall prove Proposition 2 by obtaining a suitable
upper bound for

Y N,

p<pEep

where x” < v € x"/10. With each such v we associate two parameters z = z(v),
D = D(») such that

(52) (en)'® < z < v1/?,

z and D will be specified later. Note that

2 Np= 2

z2 £ D < x3%;

L= 31,

v<pSer v<pEer pel
x<mpSx+ylorsome m
where
o ={n:v<n<ev, x <mn<x-+y for some integer m).
Let
S(eZ,2)= 3 1,
mesd
{m,P(z))=1
where
Py=[[p. Vi =]I]0U~1p.
p<z Pz
Then .
7
(53) Y Np<s(, -3, 3 L.
‘ v pSev r=2z€p) <,.<p,

Pl ewDpEsd
We shall obtain the desired upper bound for the left hand side of (53) by
using the linear sieve (Lemma 10, below) to give an upper bound for $(.e7, z),
and by finding subsums of

1

[~5

54
. r=2zSpy1<...<p,
Py .pred

for which an asymptotic formula can be given.

I\Cﬂ‘l
|
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Let
A, = {ned: dn}
and write
r{ef, dy = || - y/d.

This is small on average for small d, enabling us to use the following lemma
of Iwaniec [12] in the form stated in [11]. For the function F(s), see
Halberstam and Richert [8], Chapter 8.

Lemwva 10. Let 222, D222 and n > 0. Then

(55) (o, 2) < yV(2) IF()+EV+ RY,
where s = (log D)/(logz) and E = Cyn+O({logD)™'*). Here
R* =Z Z cy (v, 1) Z r(ef, vpy-..p);
(D) y<pn Di$pi<min(z,Dt.1 +"7)
S PD

Y runs over all subsequences Dy = ... 2 D, (including the empty subsequence)
D)

of the sequence DA >0 for which
Dy..DyD3 <D (01K (E—1)/2).

The coefficients ¢y (v, n) are <1 in modulus.

We have
e ! 1
VO = oz {““0 (E)}

([8], Chapter 5, equation (1.3)) and

F(s) =2%s for 0O<s<3.
We deduce from (52) and (55) that
2y 4
; & ——(1+C R
(56) S(, 9 < 5 U+ Cant

for any choice of z, DY? < z < D'/2. We shall therefore choose D as large as-
possible subject to being able to prove that

(37) R* =0(yL™Y.
Having chosen D, we put
(38) z= D',

so that as many integers as possible are counted in (54). (It is, apparently,
very inefficient to take z any smaller)
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To get (57), it suffices to show that

(59 oo Y r{,vpy..p)<€yxT"
A1<p’1§31 A!<pISBt
for any intervals (4,, B,], ..., (4,, B,] with

(60) t<l, A>1, B <24, A;>A;%..»A4,

Ay A3 <DV (0SS (1)),
and for any v,

6N l<v< DN

Here we have used the fact that Z is a sum over O(1) sequences, each with

1 < 1, and that [cp (v, n)] <
We now turn our attention to ri{«f, d). We have

= X X '1=m<kzw(a—w(’“+"’) w(,—fa))

D-Ck:cl'-ﬁeu x<mkd<x+y
1 Xy
i e (5 o ()
‘.: d vjd <§Seuitl k oid <k evfd kd
xry

eu/d x
d(u;{“d du/u+0(du ))_u/d<§§evld {d{ ( kd )__dl (kd)}

o, d) = 0w~ H)— XYY (X
r(sf, d) =0y " u/d<kz-<.eu/d{¢(kd) w(kd)},

and (60) yields.

(62) y ... ¥

Ay <p €8, Ay <py € By

_ ' | X4y )_ ( X )}
z A,<§$B,v<kvp§.p,-§eu{ll’ (Vkm---IJ, !!/ Vkpl...p, '

Ay <py €By )
To be able to deal with the term O(yDv™'} we are obliged to impose the
condition

so that

Hence

r(sf, vpy...p) = O (yDv™Y)

(63) ‘ D<<ox™n,

(For x* < v< x**7* this turns out to be the most severe constraint on D
-that is needed.)

B <
1, together with a simple splitting up argument.

icm
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Lemma 11. Suppose that (60) and (61) hold. Let

vx~° (<o x¥y,
) b w1328 ,—10 (357 < p < x059),
S Y BUITA0-e 1878 (3062 oy o 50661
117285 = 1170 (x25! < p € x*7).
Then
(65) §<€yx",
where

x+y x
B BB M )
4 «E%syi A,<§sn,u<kvp§.p,s_eu kvpy ...p, kvpy ...

Proof. Suppose first that v <
66) (i} A,...A <»Px7M,

or

x35~¢ We begin by showing that either

(i) some set T {1, ...,

(67) ux~ V20 o p = [T A, < xP780p73
ieT

Suppose that (i) is false. Now (60} yields

A} < DV < px T2,

t} satisfies

hence
A, < P13 xmHE < x27E6 3

If A, > ox~12*+1% we have (ii). If not, let j be the smallest integer such
that

Ay A > px~ Y210

. (this j plainly exists since (66) is false). We see that

Ay A < pxTHRHLON Y, & (ox~VAHIOMZ o x2me o3

so that (ii) holds. : _
It is now easy to complete the proof of the lemma for v < x¥°7". If (i)
holds, then we observe that the sum S may be written in the form

xX+y x
0 o B B P
( M <m<zC4(L)M' CsiyoM~ L <k <ColeywM 1 mk mi

v<mkSer
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with
(69} VA . A = Mot

where 0 < a,, €v" by a divisor argument. The double sum in (68) can, in

fact, be written in the form of a single sum essentially as in Lemma 7. Thus -

J

»
(70 S<w Y L O z e(n_;i%)‘

i=1 M<m<Cy(aM C5(J‘.JUM_1<’¢<C'G(E)UM"1
o]
Z e( ‘‘‘‘‘‘‘‘ ‘
p<nEen n

v <mk<ev

o L J
—+ x1 min ('—, 7-)
2 I

Jji=0

with x < {;, {3 < x+p.
Exactly as in the proof of Proposition 1,

(71) 'Y min G‘Jé) v e(%)‘ < yx?,

=0 p<hH=<er
The inequality (65) may now be deduced from (70), (71} by applying
Lemma 4 with (¢, i) = (1/2, 1/2).
Now suppose that (ii) holds. Then § may be written in the form

X+y X
72 Y oa Y b (~——-)—w (_) }
Pem<Crelf  cgewP™1<n<Cgleyop—1 mh mn

v<mn<er

Here a,, (for example) is the number of ways of writing m in the form [1p

il
with each factor p,e(4;, B;]. Thus 0 < a, < v"*, 0<b, € ¢". In place of
(70) we have

) J .
1) S<p |y L a y bne(J_Q)

J=1 Pem<Cyldl  cogppop™ 1 <n<Colaup™ 1 mn

v <mkSep
7 ol
r<n%en mn

.

x LJ
+x" Y min (m, ~;-)
'go J j'2

J

In view of (71), (67) and Lemma 9 we have

S @yv—'lhsz Ux—2r1+yqu

proving (65).
We now turn our attention io

x5 <y B3

icm
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We first show that either alternative (ii), above, holds, or:
(1ii) Ay A < x9298,

To do this, we suppose that both (i) and (iii) are false and ultimately obtain
& contradiction. Thus we suppose

(74) A A o 028,
Since
A} < DV < (x2Epm ),
we evidently have
(73) Ay Spx~VREION o (0116
We must have

(76) Ay 2 x¥EE0y T

For A, A ... A, > x%'¥? from (75), so if (76) fails there is a least j with
Ay Ay .. Ay > vx TR0 .I
hence ‘
Ay Ay Ay S uxTHERION 4 o 2303,
Next, we must have
(77) Ay Ay = X250 3,
For, if not,
A, A, < pxm VIO
Ag Az Ay <(A; A9)P < x4,
A Ag.. A > X012,
and indeed
AgAg. . A, 2 x? 5073,
Since .
Ay €(Ay ... Ag ANMS G DTS g xS/2e/10 =4
for v < x¥'3, a similar argument to that used in proving (76) gives
(78) A AgAgm xTOp
Now
Ay As € A) Ay < vx™~ 210N
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hence
(7% Ag 3> x3/2760my -4
and indeed '
(80) D' 2 Ay Ay A3 Ay AL > (A4 As Ag) Ag 3 x!¥2702 710
from (78), (79). This contradicts (64), and we have established the truth of
(77,
Next, we must have .
(81) Az A3 < U.’C—”2+10q.
For, if not, |

Ay Ay 2 x3759973 DI 4 Ay Ay Ay Ay B (Ay Ay)2 X527 6004

from (76), giving a contradiction as in (80).
Next, we have

Ay Az dS <A Ay A3 AL AT < D',
Ag '@Dl+"(A1 Az)—l <x25[2—s,'ly—20

for v < x8/'3, by an application of (64) and (77). Thus

(82) As < x337e20 4
By arguments similar to the proof of (76) we find that (81), (82) yield
(83) Ay Az As. . A Sox™ 12100

and hence (74) implies
Ag Ay > x®182+ 100
Combining this with (81), we see that
Ay Ay € Ay A3/(A; Aa) < vx™ 0082,
With (75) we get
A A, <€ Ux-0-682.v2x—1+1on’
Az Ag.. A, > x @298 +1.682-200 =3 - 1/2+s

This evidently contradicts (83), and we have obtained the desired contradic-
tion.

Now let
x8113 < _g\ x0.62-
We show that either (i) holds, or.

Aiv) Ay A, < X313740- 014 - 15/74
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We do this in a rather more elegant way than the preceding argument.
Writing '

(84) U= x2750y73,
we first observe that
(85} D < min (x683/370-¢;=89/37 73 =1 y1/2-5/2)

It follows from (60) that {1, ..., ¢} can be partitioned into two sets Tand V
such that

(86) P = HAi < D1/2+n’ Q — HAi < pifzen
iel ieV

(this fact is implicit in [12]). Now it follows from (85) that

(87 px~H2HL0M pI/24n o 313[740- /4 = 15/74

Suppose that both alternatives (i) and (iv) fail If P < U, then
P < ux~ U2t 1()",

Al At - PQ g Ux—~1,'2+10qD1,'2+q

which in view of (87) is a contradiction. Thus P = U and similatly @ = U.

Let P’ be the subproduct of P formed from those 4; that exceed
Uf(px~12+1%m) Define @ similarly as a subproduct of Q. Since (ii) fails it is
clear that

FzU, ©O=2U.
If PPQ'=A;, ...4; with j, >...>], then, for even j,,
(88) Ditny A, "'A.?,.—l » P Q'Aj,. > Uz(U/Ux—1/2+ 10,1)

by definition of P', Q'. It can be seen that (88) contradicts (85), so either (ii)
or (iv) holds if j, is even. The proof is similar but simpler if j, is odd.

It is now easy to complete the proof of Lemma 11 for x*/*7¢
< v < x™62, If (i) holds, then of course we proceed exactly as before, using
the expression (72) for S. If (iii) or (iv) holds, then S may be written in the
form (68) with

v< xSllB’

(89) vA ... A =M<

x313,‘740—efﬁv—15,/74 if 813 -

x0.298 +n if
v>X

The inequality {65) may now be deduced from (70), (71) by applying Lemma
4 with (¢, A) = (75/238, 132/238) = BA*BA*BA*B(0, 1).

Finally we have to comsider x%% <y < x7*°, The hypotheses of the
lemma now yield

(90) VA1 "-Ar < Derg _<\ x—26nmin(vl/2 x26n, Xﬂ—l, (x(l +x){ 2 v“«x)ll(l +-J.))
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where (%, A) =(75/238, 132/238) for v< x%®%' and (x, 1) =(1/4, 13/22)
= BABABA?B(0, 1) for x™%¢! <y < x"'° The proof may now be com-
pleted exactly as in alternatives (iii), (iv) above. This completes the proof
of Lemnma 11.

We can sharpen Lemma 11 in (approximately) the range

x0.616 <p < x0;646

by appealing to an alternative estimate for Type I sums, which we now
discuss. '

4. Trigonometric sums. In this section we give an account of an
ingenious method of estimating Type Il sums, which is sketched by Iwamcc
 and T.aborde in [137].

Let

e for t>0,
_ E(I)ﬁ{o for <0,
It 1s a simple matter to verify that E(z) has derivatﬁes of all orders and that
E9)=0 for t<0, [EV() <Co(p) for £<3.
Thus '
G)=E(—4/SE(11/5-1)

is seen to have derivatives of all orders and to vanish for t <
t = 11/5. Moreover,

4/5 and

Git)ze ° for 1<Kr<2,
Given M = 2, the function '
@(t) = e'° G(t/M)

satisfies
(91) pP (=0 for +t<4M/S and t > 11M/5 (j 2 0),
(92) e=1 for M<i<2M,
and . '
(93) |6 (1) < Cy, (M (= 0,¢ real).
Lemma 12. Let M, ¢(t) be as above. Let T be a positive number,
(94) T M'*e
Let- '

o= Y omellm.

4M{5SmS11M|5

icm
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Then for T<t < 2T we have
95) ) =(M>T Y2 T b(t, De2/lt)+0(T Ve
L<IgL,

where L= T/5M? L, = 5T/M*. Here b(1, l) is differentiable with respect to t,
and

96 bis, ) <1, —j—tb&,l)w-l

Jor T<r<2T L<l<

Proof. We may apply the Poisson summation formula to ¢ (x)e(t/x)
since its second derivative is summable on R.

Thus
oo 11M}5
97 )= ) [ e(melt/m+Iimdm.
: 1=— o 4M/3
Let n{m) = tfm+Im. For I¢(L, L], T <r< 2T, 4M/5 < m < 11 M/5, we
have
(98) )l =l—m Y > |+ TM 2,
This is obvious if I <0, If 0 <! < L, we use

I—tm™ % = TAUIM/SP —TH(5M%) » TM™ 2> ||+ TM ™2,
If > Ly,
Homtm™2 2 1=2T4M/5) > 13 ||+ TM ™2

Note also that @ (m) < TM~U™Y (j = 2). _
Now let us fix a value of [, I¢(L, L,]. We write ¢@p(m) =
define @,, @4, ... recursively by

@1y
%3 (m) = ( Znin’(m)) '

@{m) and

Integration by parts gives

11M/5 11M)5
(99) | esmelnm)dm= | 24’1( ™) Zrcz'n’(m)e(n(m))dm
4MJS angs 2min' (m) .

i

@, (m) LIMIS 11M/S
[We ('?(m))lws + 4}5/5 @11 (m)e(n(m))dm
11M)5

f @i 1 (Mye(n (m))dm.

1 we have’
o don ke 900 PP Py,

It is not difficult to verlfy by induction on j that for j =
@y =Z C(l,}j_, ki: o
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where the sum E’ is over < Cyz()) ordered sets i,j, ky, ..., Jrs k., 5, To prove (102), (103) we change the variable of integration, writing
Hc(i:jla ~--,S)|\<~C13U)= 1‘,20, 3211 ji>2o a)m\/f_/a_\/l_ﬁ (4M/5€m€_11M/5),
i+j k... Fik =5, ki+...+k =s—]. _ . ) 12 juz
w'(m) = — m+w)<0.

Recalling (93), it follows at once that, for j > 2, )
Denoting by m{w) the inverse function of w(m), and writing

. —i =14k - _
@ytm) < Cua (DT M~ [T (TM N (T 24117 oy = JTHMS) - JLTIMP5),  w, = /2T/@M/5) - /L@M5),
=
PP - TM™2 s we have
<Cul ' M T Al RS
w02 © \TM 24 ) ©) .
o )= ! .
< Coali) M) T (TM~H(TM 24 [I)? 16 )= [elm)n @e(w?do
< Cis() T~V 2 M 4ATM™ 2+ |I])? : Write
in view of (94). Q(w) = [e(A?)di.
In conjunction with (99), this yields : 0
‘ Then integrating by parts,
11M}5 CISU) T—Ue{2)+2M—3 wy .
I, )= 451./5 o(m)e(n(m)dm < (TM~2+1l])? . (1 b t.h= —mjlQ(m)(q)’(m(cu))(m’(w))2+qo(m(ca))m”(m))dw.
Choosing j = [8/7}+1, we obtain j It is casy to see that
o0 1 (105) [, |+|w,| € THEM™Y2,
—{2/e) pg—-3 —— —(1/e)
(100) MELIII(I’ NeT M. ,=E_.W(TM“"2+IH)2 <T ' and it is well known that
106
In view of (97) and (100), it remains to show that for L</<L;, (106) Q@) <1 for all real o.
T<t=<2T we have ' 1t is helpful to compute miw) and its detivatives explicitly. We have
(101) 1(e, 1) = by (t, De(2. /), ' | (@*+4./1)"? —0 = 2./Im
where so that, for w; € 0 < ©,,
102 by(t, ) < (M® T 112 1.
(102) 71( )<t ) m(e) =§{w2+2\/t_t—w(m2+4\/z'—t)”2},
£
(103) —by(t, ) < MY2T32, '
‘ at : 1 wz"‘zx/ﬂ 3 - 131/2
_ : ) m(w) ==L @——————b & (M T Y)Y
Since ~ ! (@ + 4\/5)” 2

t/m+lmm2\‘/iat+(~/t ——\/IE 2 and

. i 2 -
(101) holds with N m'" () =7{1“ : 2w +CU(£0 +2-\/E)} < M2T-1,
LLM)5 (w +4\/E)”2 (w2+4\/ﬁ)3/2

bl = 4,\}[15 plmels t/m-—\ﬂﬁ)z)dm_ Hence we obtain (102) from (104)-(106), (93).
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For fixed we[w, w,}, le(L, L,] consider m, m' and m" as functions of
t. We verify readily that

qur(m)%mJZ < M2 T—2’

(p/(m) mt%imT << M2 T—2,

N

<M* T2,

@(m)—
(73 (m)dmm” < M?_T 2

Differentiation of (104) with respect to t therefore ylelds (103), and the proo[‘
of Lemma 12 is complete.
Lemma 13. Let H > |, N;: 2H%, S5O= %

O<hsH

e(h@).. Then

(107) ¥ le(omz)S( wn,)| do < N1 H"(N—I—H

N<nym<2NQ

Proof. We have the familiar estimate

(108) S(6) € min(H, |0}~ 1.

The contribution to the left hand side of (107) from those a with
(109 nal| < N~ ¢

for some n, N <n < 2N, is at most

(110} H? N1-2e g f2 N3 20 < N2,
N<nyny€2N
since (109) defines a set having measure 2N~ %* in {0, 1) (for given ).
Write

E = {aEEO, 1) min |[|nxf! = N-—z/f,}’

N<ng2N
then from (108) we deduce that

(111) Y (IS S(—amy)| da
N<nyngSINE
< Y 3 Y min(H,2Ymin(H, 7HE(m, ny, n, ).

_N<n1,n2€2N ri€logN ro<logN

Here

E(ny, ny, vy, ry) = {ael0,1): 277 < [lom] <277 for ji=1,2}

icm
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By symmetry we can confine the summation in {111) to pairs ry, r, with
ry =ty Let aeE(ny, ny, ry, r,) and let ky, k, be the nearest integers to an,
and an, respectively. Then '

oo—ky/mi} < 2—r1/Ns ot —ka/ny| < 2"2/N,
lky/my —kafny < 277TYN,

Hence

(112) ¥

N<n1,n2$.2N

[E (ny, ny, ry, #2)|

27 g

¢—— N2t N 1Y),
& < N ( +1)

N<nymy<2N O<k <2NOsks<2n IV
lkyny—kyny| €27 723N
since for given k,, n, the number of possibilities for k, n, is at most 2~ 2" * N
+1; this determines k,, n, with at rmost O(N"(2"2N+ 1)) possibilities,
except in the case k, = 0. In this case we simply use the bound

2 -
Y  1<N2™

—rp+3 N N<ny,ny€2N

05k €2
for the contribution to the quadruple sum in (112).
Combining (110), (111), (112),
1
Y {18 (xny) S (—omy )| dat

N<ny,nyS2N 0

<N?+N" 3

ri.rg €loghN

min(H, 2 min(H, 232 TP N2L 27U N)

< N**"(log Ny*+ N"(log N)* HN.

This completes the proof of Lemma 13.
Lemma 14, Let M 22, H=1, N =2 2H™ M, € 2M, N, < 2N,

(113) { > max ((MN?*e, x).

Let a,, b, be
N <n< N,). Let

| A
S§= 3 S Y ab e( C)
M<mSMy N<nSN; 0<hSH mn

Then for any exponent pair (%, 1) we have
(114) ISI? € M>(NH)! "
+(1+HN-1)H1/2+1N3/2+1—2:¢+31;M1'/2—nC1/2+1+M—1[22N3+qH2+q_

complex numbers with modulus <1 (M <m<M,,
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In particular, for v < MN <, H<ox™ 2" x<{<2x, y <o <x™,
(115 px— H2HT o N x~ 330010y ;31/75

we have
8] < vx ™37,
Proof. By Cauchy’s inequality,

h{
N<nZsN1 o<¥sn " \mn

since ¢ majorizes the indicator function of the interval (M, 2M] (see (92).
Let @(t) be defined as in Lemma 12, then we may rewrite (116) in the

2

(]

(116) IS < M T 0 ()

form

' - hy h
(117) ISPsM ¥ Y b, b, ((h‘»i)c)
N<niny SNy O<hp haSH n My

< O(M?*(NH)'*")+ MB,

by a divisor argument. Here

(hyny—hyn){
B= ok oo b»x”'"z‘”('—rn““ -
N<nyng SNy 0<hyhy €H 1Ha
hyny £hany

Now let c(k, ny, n,) be the number of solutions of
k = hl nz“—hz n1

with 0 < h;, h, € H. We may write, in the notation of Lemma 13,

clk, ny, ny) = }S(anz)S(—mnl)e(—ak)dm,

and
k{
B= %  b,b, ¥ ol n,n)P(-—
N<n(myENy LS|E[S 20N Ry By
1
= Y buy by, [S(an) S(—an) U(a, ny ny)da.
N<ny.ng €Ny 0
Here
Ula, n) = e(—ak) P (’—CE) =2Re ) e(—ak)d (l{é)
. © 1|k S2AN B 1<kS2HN n.
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In view of Lemma 13, we deduce that
1

(118) |B} < > le(ang)S(—anl)i de-  max
N<nj,na€2N 0 [PEY-£91

N2 <ns4N2
< N! N+ U (a, n)|

for some ae[0, 1] and ne(N?, 4N*].
For some K, 1/2 < K < HN, we have

Yy e(—akyd (—lg)‘
K <ks2K h

Now we apply Lemma 12 with T= K{/n: note that T% M'** from (113).
We obtain ‘

(120) z e(—ak)@(g)
K<k<2K n

M3 172 . Het
= ( ,") Y % b (ﬁ l)e(?. : -~zxk)+0(KM‘ 1),
K¢ L<ISLy K<ks2k \1 h

We can ‘remove the factor b{k{/n, [) by partial summation’. To be more
precise, if a(l), ..., a(¥) are complex numbers and b(x) is differentiable on
[L, r] with |b(x)i+r|b'(x)] < |, then

Ulo, n)

(119) U (@, )] < log(2HN)

r r—1

Y ambm =Y A,(b(m)—b(m+ 1))+ 4,b(r) < max|4,).
L ‘

m= m=1 msr
h
Here A, = ¥ a{m). Applying this inequality with

m=1

b(m) = b ((_j_m+’[IK])§, 1),.

where
bm)y<gin VT =K1

from (96), we obtain (with K < K, = K, {) £ 2K )

(121) Z b(—k—g, l)e(E\/Fk—é’—ak)é Z e(2\/l—iz—mk)‘.
K<ks2k A\ n K <k<Ky n

We have reached a sum to which we can apply the theory of exponent pairs,
since

172
(122) E‘%(z %Emak)m(%) +0(1)




224 R. C. Baker

and, for L<l< L,

i I7 S i {2
(123) % > Mz NzK > M"' N4_, Slmllaﬂy ’ﬁ < W,

so that (from (113)) the O(1) term in (122} is smaller in modulus than
1 (I5/nk)M?. Thus

Tkl LYo
K{;{Kle@ﬁma )@(MNQ) K*.

Combining this with (117)-(121), and noting that L < K{/M?*N? we

have
(124) §*
: M3N2 1/2 KC C X
< M2 1+ 1+2n A
< M*(NH) """+ MN (N+H)log(2HN){ Kl } MzNZ{MNz K

+MN* (N +Hlog(2HN) KM~ ¢
<€ ME(NH) "4 (14+ HN ™Y KN2F 1240 ppaja=n = 2uct 3y
+ M- VR NIt g2y
< MA(NH) P04 (1+ HN™Y) HUZHA L1245 p1/2=% N3[2+ - 24 3
' o M W2 N3 2ty

as claimed in (114).
Now suppose that v < MN <0, H<ox 2" x<{<2%, y<v
< x4 and that (115) holds. In particular, (113) holds, since

MN? @ pN < pt06/75 x=31/300  ,287/300

Moreover, M > v'/* » N so that the last term in (114) can be absorbed into
the first; also HN™! < 1. Thus, taking
x = 11/53,

{(compare [10], p. 263) we have

A =33/53

lSIZ < MZ(NH)I-H,_I_(U)C—*J./Z)UZJ-Axl;2+r+8'pu1/2—xN1+A—-x
3 =124+ ar~1 75/83 L31/212+8y ny75/53
<X N g X N .
We obtain
[8] < px~31

on inserting the bounds (115). This completes the proof of Lemma 14.
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Lemma 15. Make all the hypotheses of Lemma 14. Let S, be the subsum

of S defined by the extra condition of summation
v<mn=Ev, (where v; < ev);

=
then for H < vx™ M1 x < { < 2x, xV? < v < x¥* and N satisfying (115) we
have

|8, <€ vx~2",

Proof We adapt a device from [5], p. 165: for 4 > 0, # > 0 and real a,

Jd'eitasinrﬁ o IOUT ) <
15 04~ (e~ )™ i > B

Putting B =logu, we find that for any complex valued function f{m, n)
(M<m< M ,N<n< N,), we have

(125) ) 2 Jim
M<mEM| N<n<N{

S w8

A
J Mam&M) N<n<N;
B |

|f (m, w)i

+o(,4—1 y ¥

m
log—
M<mSM; N<nsSNy u

n|” 1)
V‘If u is of the form u = k+ 1/2, where k is an integer, 0 < k <€ MN, then

1
2
u

I m
087 MN

and
sin(t logu) < min(1, |i|log 2MN)
so that the right hand side of (125) is

(126) «}} Y )3 S (m, n)m® nf*| min (1/it}, log 2MN) dt

~A M<m&M| N<npsSN{
MN
+TZ |f (m, m).
m.n
We take
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The integrand in (126) may then be estimated via Lemma 14. With
A = x3, we obtain

‘ h
LT T abe(i)
M<mSM; N<n<N| 0<hSH mn

mnEu

A
< [ ox™* min(1/jel, loge)dr+v> HA™" g ox™2",
4

Lemma 15 now follows on subtracting this result for u = {v;]+1/2 and
u=[v]+1/2

LeEmma 16, Let
(vx™® x* <o XY,
xla,tz—sv—w (x3/5 & <v£_x° 616),
x19/100—206/25 (x0.616 < g x6127/9788)’

(127) D =4 ~
x6831370—ev 89/37 (x6127/9788 <P < x0.646)’

x313l740—av—15/74 (xO 646 <p < 06(1)

==
‘-xll,’ZB*Ev—l‘l/?O (xO 661 <v< 07)4

Then with z = D', we have

2y
2 < ,
(128) 5(s#, 2) <10gD(l+s)

Proof. First of all, for x%%'6 < v < x% 646, the part of the proof of
Lemma 11 concerned with the range x%'® <» < x%% may be repeated
verbatim with U/ replaced by

U’ = x~31/300-207 31175,

we simply substitute Lemma 15 for Lemma 9. Since (127) implies (85) (with
U’ instead of U) for x"'% < » < x4, Lemma 11 holds good with (64)
replaced by (127) ,

With D given by (127), we can combine (65) and (62) to get (59) (under
the conditions (60), (61)). (We have (63) with this definition of D.) As
exgla(;;l;)d after (61), this implies (57). Now (128) follows on combining (56)
an

. In the next section, z and D are as in Lemma 16, and we write

¢ = (log v)/L.
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5. Asymptotic formulae for almost primes. Let

40) = (- | diftlog),
2

then for 2 < a < b, and monotonic f on {a, b],

e f L 4y = [rO)a40)
a<pstp a

a
b

= [(p)4(b)—f (@) 4 (a)+ Jﬁi (df (y)

a

<(if (@) +1f (b)) b/(log bY*.

Thus, for - € x7 < x* <o¥/?
ev/py
1 -1
129 S, (o, = ——j dt(1+O(L )
9 Se9= L 5= X ) s
v<pipaSev v
1
= ——(1+0(L™Y)
xn<§15xtpllogv/pl( ( )
_ L wp+owr )
tlog(v/t)logt
1 {(1+0(LY) ( (@ )) -
= log—-+lo 1+0(L7Y
Lj =g =pr\los,tloelg= ) J1+0CE)

An elaboration of this argument leads to the formula
g3 (0—%1)2

L _rown [ [ e
(130) zPle Pa - L oy 052(3"“1“"“2)’

71 %1

where o; <o <7, (i = 1. 2) and the sum is extended over py; p1. pa satisfying

o T 2 F2
x1<P1$xla X <p2~<\:x E]

pL<p2<py, U<PiPaPs e,

whenever 0 <g; <1; <1 =172
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Consider, in particular,
o <0< 04676,

xa — max(z, ux” 1,'z+£)’ —£,.,—3 —31[300-su31,’75)‘

x* = max(x*"f073, x

It is easily verified that ¢ <t < /2. We have x” = z precisely when 8 < §/13
—4ef13. We write

T3 (v) = )} 1

X7 < Py % xt
M <p.pipzed

L(l,v) = ) 1,

X <py € xF
Py <Py < P3P PAPRES

(2, 0) = > L.
sapySox= V2¥e pu= /2 e ey g0
P1<pP2<p3.PiPoPRESA

We deduce from {53} that
(131) Y N €S, 2)-Th(n)-T(1, 9~ {2, v).

v<p<ep

Moreover, since 1 < 6/2,

(132) T = ) Tl

xCF<py Sxfo<pippSer x<mpypySx+y

x+ x Y
L e o) G}
O <pyExTo<pypySer P1P2 P1 P2 P1 P2

S, (g, 1)~ b, b 3C_+_£ x
g 2( ) xa<%!:$.xt nx—"<nz-€,eux"'" "{lp(mn w mn )

u<mnEer

Here b, is the indicator function of the prime numbers. By an application of
Lemmas 7, 9 and 15, and the inequality (50), we obtain the estimate Q( yx7")
for the sum over m, n in (132). We therefore deduce from ( 129) and (132) that

(133) T;(u):——(log +log(z ))(1+0(L~1))

For 8 > 3/5 we have © < 0/3. By a slight variant of the argument leading
to (133), then,

¢ (0—ay)/2
lor, dee
(134) T(1, v =-}1j J a0t
: L 0‘1%(9‘"051“'052)( ( )).

%1

For > 8/13, it is easy to see that, writing z = x°*,
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0—-1j2+e 4
¥ dovy doty -1
= —_— 1+ 0(L™ ).
13 HBo=7 j f T S (L)
Ty 4—1j2+e
Proof of Proposition 2. We have

{7L/10)

>  N(plogp< Y L NG+

x‘f’<p‘<_x7“0 k=fpl]) ek.:,,g_,_,k-i—l

1101 .
< [7£D (k+1){m- (- Tl M- T(2, e“)}

kL log D(e")

by Lemma 16 and (i31). We now use (133), (134) and (135) It is a
straightforward matter to deduce that

(136) Y  N(plogp
¥ <psxl/10
6 3 7
S yL(1+Cy68) 3, Kj—yL(l—ClsE)(Zl LJ""jZl M;).
J=t i= =
Here :
3/5
Ky= | 2d6=1/55<001819,
13722
0.6186
40
= 04694,
K, .{ . 200d0<0
A5
6127/9788
2000
= < 0.03653,
Ky 194 249‘19
0.616
0.646
7400
- i <0.08078,
K j 683 — 8900
6127/9788
0.661 .
© 14800
= — 2010 < 0.06749,
Ks 313150670 <008
0.646
0.7
" 2800
= | =19 <0.18567,
Ke G- <
0.661
3/5 0
: 23
- 9 > 0.00101,
L 10g(28—1)d0>0

13722
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8/13
13(2-30)
Ly= | logl——=
3 j og(2{13~_209))d8>0.00476,
315
0.6‘76
31(60— 1/4)
o el
3 J °8 88(9-1/2)(9+31/176))d6>0'00961°
813
813 2-3p (B-ap/2

doty doy A0 0.00278
2 5 ),
oy dp (0 —~oty —ay) ’

35 (13/6)- 1083 o
0.676 318/75-31j300 {0—e )2

) doty du, dB
M, = 8 , J — % 0.00789,
oy g (B -0ty ~0i)
8/13 0—1/2 ay
0.616 e-1/2  2-30
M, = g j m.@f}“‘iﬂ_
ay oty (0 — 0oy — )

8/13 (13/6)—108/3 §—1/2
~ (this is so small that we use only M, > 0),
6127/9788

B 1/2 319/75~31/300

_ douy doty 4O
M, = 8 P S > 0.00020,
oy otg (0 —oty —otp)
0.616 (19/300)+20/25 o—1/2
0.646 a-1/2 '316,175—31/300
M. — doty det, dB
s J g 25 0,00097,
ay oty (0 — oy —atz)
6127/9788 (683/1110)—89¢/111  0—1/2
0.661 a-1)2 318/75~31/300
M. — doty do, dO
P o e 3 (100072,
g 02 (0 — g —a3)
0.646 (313~1500/2220  #~1/2
0.676 a-1/2 316/75-31/300
M. — doy doy dB
a f g e > (0,00028,
ay oy (0~ —ay)

0.661 (11/84)—118/210 a~172

Thus

6 3 7
Y K~Y L—Y M, < 040738,
J=1 i=1 J=1

and Proposition 2 follows from (136).
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