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1. Introduction. Let H(m) denote the strict ideal class group of the
quadratic field Q(ﬁ) of discriminant m. We have

(1.1} H(m):Z,,le,,zx...xZ"xG,

2 2 2"k
where the order g of the group G is odd and Z ,n denotes the cyclic group of
order 2"

Let p be a prime number such that (%) = 1. Then p is represented by

two inverse classes.C,, C,;'' (or one ambiguous class) of binary quadratic
forms of discriminant m. Gauss's theory of genera determines C, modulo
squares in the composition class group of discriminant ‘m. .
In this paper we determine the class C, modulo fourth powers in the
simplest case, namely when :

(L2) Hm=~Z,%xG, nz2,

and the class C, is a square, that is p is a prime on which all the generic
characters have the value +1. It is known (see for example [2]) that (1.2)
occurs precisely for the following values of the discriminant m:'

(1) m== —dr, r(prime) = 1 (mod 8);
() m = ~8r, r(prime) = 1({mod &);
(L) m = -8y, g(prime) = 7(mod 8);

(IV) m = —qr, q(prim:c) = 3(mod 4), r(prime) = I (mod 4), (%) = ]y

(V) m = 8r, r{prime) = 1 (mod 8);

(VI) m = gr, g(prime) = r{prime) = 1 (mod 4), (g) w1,
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We define

qg=1 in case (I},

q = 2 in cases (II), (V)
r=2 in case (III)

and
. ={Q(\/——q)

in cases (I), (I0), (XII), (IV);
Q(\/c}) in cases (V), (VI);
ke =Q(/1); k= 0(/m)
) Q(\E, v —¢q)  incases (I) to (IV),
K =Q(/r,/m) = ,
Q(\/r—, ﬁ) in cases {V), (VI).
The strict class number of the quadratic field Q(\/z;') will be denoted by
hid).
Throughout this paper the symbol (ﬁ%ﬁ), where n and x*—ny? are

quadratic residues of the odd prime p, will be used both as a Legendre
symbol, in which case ﬁ is interpreted as a rational integer modulo p, as

well as (equivalently} the quadratic residue symbol lifj%ﬁ:] in the ring
2

of integers of Q(\/;), where P is either of the two prime ideals dividing 2
We prove: ‘
THEOREM 1. Let r be a prime =1(mod 8) and p a prime satisfying
» .

-1
(—p—)—": (;)= 1, so that p is represented by the classes C, and C;' of

discriminant —4r, and there exist integers a, b, e and | such that
(13) ' p=a?+b?
(14 PO=eif2, 60, (ef)=1.

Then the class C, is a fourth power if. and only if, for any solutions of (1.3) and

fa+b./~1
(1.4), (m——;‘———) =1 or, equivalently, e-+f = {(mod 4).

THEOREM 2. Let r be a prime = I{mod 8) and p a prime satisfying (:_%)
: P

P . :
= (;) =1; so that p is represented by the classes Cpand C,* of discriminant

—8r, and there exist integers a, b, e and J such that
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(1.5) p=a*+2b%,
(1.6) ' PU=e—rft e>0, (ef)=1.

Then the class C, is a fourth power if, and only if, for any solutions of (1.5) and

a+h /=2 2\~ 18 —2)
1.6), Yo T =1 or, equivalently, | = — )=1.
( )( ) quiva }(J Lff

THeoreM 3. Let ¢ =7(mod 8) be a prime. Let p be' a prime satisfying

2
(]Z>=(—)= I, s0 that p is represented by the clusses C, and cptoof

q r
discriminant —8q, and there exist integers a, b, e and f such that
(1.7) PV =a?4gb*, (g, b)=1,a0rb=1(mod 4),
(1.8) p=e-27 e>0.

Then the cluss C, is a fourth power if, and only if, for any solutions of (1.7)
and (1.8),

— 1\ /8 2
(-

-We note that Theorem 3 of [1] is part of the special case g = 7 of our
Theorem 3.

e+f\/2_) 1
p .

or, equivalently, (

THEOREM 4, Let ¢ = 3{mod 4) and r = 1 (mod 4) be primes such that (%)

=1, Let p be a prime satisfying (—3) = (g) =1, so that p is represented by the

classes C, and C;' of discriminant —gr and there exist integers a, b, e and f
such that

E aph-a = g2 L gh®,  (a, b) =1 or .2,
(L.10) 4P = @2 pf2 (e, f) =1 or 2, &0,

Then the class C, is a fourth power if, and only if, for any solutions of (1.9} and

(1.10), -

We note that Theorems 6 and 7 of [1] can be deduced as special cases
of our Theorem 4 with ¢ =3, r =13 and ¢ =11, r = 5, respectively.

. n
Treorem 5. Let r be @ prime = 1(mod 8) and p be a prime satisfying (};)
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' of discriminant

= (g) =1, so that p is represented by the classes C, and C;
8p, and that there exist integers a, b, ¢ and f such that
(L1 p=a*-2b% (a,b)=1, a>0;
(1.12) M =e2—rf2, (e,f)=1, e+f =1(mod4). ‘

Then C, is a fourth power if, and only if, for any solutions of (1.11) and (1.12),

()

=1 or, equivalently, e+f = 1{mod 8).
THEOREM 6. Let g and v be primes = 1(mod 4) such that (g = 1. Let p

be a prime satisfying (E) = (g) =1, so that p is represented by the classes C,
and C; ' of discriminan?t qf and that there exist integers a, b, e and f such that
(1.13) 4" = a®> —gb®, (a, b) =1 or 2;
(1.14) ' o 4p =2—pf2 (e, f) =1 or 2.
Then C, is a Jourth power if, and only if, for any solutions of (1.13) and (1.14),

( w)?l or, equisalenly, (ﬁiﬁ?@%}:].

2. Proof of the theorems. The assumption (1.2) implies that the strict
class group of k, contains exactly one subgroup of index 4. Let L be the
extension of k,, corresponding to this subgroup by class field theory. Then L
Is the cyclic extension of degree 4 of k,, unramified at any finite prime.

It is known ([3]) that L is a dihedral extension of @ whose quadratic
subfields are k,, k; and k, and whose quartic subfields are the field K, two
fields A and A’ contammg k, but neither k, nor k,,, and two fields B and B’
containing k, but neither k, nor k,,.

o \/

/

Let p be a prime on which all the generic characters of k,, take the value
+1, Then p is completely decomposed in K, the gcnus ﬁeld of k,,, and the
classes C,, C, ! are squares, The classes Cp, C;* are fourth powers if, and

icm
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only if p is completely decomposed in L, that is if p is completely
decomposed in any of the four fields A, 4A’, B or B"

Consider for instance the extension B/k,, of conductor fy. Theré exists a
character ¥, of order 2 on the group of ideals of k, prime to f; such that a
prime ideal i of k, is decomposed in B if, and only if, x»(i} = 1. The value yg(i)
is equal to x5(i""), as h(r) is odd, and the value of xp on principal ideals
prime to fp has been calculated in Propositions 2.6 to 2.11 of [4]. Applying
this to either of the ideals f;, P, such that (p) = pi; p in k, we shall obtain
the results for those theorems involving the integers e and f. The results
involving the integers a and b will be obtained by considering the extension
Afk,. We give the details of the proof of Theorem 3, the other proofs are
similar. In this case the decompositions of p, ¢ and r = 2 in the fields k, and
k, are the following:

(2.1) M =pps @=(/=a% @=rir, ink,

(22) . O =PiFr @=38» 2=(/2* ink.

We first consider the extension A/k,. By Section 2 of [4] one of ry, 15 is
ramified in A/k; and the other in A'/k,; we choose the notation so that ry
ramifies in _A/k,. By Proposition 2.9 of [4] the conductor of 4/k, is r? and
the value of the character y, on principal ideals is given by:

i, 2 1, if 1= +1(modr}),
(23) 24 ()= (“) ={ ~1, if A= +3(modrd).

Let (a, b) be a solution of a*-+b?q = p"~#. As the integers a+b./—q and
a—b./—q are coprime we may set

ry

@49 kb= (a=by—q) = 0.
Now from (2.3) we first see, as p = + 1(mod 8), that;
(2.5) _ ‘ Xalp) xa(pa) = X4 ((P))m 1,

so that from (2.3} and the fact that h(—g) is odd:
if a+b/—q=+1i(medr}),

1,
2.6 = 1a(pa) = Y
( ) xalpi) XA(pZ) { =1, if a+b \/L.q = iB(mOd P‘i)-

Let f=1 or 3 be such that g= wb’z(mod 16). As (B—/— (B +/—q)
= 0{mod J_‘f?’?_) and (f— \/— g, fi+./—q) =2 there exists & = -1 such that
a+b./—q =a+efb(mod r}) and so.

(p) = 1, if  a+efb = +1(mod 8),
1alpr) = ~1, il a+epb= +3(mod 8),

§ — Acta Arithmetica XLIV4
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that is

27 ‘ = )= 2

2.7) Xa(P1) = xalp2) = atefb)

The infeger « is odd or divisible by 4 according as p =1 or —1(mod 8) s0
that when ¢ = —9{mod 16) we have

(wa)- ()

wﬁich together with (2.7) proves

_ —1\&@+s o
(2.8) 24(p1) = xalp2) = (T) (;“Jr—b)'

We next consider the extension B/k,. By (2.1) of [4] we can suppose that
g, ramifies in B and g, in B’. Then the character yy is given by

A
(2.9 - za{(D) = [———l xsgn A.

41

Let (e, f) be any solution of p == ¢*—2f% where e > 0. Then we may set
Pi =(e+f\/§), pa=(e~f \/5}, and we deduce from (2.9) that

0 a2 (4)

which together with (2.8) completes the proof of Theorem 3.

' Remark. The class C, of discriminant m is a fourth power or not
according as pf™/* is represented by the principal class I or by the class J of
order 5. Using the well-known representative of I and of J, and also the
forms of discriminant 4m when m is odd, we obtain:

2

C, fourth power C, square, not fourth power
Theorem I  p"~ "™ = X24ry? 2p”( M X2 4rY?2
Theotem II  p"= 24 = ¥24.0ry? p TN = X2y y?
Theorem [T pH~ 244 = 21 2472 ph it = ax 2y 4 y?
gr+1 g-+r
—grifd X2+XY+ —.y2 phl el -y x 2 XYt Y2
Theorem IV { ry ¢ XX Y
' Ap"= M = Y2 gry? 4phl-anlt g x2 4 py2
Theorem V. p2¥* o x? 2rY2_ . gphEN o X2 2 YR
pranis = x24 x4 Ly | gpHa = X xys s dyz
Theorem YI { 4. i 4

ApHe Xlegr¥? - 4gpemeay Z;QPY:

icm

An application of dikedral fields te representations of primes co 413

In the cases (V), (VI) when m > 0 the integer g = —1, g or r is such that the
solvable non pellian equation is X*—gr¥? =g.
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