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ACTA ARITHMETICA
XLIV (1984)

On the discrepancy of (no)

by
JoHANNES ScHOBENGEER (Wien)

1. Notations. Let N be a natural number and for 0 < <N let
0 < x; < 1. Then the discrepancy D¥(x,, ..., xy} of x,, ..., Xy 18 given by the
formu]::}

1 N
D¥(xy, ..., xy) = sup I E €10,%) (%) = x|,
Dx8x<] n= 1
where ¢, denotes the characteristic function of the set A.
ProPoSITION 1. Let o @y be any permutation of the set {1, ..., N b for
which X € Xpqayy JOr 1< i< N. Then

ND§ (x4, .0y Xy) = 4+ max [Nx;—o~ () +4.
l.ﬁiﬁN

For a proof see [5] (Theorem 1.4, p. 91).

Now let a¢ Q. Let us define D¥{x) = D¥({a}, ..., [Na)), where [x! is
the [ractional part of the real number x, Then a i~ D¥(x) is an even, periodic
function (with period 1); so we may assume that «<(0;4).

‘We have to solve two problems: first of all we have to find a formula
for o1, where ¢ is the (uniquely determined) permutation of {1, ..., N } for
which {ae (i)} < lao(i+1)} (1 €/ < N). Then we have to find a k, 1 <k < N,

for which the maximum max |N {ail —¢™1{i)+4| is attained.
_ LEIEN : o
Let o = [0; a;, ...] be the continued fraction expansion of a with partial

quotients «; and convergents p,/g, =r,. Note that a; > 1.
One can find, for N and « given, uniquely determined integers m and
by, 0 < i< m, with the following properties:

M

() N =Y ba.
=10

(2) b, >0 and 0< b any for 0<igm.

@3) M0 <igmand b, =a.,, then b,y = 0. Furthermore by < a,.
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One can find m by choosing it such that g, € N < g,,,;, while the digits
b; are given by the [ollowing algorithm:
N=bm£]m+Nm~1; 0“<-Nm~1‘:‘1'm:
0<

Nm—-1 ='b,,,_1qm".1+Nm_z; Nm—~2 < lm- 1>

J
(sec [7], p. 148). Note that N; = ¥ b, g; for 0 € j < m. We define Ny = Oand
i=0 .
N, =N.
Let o, k, 1eZ, k, 1= 0. In the following we are mainly concerned with
the following sum:

S{a, k, h= 3

a<patk

\ gy}
Cro. prap (1112]).

2. S(a, k, ) for special values of a, k and I

Lemma 1. Let m= 0, j, k integers such that max({jl, [k, [f—k]) < qu+1-
Then

(1) Ged = [rm+11s

3d oo (hom ] o § 7 1! 3
(2) o] < kol rass) < kfpiii.

Proof. (1) First of all let 0 <j < g,4- If m is even we get r,..j—
_rm+1j = '_"j/(q:n—l«IQm-i- 2) >~ 1/{'Iin+1 and therefore [”m+2.f] = [rm+1j] (note
that [rpe 17} 2 Ygper > 1/gne2). Because of r,., <o <r,.; the result
follows. If m is odd the argument is similar.

Now let —g,.; <j< —1. Then the result follows from the formula
[~x]=—[x]—-1if x¢Z and from jr,,,¢Z, jat Z,

(2) Let {ju] < k!, (1) implies {jo} — [jrpe1) =jl@—1y+1) and (ko —
—lkryy ) = k{g~r,4+,)- Therefore

Ijrnr+1}"" {krmfl}

= {jou} —jla =ty )+ k(e =rp )= (ka} < (k=D =P 1) < Vs
Because of ‘J"mn}’“ :krrrl-l-i} E(l/Qm+ 1)Z we get :.jrrr|+1}_ :krm+1} S 01 where
equality is impossible (note that 4,., £J—Kk). The proofl of the converse is
similar (and even simpler).

Prorosimion 1. Let b, k, a and j be integers, 0 <[, 1 £ h < apy amd
b<a if j=0. Let 0<k <gjy; and bgy—gy.1 € a < g~k Then

(1) a+k <0 implies S{a, k, by;) = +(1—(=1Y)k.

(2) u+ 1l €0 a+k implies

S(a, k, bgy) = (1 ~(= 1Y)k+(=1y miu(b, l i}’f D+%(1 f(-1) T L

akk quj
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(3) O <a+1 implies

ek b0 =01kt i ([ £ ) [ 2 -
_ g | 4,

“Hiv-y) T

bqj“kS.u«'bqj
Remark. The sums in (2) and (3) must be understood to be 1 if the
condition under the )" is fulfilled, and to be 0 else.

Proof. Note that by <gu,. If a+l<n<a+k then

<atl<n<gp; and  -g,; <at+l-bg < n—bg; < g q.
Lemma 1 (2) implies

S(a, k, byy) = Z

a<nSatk

/P
Therefore

. [ )
‘-[O.Inqujﬂn(|m’j+1;)-

Let us prove the proposition if j is even; the argument is similar if jis
odd. Then {bq;ry.} = b/g;.,. We have to find the number of m's with
a<n<at+k and nmpj.=0,1,..., h—1(modg;,,), that is n=0,gq;,...
~--:(h“‘1)fl‘j(m0d‘1‘j+1)-

(I} a+k <0: then n-+gq;.; =sg; for some s, 0<s <b. This implies
gty Therefore for some wusZn+g;., =uq;. We get a+l1
L ugj—dj-q, that is (a-+q;()/q; <u and a;y +u =35, that is u <b-a4,.
Therefore a+¢;-\ <by;—a;.,q;, a contradiction.

(2) a+1<0< a~+k. (1) implies

a+tk

S(a, k, bg)) = Z C[O.h/qj+'1)(:nrj+1})'
n=0

The number of »'s with 0gn<a+k and 0<n< (b—1)g;, gjln, equals

1+min(b—1, [(a+k)Yq]).
(3) 0 <a+1. Here we use that

a-+k q
S(a, k, by} = Z C[n.hqﬂ,l}””"1+1})“ Z C[D,b/q',-.;l}(:nrj-kl})
0 0

and (2) to get the result.
Trurowsm 1, Let acZ, k, 2 0. Then
Sla, ky §) = S(~a—1, 1, ky+k o) =Tk} + Y 1= ¥ L
. a<0<a+k<l  0=a<i€ar
Proof. We use the well known fact that for 0 £ x <1 and yeR

q .
Com (¥ =x+ Y "2"‘.’“‘(1*‘6—2"1‘”)EM”*‘%‘-‘Z(J’}“%%HU’)-
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Therefore -

atk )

S(a k l ;fﬂt;+ Z e —Zm'pul) Z eanpm11+
p;éo P PEFES
uk
+1 Y (eztm)—cgl(n—De )a))
n=a-+1

1 ) ledplot 1
2nik, in L) S
= kil 4+ T (P )P “EE T
p#0
+ 3 1= X
a+1€0Katk avlgg+k

-1

—krttx,‘{‘z

(ezmpkat 1) ez'm'p(a-" no o+
n=0p#0 2TC1P

+ 0y 11 ¥ L
a<0Satk a<sligatk

Using the above Fourier-expansion again we get the result,
ProrosiTion 2. For 1<k< N

a”t k)=S0, N, k)+1.
Proof. This is almost trivial: we have
k=13 =o  ({l 1SS N, 1o} < lao(k)}}).
Therefore ‘
k—1=card {j] 1 <j<N, o] < ek}

Now to compute S(0, N, k) we use Theorem 1 like a reciprocity law and
Proposition 1 like complementary laws.

3. The formula for ¢~ '

Notation. Let 1 € k< N. We know (see § 1) that there are uniquely
determined integers ¢; (0 <j < m) with the following properties:
m ) .

J=Q

(2) FOIO&jé_m,OSCJQ,aJ+1. '
(3) For 0 <j<m, ¢; =a,., implies ¢,.., = 0, Furthermore ¢, < a,.

Let f, be the first integer i such that ¢ #0. Let k; =
—1gj€m+1 (where ¢,pq = 9).
Later we shall make extensive use of the following abbreviations;
‘1[,‘ JI0<j<m,jeven, Ny <k1 1k S Ny kjyy € Njy
={l 0<j<m,jeven k_; <N 1,kj<NJ, Njvy < kjenl,

{= 0

J .
Z oy for
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€=Ul 0<j<m,j even, kiwy S Njoqa by < Nj ki € Njyy
D=l 0<j<m,jeven, N;_, ki1 K SNy, Njy g <kppyd,
Y=l 0<j<mJ even, Ny <kj_q, Ny < k!
G = 0<j<m,j even, kg < SN N <ky)
B = Gl 0<j<mj odd, Ny <y, N, <k“,
W=l 0<j<mj odd, kj-y Njgo Ny <k,
Gy = j| ~1<j<sm,jodd k<N,
Let & = GO E? and ¥ = FP U FP. Obviously |9, B, €, D,
@, . O] is a partition of [—1,0, 1, ..., m!, where some of the sets may
be empty.
Lemma 1. We have

Jie

J;OS("—NJ...[_ ]., kj’ hqu)
= ,Zn ({1~ (=11 &y sgn by +(— 1) min (b;, ¢))-+] 2+ | Dy +

+ 2

=0
k-1 j_.lf.kj-‘iNj

(1= (=1)).

Proof. Note that 0 < k; < ¢;4y and byg;—qu) € =Ny =1 < g0 —
~k; for 0 <j < m, Together with Proposition 1 (1) and (2) of § 2 we get:
Z S(”‘Nj—l -1, kj: I’jfj'j) = Z

j=0 J=0
KiSNj.

£ 3 (-5-(1M(~1>f)kjsgnbj+t-l}fmin(fv,{
] ;

ij..i kj )

1 —(—1Y)k;sgnb;+

k.l_NJ—] '—‘IJ)
4 ‘

+

Now

and therefore

fy= Ny =1 ,

min (b.,, [—t“—'m——]f—’;i«_]iD = min(b;, ¢)— Y 1.
QJ Rpm | ENjo q.0p%by

Now we use that obviously “k;. < Nj., < k, and ¢, <b;” is equivalent to
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'“k_f""l L Nf"l < I’\':J S Nj“ and lhal ICJ <
the last step use that

Zj HL+(=1)—

N;., implies ¢; = 0= min(by, ¢;). In

m

)3 (—1Y

j:
kj...lﬁNj_ 1 <ch$.Nj
" m

= Y U+ (=D)+ Y

/=0 j=0
NJ.H1<kj._1$.kj~<.Nj kjo | SNjoy wkyS N,

N_f—-l <kJ$NJ'

$(1~(~1Y).

Lemma 2,
JZOS(—NJ,_i”ij“l, k""'kJ, quj)

m m

= Z ((k—kj) i[bj‘i',i‘x: """hj‘L' Z "z(QIa—pt))“r%kr_l®k|+

j=0 t=]1
+31-(-1%~ %

=0
Rijm 1SNy 'Ck‘;'ﬁNj

F(1~(~1)%,

Proof. By Theorem 1 of §2

m m
Z S(k.'—l_Nj—-l' 1 CrQrﬁb qj Z r‘frlrh,]qjq}_qui{cr%“l)+
t=j+1 1=+ ]
m L
- 2 1—- Z I.+ Z S(Nj"l—kl"liquji Caf]:}-
t=j+1 e fo t=j+1

ke 1SN kSN Njo <k SNj<ky
Proposition 1 in § 2 tells us that

L]

m
> SNy =k, byap cq) = Z A‘i‘(]"‘(‘“l}')bﬂlﬁgnﬂﬂf

e f L s
IR S (RO 1/ S S T Er o)

1=

J+
-k~ lﬁNJ”ﬂ(,

" .
- 2
£

LR
by ENjo g kNS

1=

1
ke 1 ENjo g b~ &N

Now 1 >j and k,., < N; implies 0 < N,—k,_, <g,; therefore the two last
sums vanish. Furthermore ¢ >j and k,_; € N;_; <k, < N, implies k, < qj.;

(_ 1)! mln (cl’ [Ej_m",,_ k‘ - ])+ % ('— 1)I min (Cn [WIYJ:”}&;L]).
4 re 4 1 - S d
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and therefore ¢, = 0. This contradiction proves that the third sum is empty

m
and that Y 1 =0. We get

t=j4+1
kr""l‘SNj— 1 <kl$Nj

Z S(—NJ_1+kJ'—1, k
f=0

J: qu)

L] m m

=3 Y ey by ~byg; e, qal)+ Y Z 11 —(—1)Y)b;g;sgne, +

J= 0=+l j=0r=j+1
m m
+ 2 Y H-y-1)
J=0t=j+1

Nje i kg SNj <y

Now use that ($(1—(—1))—lc,ga})sgnc, = —c {g2—p) and that the last

-1y -

m r—1

Z X

t=0 j=0
Njy <kg— 1 SNj<ky
and Nj.; < k.., < N; <k is equivalent to 0 < k,_, < N,.; <k, Therefore
this sam is equal to
m

) 2((=1Y-1)

Jj=0
O‘JRJ.,.IGNJ-. 1 <kJ

sum is equal 1). The existence of a j with 0 j<¢

H m
= ¥ H=v-1- X H--1
=0 =0
k}"l"“N_}"""l(kj kj_..{=0<kj
= X Hewene o 3 L1y - 1)+3(1—(- ).
ki (SN ] <kyEN ke 1 SN L €N <k
The second sum is equal to '
m—1
- ) 1= ~[By =Dy

={
kJéNJﬁNJj.Fl “Chpa 102l

Notation. For 0<jsm let 4= Zb(fI,d“P:"*'NJ g (o0 “'"J) We

note that the numbers 4; depend on N ancl o only, If 0<j<m we get
= Ajey +(—1Y -
N. Then

4q; CIJ+1
TreorEM 1. Let 1 €k <

“1(k}=N{ka}+§:((_

Jm= 0

1Y min (b, €)= ¢, A7)+ 120 =By +3(L~(= 1),
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Proof. Proposition 2 and Theorem 1 of § 2 and Lemma 1 and Lemma
2 tells us that

(J’<)~—1—+~ZS(NJ 12 bidy k)

j=o )
m1+§ (S(=Ny_,—1, k, byg)+b;g, {fca}~kfﬁjqja}-)— i 1
im0 Njh.‘rf:kmrj
=N lka|~k Z quja,-ki(S( ~ Ny =1, ki, by +
+S(=Nyy =1k, k=k, byg))
= N {ka) +jzﬁ( (A== 1Y) kysgnb;+(~ 1) win (b, ¢))—k; (b qya} -
“byay 3 elga=p)-H=(= 20 2,

Now we use that 3(1—(—1))sgnb;— [b;q;a} = —b,(gx—p,) and that

m

(k.}' bJ (fj'_, o pJ) + b_r q; Z < (QI o=p)

t=j+ 1

EIM5

i

m nm n
= Z ¢ 4, Z bj(‘!fﬂc—PJ)+ E clgiot=p) N 1.

t=0 J=1 te
Later the following proposition will be useful:
Prorosition 1. (1) For 0<j <m we have

~|g;a—p)| < (—1y Z h(g o—p) <|q;-ya~pj.q|.
f=

2 If0<j<mand b;#0, then sgn ¥ b,(g,oe—p,) = (—1y.
t=]

BV I O<j<m then —1/gp.q < (—1) 4, < 1/g,.
Proof. We assume that j is even. It is similar if j is odd.
(1).

[ #)

“(QJOC"‘PJ) !z ((%+2n”“‘1j~l =)~ ( 42 Pj+21v-2))
o
= -Zl Qi 20 {201 & Praar=q)
< bj+;u—1(‘Ij+21—«1°‘“‘Pj+zr-1)

LSi€(m+ 12

icm
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m

"g. be(‘frx'—p! Z “;+z.+1(q1+2.‘x pJ+2:)

1=] i=0

Z (‘b+2,+1 q,+2f—1)05“"(Pj+2f+1—Pj+ 2~ 1))

It

(g ya—pyq).
(2). (1) implies

st

E bx (qr o "'"pr) >
te=f

{3). (1) implies

~(g;o=pp+b(g;a—p) > 0.

Ay <by{gro—p)+pig1—der 0+ Nyoy w—r)).

Assume first that b; < g;,. Then

Ay <y~ gyo—p)+ Py —djr 1 2 (g —p) = —(g- 10— p;—1) < 1/q;.
If b; = a4, then b;., =0 and therefore N;_; <g;.,. We get
Pim)F Py — @iy 6+ gy =1y = 1/q;.

Ay <(gpey gy —(pje =

On the other hand

n
Aj > Z bl(‘]x““"l’t) >

1=]

—(g;e—p) > — /g1
H

Remarks. (1) Let n= ) ngq;, where ny <a;, ny
=(

8,41, and where
j_ .
=0 for 1<j<m. Then

n_, = ﬂJ+1 imp]iGS nj..l

in
tna) = 4(1—(— D"+ ¥, mylgje—py)
j=0
For a proof note that equality is valid mod 1. Now use Proposition 1 to
show that the rlght hand side is in [0, 1)

(2) Let n = }: ngp, ko= Z ¢jq; like above, n#k. Let  be the
J=0
first integer 0 with n, +# c;. Then

) < Tka) «(2[i, and 244 or (i, = i{mod 2) and (c,—n)(—1) > 0).

This follows from (1) and an argument like in Proposition 1.
4. Results about %, B, €, D, € and i,. By Proposition 1 of § 1 we have

to determine integers k and k', 1 <k, kK< N, such that max (¢ 1(n)
: . " N [T ES
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—N{na]) is attained at k and min (¢7'(m—N [na]) is attained at
1EnEN
k', Fortunately it is cnough to determine one of these values:

Prorosimion 1. Let 1 € k< N, Then

N
=N+1-23 lm).

n=1

o k)~ N tha) + 0" (N—k+ 1)~ N {(N~k+1)a)

Proof. The following formula is valid for x, y&R:
o, -yp (1 X)) = 1x=y] —Ix]+ {y].
Taking x =na and y = (n—kjo we get
Cromay (1)) = [kot! — fnat) + Hn—k) et}
and therefore by Proposition 2 of § 2:

c” k)~ N lka) + 6" ' (N—k+1)=~N {(N=k+ )]
N
=2 22 not +Z l(n— k)oc,—r-z (n—N+k—1)a]
n= n=1 n=]
The last sum is equal to
k-1 k—1
Y odma)= Y (I—{—na})
n=—N+k n=—~ N4k
n#0
Nk N
=N-1- % {m}=N-1-3% {n—ku}.
n=1-k n=1

Proposition | implies that the above k' is equal to N—k+1.
CoroLLARY 1. Let ¢ Q and NeN. Then :

g !”a}_%N=%(Ao““i bi(~1Y —g, 4))).

J=0
Proof. We take k=1 in Proposition 1. Note that 9[1 {Jl J even,

0<j<m Nyo; =0<N,) and therefore |9;] =4(t+(—1)") if iy > 0, and
[2;] =0 if iy = 0. Obviously B, = My = B, =@, We get

(J'—l(l)—"NCﬁ = mln(b(), .U"‘(lo A0+|Q[li
= $(L4+(—1)")sgniy +1 =50 iy~ o Ao = 1 —go Ag—4(1 ~(= 1))
and
mjzobj((“I)J_QJAJ)"}"Hl”“(“I)‘N)-

Froni 'now on we are mainly interested in the number k, chosen such

“1(N)~N [Na!

icm
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that max (67'(n)—N {nx]) is attained at k. In the following, unless

l=nsN

otherwise stated, we assume that k is chosen in this way.
Prorosimion 2. (1) {(k—u} < {Na) <€ {ka).
(2) If iy is odd, then i, is odd.
(3) If i, is even, then i, =0,
Proof. (1} Note that Theorem 1 of § 2 implies

n—1

a7 ) ~Nina) = ¥ cropay (b)) —n {Nal.
i=0
Ifeel—1,1] we get
o" k) =N k) > o7 (k+e)— N {(k+e)a)
Therefore '

" [
Counap ([ka)) € INa}  and ¢ ey (((k—Da}) > [Naj.

This implies {(k—~1)a) < [Na) < [ka}.

(2) follows from Remark (2) of § 3 and from (1).

{3) If i, = 2 and if i, is even, we get .., = I, contrary to Remark (2) of
§3

The following two propositions are valid for all k, 1

Prorosimion 3. Let 1 £ k< N. Then

(1) je W, w Dy implies ¢; < by,

(2) jeB, UG implies ¢; < b;.

(3) je @M o FY implies ¢, = b;.

(4) je€P U F? implies ¢; > b;.

(5) je O implies ¢; < by, If je &, N (€4 1), then c; < b,

The proof is trivial; so we omit it. We shall often use Proposition 3
without mentioning it.

PRrOPOSITION 4 Let 1S k< N. Then

(N 1Y, B, ®) is a partition of [l —1<j<m,jodd).

() If Je((F2 w6+ 1) (G —1), then by <ay.,.

Q) If je( & (G +2) o FP, then by <ap,y.

4) ~1ely,.

(5) e ®Y implies by < a1-1

(6 If J&(F+1) N(KF~1), then b; 0.

(N Ifje(FHm+2 6, and by-y =0, then bﬂ&O

(8Y If m is odd, then me®,.

Proof. (1} is trivial,

k<N,
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(2) Let j—1e &Y, j+1e &' and by =a;.,. Then N;_ <k, Ny,
<k;.y and N; <k, Therefore je@", ¢;=a;., and ¢o =0>h,.,, a
contradiction.

Let j—1e®, j+1e Y and b; = a;, . Then Ny <k;, ko € N, and
¢j-y =b;_; = 0. Therefore N;_; <k;_;, a contradiction.

(3) If je ¥ there is nothing to prove (Proposition 3 (3)). Otherwise, if
jed", j—2eW,, then Ny, <k;., and thetefore b, = a;y; would imply
¢j-1 =hj_y =0. Then N;_, < k;_,, a contradiction to j—2e (.

(4) is trivial.

(5) If by =a,~1 and 1e F, then ¢, = by, Ny < kg, u contradiction to
Co < dy. '

€I b;=0, j=le®, j+1e®, then Ny, <k;.q, k; €N, and
therefore ¢; < b; =0, a contradiction.

' (7) Assume that j—2¢& §,, fe Oy and byy =b; =0, Then N;_; <k;.,,
ki < Ny and k;.y < Nj_;. Therefore ¢;_; <b;., =0, a contradiction.

(8) is trivial,

Notation. From now on we omit the index & if & is chosen such that
o" 1 (k)—~ N {ka)} is maximal.

Remark. (1) Note that

oM )—Nlka] = ¥
JeMUBUELTD
“j%(bj+cj¢1jAj)“ Z( (L4 AP+ — B+ (1~ (~ 1)“‘)-
&) Jelt
From ‘this we deduce immediately that je® and j s i, implies ¢ =0.1f
i,e®, then ¢, = 1.

ProposiTion 5. (1) A= [e(F+1) n(G-1) b; # 0}.

(2) B=(G+1)n(FH~1).

(3) €= Je(®B-Dn(G+1) j<i, or { =i+1 and g = 1) or A; >0
or by, =0}

@ D=(FE)A(FY-.

(5) €Y = (F+ DAY —) U el +1) A (G=1)| b =0].

(6) E& = (G+ V) A (FV=1)u Je(G—=1) N (O-1) j 2, and (j = i, +
Fl=ay, > 1) and 4; <0 and by, % 0], .

Proof. (1) If je¥, then je(G+1)(H—~1) and by # 0, of course.
Conversely, let je{F+1)n(6H~1), by 0. Then Ny <k y, kjuq < Ny
and therefore jeNUEM, If je@®Y, let o =c¢ for 1), cp=by—1,

™m

K= 3% ¢g. 1t is easily seen that { <k <N and Iy =0y, Note that

ej(1—g; Aﬂ+§(h_,-—cm Ay~

=0
ENV = @A), W= AU ) and that the other sets remain unaltered.
This implies 0 < b;—¢; g A= by~ Dl =g A)—1 = (b;—1—c)q, A; <0, a
contradiction. : '

(2) is trivial.
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(3) Let je&, Then j~1e®, j+1e®. Assume that j= i, j=i+
+1l=a;.y>1, and b, 0. We have to prove that A; > 0. Assume the
contrary and note that k;, < N;. |, ki1 < Njyyo Let ¢ =¢ for 1},

m

¢;=1. Note that b; = ¢; = 0. Let k' = Y c/g,. Because of ¢y =0 we get
=
k' < N. Because of ¢; =0 we get i, =i:. Note that G2 = >y}, @
= @\}j] and that the other sets remain unaltered. We get 0<g; A
a contradiction,
Conversely let je(B+41) n(6G—1). Then je € u E? If j < i, then jet,
of course. Il b,y = 0, then j¢€ by Proposition 3 (5). If J=i+1and a;,,
= 1, then ¢; > by would imply ¢; =a;,; and ¢;_; = 0. Therefore j¢&®,
Now let 4; >0, je @, b, #0, j > i, and (=é+1=a,., >1} Let

= for s, g=b <o, k=3 ¢g. Then ¥ = EM\[j), € =¢u Ij)
t=10

Jr

and the other sets remain unaltered. We get k' > 1 (becausa otherwise iy is
even, by =0, iy 22 and by =0, a contradiction). This gives us

(4) is trivial

(5) follows easily from (1).

(6) follows easily from (3).

Proposmion 6. Let {§Y, &2, B} be a partition of {jl—1 <j < m, j odd)
such that —1e®. Define A, B, € D, &Y and & by the relations of
Proposition 5 and let 1 < k £ N be such that the conditions of Proposition 3
are fulfilled. Then W=W, B=B,, ..., G = ®,.

Proof. It runs in two steps, proved by induction on /.

(1) je®P U FV=N;_, <k.,.

j=0: then 0e@Y. But —1e® and therefore 0c®+1; we get 0¢E.
Proposition 5 (5), (6) implies that j—1eGu & U j—1cG? U F2 then
i1 > by and we are through. Otherwise N;_, <k;_, by the induction-
hypothesis. ¢;.; 2 by, gives us N, <k;_;.

(2) jeBUC implies k;.; < N.q.

J=0is a trivial case. Assume that j 2 2. Note that j—1e ® and we are
through if j~2e@ If j~2¢BUE, then k;.; € N,.; by the induction-
hy]')()theﬁiﬂ, (‘Jv . & [71,..2 and Ciny = b‘j,..1. . We get kj—l £ Nj—i L If
J~2eWUD, then ¢y <hjy. Therefore k;., < N;.,. Because of
Gy S hpy we get k. SNy again. Now it is easily seen that
WV, ..., B O, This implies eguality,

One can prove the following: let { &Y, &®, G} be a partition of
Ul —1<j<m,jodd! such that the conditions of Proposition 4 are fulfilled.
Define 91, B, € D, G and & by the conditions of Proposition 5. Then
there exists a k, 1< k< N, such that the conditions of Proposition 3 are
fulfilled. We shall not need this fact.
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Remarks. (2) je implies ¢; = b;—1.
(3) je€ and j = i, implies ¢; = b;.
(4 je®V U FY and ¢; > b; implies 4; <0
(5) je®@ U F¥ and ¢; > by+1 implies 4; < 0.
The proofs are all trivial: they follow from the formula mentioned in
Remark (1). '
ProrosiTioN 7. Let A;-y <0, je & and let t be the first integer 2 j
such that b, # 0. Let j<s<1,8 odd. Then *
(1) § <1 implies se F".
() te FUUG.
(3) te® implies ¢, = 0.
(4) j <s and te §Y implies ¢, = a4y
Proof. (1) Of course, t is odd. Let s be the first odd integer, j s <1,
with s¢ ¥V, If se®, then s—2& FY, be, = b, = 0, and Proposition 4 (7)
gives us a contradiction. I se §*, then 5—2ef and hyy #0 by
Proposition 4 (6), a contradiction too.
(2) follows from (1} and Proposition 4 (6).
(3) Assume that there is a largest odd s with j < s < ¢ such that ¢, > 0.
Then § < f, Copq < dgy20 Coez =0. Let ¢ =0, Coyy =ty We get
0< "csqus_cs+ICIs+1 As+1+as'+2qs+1Ax+l
€ b1 G Ayt Gyry Apy = Gsmy Ay < 0.
(4) Assume that there is a largest odd s with j <s<t such that ¢,
<ag,,. Let ci_y =0, ¢, =da,, (note that ¢..; <da.,). Then we get
0 < —qs—lqs-'iAs—l—csqus+as+1qus _
. '-<- ‘"a.sqs—-lA.\-wl'l'Q.wa:quZAs—*Z<0'
Later we shall prove that js i, implies j¢ &?*. The proof is by
contradiction: first we prove that j # i, and je %® implies A; < 0. For this
we need two lemmas: ‘
Limma 1. Ler j be odd, ¢;= 1 and ¢, =0, ¢] = ¢, for t #j, by = 0. Then
[AAA BB = 3 L
k-1 ENju gy
Proof. Note that k! €k for 0 < r<m. For the proof we need two’
sublemmas: _ .
() reM\ et =j—1, Nj_y <kjoy Sk S Njoyo
teW\Wee N <kiy AKTS N AKlu SNy Alky €Ny v
VN <k VN < k) (Noy <oy AR S N Sk A K
SN V(N <king AR SN AR SNy <kgy).
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The first condition is impossible: it implies ¢ >; and ¢, = b, for
Jsust. We would got k. = kj~q; < N; < k;~q,.

Thereforc‘ te WA\« N, | <ki_; Akl<N, A ffiy € Npwy <k, t
even. If t >y then ¢, =b, for j<u<gr+l, Ny <kymg; = k;_y < N, .
a contradiction. We gel 1 =j=1, Nj_, <k;.,, kjoy S Nj_ and k;j—g;
< N; < k;. The last condition is superfluous.

2) teB\W <ot =j—1, k.o < Ny, and ki S Nj_y.

te VAW ek | KNy Al SN, AN, kg ANy <kioy v N,

<k vk SN ek SN AR SN Ak S Ny < Kit
for even 1. We get 1412 j. If 141 > j, then ¢, = b, for j <u < t+1, ché N,
and kj—-q; & Ny < k;. Therefore t+1=j, k.., <N, ki, <N,_; and
ki—dq; < Njoy < kp=k;.y+q, The last condition is superfluous.

LemmA 2. Let j be odd, ¢; =1 and ¢j =0, ¢; = ¢, for 1 #, b; =0. Then

|9 =2 < B~ B

Proof. Again we prove two sublemmas:

() te M\ W w1t even, j<l<t=c=h, j<t, ¢ <b, Crp1 S by,
ki €Ny :

For even t we get: te M\

@Neg <k Ak SN Ak K Ny~ k]

SNeg VN <l v Ny <kiyy)
okl | SN <k AkSN A kg <Ny,

@t >f, j<l<t=c =b,k—g < Nj <kj ¢ <b and ¢4y S byiy-

The last but two condition is equivalent to k;.; < N;.;.

(2) teB\B <t even, j<l<t=cg=b, j<t, ¢,<bh, bry <Crr1s
ki1t < Nj.y.

For even t we get: re'B'\B

afy N ARE N, AN

< kipt ANy <hey VN <k v ke S Ny
@b KN <k  AKSN ANL <KV
v (k;-— ] < wal A\ ki’ £ Nt < kr A Nr+1 < kr’+1)-
Now the second condition implies the first: it implies j > ¢ and ¢, = b,
and therefore N,., <k, .;. The first condition is equivalent to
Jrnjel<tee=b, ¢ €by by <ty kg SNy
From (1) and (2} we deduce that |YA\W|+ |W\B| =0 if ¢, = b, for all t > }.
Othetwise let + be the first integer > j with ¢, # b,. Then (1) implies
|20\ 21| = 2. 1
By ) SN 1004 Kbyt

& <b,.‘2|l C

5~ Auta Acithmetiva XLIV.3
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and (2) implies

B\ = Y 1 Y 1,
o SNjo g | Sepay i p SNy by Sy
op <y, 22 201
We get
|90\ AY + B\ B = ¥ 1o Y 1< ) L

k,]'—lij'"l""r"""’t Nj—'lskjl‘l’hl<ﬁ kJ....1QNJ,1
2{t it

Lemma 1 implies
190 — [ 9] = B] -+ B = || — |90\ — [ BB -+ B\ B| < 0.
LemMA 3. Let j> i, je §®. Then A; <0,

11
Proof Let A4;> 0. Then ¢;=1. Let ¢ =0, k' = } ¢iq,, where ¢/ =¢
(=0
for r # j. Note that i = i, and b; = 0. We get 0 < — ¢, A | — W]~ | Y| +
+{B| < —¢; A;, by Lemma 2. This is a contradiction,
Lemma 4. Let j= iy, jeB. Then by =ajy (resp. by =ay—1 i j=0).
Proof. Assume that b, <a;,; (resp. by <a;~1 for j = 0). We consider
two cases:

(1) j=i,+1 and b; = a;,., ~ L. Note that j—1e®, j+1e F?. Let c).,
= cj, = 0, C}+1 == aj.'.z. Then ikr = ik 'cl]'ld

0< =lmgoy Ajog (=g A H{ape 2~ e Mot Ajar-
This implies ¢;.; <a;4, and ¢; = b;. We get
0 <l —1—qj"1Aj“l+[Jj_aj+1qJAj+quJ+QJ+1AJ"1 £ ""'J.""“ﬁ]jAJ < 0.
(2 j>i+1or by <apy,—1. Let FV= FHUl+1], F¥ = FD\ [+

+1}. Then the-conditions of Proposition 4 are fulfilled. Let ¢j4( < )., and
¢;=b;-+~1. Then

0 <(Cjrr=Cr)gyar Apry+ (L =gy Ap=1=h;+(h+ 1) g, A;.

If e =ap; et ¢uym=apy—=1. Then 0 < gy Ajypq=1=bhj+(h+
+1)q;A; and therefore A; > 0. Furthermore 0 < —(qjq—(b+1)q,) A4+
+(N;-1/q)—1 < 0, a contradiction.

I ¢py <djp2 let ¢y =day5,. Then we get O<g d)—~1, a
contradiction too. '
LemMa 5. Ler j—2>1y, j odd, Aj-; <0 and by =0. Then je F'.

Proof. Proposition 4 (6) and Lemma 4 imply j¢ &, Assume now that
je®. Then j—2e® by Proposition 4 (7). Assume that thers is a largest fe ()
such that j—2&®, j~2> i, A;.; <0 and b; = 0. Note that 4;,{ < 0 and
therefore b;., % 0 or j+2e ¥ Let ¢ be the first integer > j+2 such that
b, # 0. Proposition 7 (2) implies e F*' U 6. Note that j~1e€ and ¢
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=0, Let § = FV Ui}, & =B\}j}. Then j+1eE, j—1eE? and ¢},
f:-3 aj' .

(1) te®. Note that bj,., =0 implies j-+2e F. From Proposition 7 (3)
we deduce ¢j.0 =0, cjoy =a;.p and ¢;=¢;. = 0. We get 0 < a;q;-, 4,4,
a contradiction.

{2) te &\ Then t > j+2 implies ¢;;5 = 0 {Proposition 7 (4)) and there-
fore ¢;p3 < djy4 in any case. We have ¢;., = a;o3—1, ¢4 = a;4, and
¢ = Oy = 00 Let ¢y = dpyg, ¢y =0, ¢ =a;,~1 and ¢j., = a;. We get

0< —apagper Ajertq5- 1 Aj-y @1 =D Aj~bje =
(s = Vg Apathiot o g A

=0ty Ay a4, A4, <0

Lemma 5 is even true jn the case j—2 = i,. But here much more is true;

LEmma G, Let j—2=1i,e®, Then A;., > 0.

Proof. Assume that A, < 0. Then j—1eQ@u&, ¢;.; <, Ufj—2=m
there is nothing to prove (A,.; = N{t—ry4q) > 0). Let t be the smallest
even integer such that j+1<r<m+2 and ¢, <g4,. If 5is even, j <s <1,
then se€Cw € and ¢,., = 0. We prove the statement of the lemma in five
steps: : .

(1} Let j<s<t, s even. Then se€.

Assume that se€. Then s—1c®, s+1e®, b, =a,.4, b,y =0. Let
=0 for r<s—~1, coy=1, ci=au—1, & =FPU(s~1] and
6 = ®H\{s—~1]. Then W = By {s~2} and W = WAv {5}, We get

§-2

0€ —lmgyugAjoz—Cy gy Ajmr+ 2 (B—au14,4)4+
r=j+1
Ir

+a’&'+1{1 — 4y As)'l"Qs—lAs—l—(as*l - IJ(I_QSAS)
= (=) 1)gj—1 Aj-1— 4 4 < 0.

(2) r=1e®. Let ¥ = FPulr—1}, ¢ =0 for s <t—1. We have fo
look if the conditions of Proposition 4 are fulfilled:

b, .1 = a, would imply ¢,., = 0 and this is impossible if r—2 > j+1. But
if t—=2=j—1, then j~1c@E&3. This gives us ¢,., > 0.

f b, =a.,, and t-+1e {FY, then reE* and ¢, = a,., contrary to our
choice of r.

This implies

0« ~1 =2 A‘,lm 2= Cjey qj"—l AJ_ 1 -+

+ ’Zz (By=ays 1 Gy A+ 1+ —Cn 1) G- 1 Ai=y
s=2]|:‘!~l ] . '

= (=i ) gyt Aj 1

where we choose ¢, =¢—;+1.
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All this runs if t—1e Y. But if r—te §* let ¢; =0 for s <1—1, ¢,
=¢,. +1. We get
-2
0< =1—=gj- 3 A2 ¢-14j-14j=1+ S (by—ag g At Ay

w= 1
Iy

s (le“'ffj.u. 1) ([J. 1 Aj‘-. [ 1 <0,

(3 t—1e® b_, #0. Let ¢, =0Tfor s < ¢—1 and ¢, | = 1. Then we get
(2
0< —l—g Ay =iy Ay + ), (by—dprdy A+ 1+q0 (4,
v
= (Clj U 1)(]_; | A[l < (),

(@A t—1e®, b, =0,1+1e & ¢ < a,, implies 1+1e F (Lemma 4).
Note that te§?, 4, >0 and that ¢, = b,-+1. Let ¢, =0 for s <t~1 and
cioy=1 F=§P0r—1], % = ®\[t—1}, ¢, = b, Then te & and we
get '

0< —~1 -"q“,'.dzAJ_z—Cj.._ 1 qihq A.“_.j -+

t—2 .
+ Z (bs"“.w 1 q‘xAs)'l' 1 I Al‘--] ~|-b,--(h,‘+“ ”ql A«J»bl(l —~ Ar)
g
== V-1 Ay~ g A < 0.

5y t—1e®, b_;, =0, t+1eWh, If 4, <0, then b, #0 by Lemma 5.
We would get re@®® and ¢, = q,.,, contrary to our choice of 1.

If A4, >0, then 4, >0 and therefore r—3e® (tr—3¢ ¥ would imply
r—2eW or ¢, =0). Therefore t— 2@, contrary to (1),

PROPOSITION 8. Let j—2 2 iy, j odd, A;_y <0 and by =0. Then je §V,

Proof. Ifj_2‘> i, use Lemma 5. Now let j~2 =i, Then Lemma 4
implies j ¢ §3. If je ®, then j—2e ® by Proposition 4 (7). Lemma 6 implies
Ajy > 0. -

Proposition 9. (1) € = [je(h~1) O+ 1) j 20 =>4, > 0],

(2 E* = ([(B+) A (FU-1) 0 Je(B =D n(G+1) j>i, and A, <0},

Proof. This follows from Proposition 5 (3), (6) and Proposition 8,

Later we shall prove that 4, ., > 0.

Proposirion 10, Let j =i e®. Then A;. <0,

Proof. Assume that A;., > 0. Let 1 be the largest even integer </ such \

that b, < a,.., (note that b, € a;—~1). Then 4, > 0.
Assume first that 1= 0. Let cy=3{1+(=1)ay, for 1 Ss<), ¢

=¢;—1, ¢g=¢for s> j. Then k—1 = ZO"-;%- If by # 0, then iy =0, Let sy
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be the first integer with ¢y saébSO . Because of {(k—1}a! < [Na} (Proposition
2} we get (bSO——c;o)(—IJSO > 0. This implies s, =j. If 5o >J, then b; = ¢;
=¢;~1 <c¢;, a contradiction to je®. I s5=j, then b;<cj=¢—1,
a contradiction too. But if by =0, then s, = 0; this is impossible.

Now assume that > 2. We consider two cases:

(1Y by 20, Let ¢f..; =1, ¢g=0b, and ¢ = a,., for even 5,1 <5 <j.
Then we getl

0« —l—qd;+ 1+ A —b(l—gA)— 3 ai1(1-4¢,4)

1<g<f
2|y

= ""(‘1r+1"‘br G4, 1)A1-

(2) by =0, Let ¢., =1, ¢; =a,y; for even 5,1 <5 <. :
(21) b, #0. Let ¢, =h~—1, F=FJulr-1}, B=Bu{1-2], W
=Wuit). We get

0< _"1""QJAJ”+"‘31—1Ar—l""(br"']-)(l_QzAr}_’ Z .as+1(1—'{'IsAs)
"
= "(Qa4—1“‘(bf”"1)‘1:"‘11-1)—41-
(22) b,.=0. Let ¢, =0 and F? = F? uir—1}. Then B' = Bu {12},
E = @M Ot} and we get -
0<—1mgAjtl4q1 A~ Z dye1(1—ged) = — (G —Ge-1) A4 <0,

g
2|8

5. A sufficient condition for je §' In this section we prove that 4; > 0,
j>i, and j odd implies je §". For the proof we need ten lemmas.

Lemma 1. Let j—2e §, j+2e® and je®. Then by =0 or 4; <0.

Proof. If b;; =0, then b; # 0 by Proposition 4 (7) of § 4. We may
assume that b;., 52 0. Note that j~1e?, j+1e€. Assume that by #0

_and 4; > 0.

(1) J'““2 = ik and bj'"l "—"’—aj. Then C—'j...]_ = aJ—'l, cj'i-l =bj+1} Aj...z >0
and ¢, =1, Let F? = (FD 0 G G=2) & = (Gu {j-2D\{j}. Then AU
= (WU I ~1), e (BUf-ID\-3, E=@ui-3D\+1],
Gy = €y =0, ¢j=1 and ¢jyq =bpy,—1. We get

0< gy Apen gy~ 11—y AJ~-1)+I71+1(1"¢11»§«1 A ¥+
gy Aje by g ~ D (L—=gpp g Ay o)
= = (g1 q-1) A <0 }

(2) byoq = ay=j=2 >1i, Let = F UL, B = G\{j]. Then the
conditions of Proposition 4 of § 4 are [ulfilled, A = (WY jj~1}) v i+ 1'}. . @
m G 1), G = @V U1, oy = b L Gy =byo 1y € =05 Gy
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=byyy—1 and (b;_, = a; implies {4,., >0 and ¢;., = 0)). We get
0< —(bju1—1)(1—gyeq Ajs ) +(bj—y ~ 1) (1—gj-q Aj )+
Fhi g (1=Gpeg Ajsad=by— (1 ~g;- Ajod = —a414; 4, < 0.
Lemma 2. Ler 1e®, 3¢® and i, = 0. Then by =0 or A, <0.
Proof, We note that 2iy (Proposition 2 (2) of § 4). Assume that b, # 0
and A; > 0. Then A, > 0 and 0e €. We get b, = ¢y > 0. Note that ¢, = b,.
(1) b =a,—1. Let F* = F2 (1}, & = G\[1}. Then B' = B {0},
W=AWAU 2, T=0\{0,2), ¢4 =0,c;=1and ¢;=5—1, We get i, =1
and therefore
O<(a,—D(I—godo)tg 4y —1+b(L—¢s Ax)—(by~1) (1 —g, A,)
: = —(q—qo) Ay <.
(2 bo<a—1. Let = FV0UI), &'=6GUl]. Then €
=EU0), W=UAU2, C=C6\0,2), cg=by+1, ¢;=0, ¢} =hy—1
and we get

0 <bo(t—~goAg}=bg+(bo+1)gp Ag+by(1—qy Ay~ (b= 1) {1 =g, A;)~1
= —{gy—go) A1 <0,

LemMa 3. Let i, < j—2€®, je ® and j+2e®. Then b;( =0 or Ay, <0,

~ Proof Assume that by, #0 and that 4;>0. Note that j~1eC,
Jj+1e€, ¢y =b;., and ¢, =by,,. First we prove that by =a; We
consider two cases:

(j-2=i and by =a,—1. Let & = G\[j}, F = FI U, ¢,
=c¢j_,=0. Then W=AUG+1}, B =Buf-1}, € =C\G~1,j+1),
Cir1 = b1 —1. We get

0< "1“Ij—zAj~2+bjm1(1"%—1Aj—l)"*"bjn(1—'511+1AJ+1_)+¢11A1‘“

—(b,i:1"1)(1 =1 Apa) = g gy A4; <0
(2 bj—y <agjoriy <j—2.Let & = B\ [}, TV = FVU[j}, We get W
: ) . get W
=AU+, €=U lmt), € =\, j+1], ¢y = byoy +1,
=O, C}+1=bj+1"‘1 and .
O0<by (I—qp s Ajox)=bjo gty 1) Gy Ape g +bpa (L~ Ay} =

—1“‘(bj+1""1)(1“€b+1 Ajps) = —ay., 4y Ay <0.

Now we prove that 4; <0 even in the case b, = a,. Choose an integer
t sgch that by < a1, by =0, boy =a43, ..., hj.qa =0, bj..; =a;. Then
<j—2. Note that t is even and that A,., 2 A,.,> ... Z A2 A >0
Again we consider two cases:

(3) Assume that there is an 5, t<8<j~2 with se¢§. Choose ibe
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greatest such s. Then s+2e®, s+4e®, se . We get b, =a,., and
therefore Lemma 1 implies 4,,, <0, a contradiction.

(4) Assume that for r <5 <j—-2se®. Then i, <¢.

(4.1) t = 0. Then i, =0, 1€ ® and 36, b, = a;. Lemma 2 implies 4,
< 0, a contradiction. i .

(42) t # 0. Then i, <t. f t~1e @, then t+1e®, t+3e®, b, #0
and therefore A4,,; <0, a contradiction (Lemma 1),

If t—1e®, then by, # 0, t+1e® and t+36. Because of b, <a,44
we get A, <0 by what was just proved in (1) and (2).

LiMMa 4. Let i, €j—2€®, je® and j+2e §Y. Then 4; <0,

Proof. Assume that 4;>0. Then A;.; >0 and 4;,; >0, j—1&§,
C’j,.1=bj..1, CJ":O, j"'{"‘.‘l@@u) and Cipy = j+1+1. If bj+1=0, then
Ajya > 0 and therefore ¢;,, =0 in this case. We consider three cases:

(1) j—2=i,and b;_; = a;— 1. Let ¢j_5 = Cay =0, ¢ =1, ¢joy =by41,
& =G\ and F = FH U ). Then ¥ =Bu -1}, €=06\[j-1],
GV =D G 1), @ =P\ j+1] and § =i +2. We get

0< "1—‘QJ—zAj~2+(a-f"1)(1"“Ij-1Aj~x)+bj+1—(bj+1+1)511+1A;+1"|'
+1+gyd —byy (L =gje1 Aji) = 854195 4; < 0.

() bjy = a;. Then i, <j=2.1j=3 and i, = 0, then b, # 0 and we get
A, <0 by Lemma 2. Therefore 43 < 4, <0.

Ifjs3ori>1wegetj~424h. Ifj—4e®, then 4;-, <0 by Lemma
1. This implies A4; < 0. If j—4& ®, then 4;-, <0 by Lemma 3. Again we get
A; <0, :

(3) by < gy and (j—2=i=b;; <a—1). Let FUV = Yo,
= (5\!j]. Because of j > 1 the conditions of Proposition 4 of § 4 are fulfilled,
60 = (@20 G- 1)\ [r1), V=€l €=C-1) G
=h;_+1, ;=0 and ¢}, =b;,;. We get

0<bjey(I=gjog Ajy)=byo g +(bjm + 151 Aj- g+
by =y +1)4641 Appy=bpe U=y ) = —a;419;4; <0,

a contradiction.

Remark 1. Ler j>i, and jeB, A;.; <0. Then ¢jpq = a4 5.

Proof. Note that j—1e®, j+1e F# and b, = ¢y, (Lemma 4 of §4).
We have to prove that

aj+1(]'—‘IJAJ)""bJ-h1“(a1+2“1)qj+1.Aj-+-1 < by~ adpe1 Ajrr
This is equivalent to A4;., <0. _ )

LemMa 5. Let i, <j—2e® and je®. Then j+2¢ §. .

Proof. Assume that j+2e &, Then j+ 168, by = ay42 by Lemma 4
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of § 4. Because of b; = 0 we get 4;.; > 0 and therefore j—1e . We consider
three cases:

(1) /"" = ik and bj__] =aj"‘““1 LCt C}_.z =€"}_.1 = C:;'+1 = 0, C} = 1., ;;{2),
=FPol, O =6\ Then B =(B\[j+1})ulj—-1}, €=C\{-1},
T =Duj+1]. Note that ¢;_, =1, ¢;_; =b;_; and ¢; = 0. We get

0< ~I—gjuadjmatlg— Dl —g;  Aj D+ ¢y (T—dpe g Ay )+
(a2l gz Ajratq; 4,
==ty Ajey F O (U= Apr ) F (2= Cu2) a2 Ajrz
We choose ¢y, = aj45. We get )5 = a3~ and ¢;o = a5, Remark 1
implies A; > 0 and therefore
O<—1+gj d;ataall =g Ape )t djee = —ap g, 4; < 0.

{2) bj—l <aj and (j-~2===ik=>bjm1 <aj—'1) Let 8;(“’ = ﬁ“)l@i {j}, Y
=®\ljj. Then ¥ =B\[j+1], D' =Duljj+1], E¥ =¥y lj-1],
= @\U"“‘I}, Cj'l =bj.,1, CJ = 0,. C}"l = bl".,hl","l, (-'}4.1 =0, C'j.;.z = “j"?‘3' We
get

0<byy(I—ggy Ajoy)=bjog H{bjoy + 1) gpy Ay +Chgp A+
F 01 (=g Ay )dH{@e3—Cpa2d Grez Ajaz—1

= It At q 4t (I= gy Ay i H@as —Cu2) gz Ajaa
If ¢;27 = a;52 we get a contradiction (note that ¢y =0 if 4; > 0). Therefore
A;>0 by Remark 1, ¢j.; =ay43—1 and ¢, =a;,,. We get

U< —1tgpesdjei+ (L= A )b g2 Ao = — G410 ¢ 4; < 0,

(3) bj~y = a;. Note that j~2>i,. We prove that 4;, <0. If i, =0
and j=3, then 4, <0 from Lemma 2.

Assume now that j—4 2 i If j—4e &, then we get 4., < 0 by Lem-
ma 1. If j—4e® we get 4;., <0 by Lemma 3. From this we deduce
that ‘A, < 0. Therefore ¢;5) =0 and ¢4, =a;,; by Remark 1. Let F*"
= FPu{}, O =G\ We get B =(BU~1)\[+1], D= DU+

Tl @ =C\{j~1). Let )y =0, ¢ =djq, ¢4y =0 and Cheg = dyy 3.
Then _ .
0< aj(l =y AJ_L)+HJ+1 qJAJ == C[j»zAJ_g +(CU-H.1‘* ”q_f Ay < 0.

Lemma 6. Let j2 i, je B n{B~2). Then 4; <0.

IPrgof. Assume that 4; > 0. Lemmas 1, 2 and 3 imply hiyq == 0. Let ¢
be the ﬁrskt integer > j such that h, # 0 (note that ¢ exists, because otherwise
J=mhotis even, t 2j+3 and 4, 2 A, > ... 2 A2 40,

Assume first that there is an s, j+2 <5 <t, with se % Choose a
smallest such s, Then s~2€®, s—4e® and s& Y by Lemma 3 of § 4.
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Furthermore A;.; = A, > 0. Lemma 4 implies 4,_, <0, a contradiction.

We get j+4e®, ..., t—le®B and b, % 0. If 1+ 1 &, then t+1e FY by
Lemma 5. Lemma 4 implies 4,.; < 0, a contradiction. If t+1e®, we get
A~y <0 by Lemma 3. =

LemMa 7. Let j—2€ %, je® and j+2e §V. Then 4; <0,

Proof. Assume that 4;> 0. Proposition 4 of §4 implies b;_, # 0.
ThGrEfOI'Cj—lEEQI,]*I—lE(E(z), Aj‘|‘1 > 0, Cj—l = bj'“l_]‘! CJ'+1 = bj+1+]. WE
consider iwo cases: ‘ |

(1) j=2=i, and by, =, Then 4;., >0, Cjz = 1 and j—3B. Let
¥ = (RO [—2]) U ) and & = (6 ) U 2} . Then B = (B\ {j-3) U
Wii-1t, W=\ =1}, C=Cu{j-3}, E? = @2\ {j+1] ’and Ew
= G(”u {j"i‘l} (1'1015 lhat b}+1 < QJ+2). Let C'_:'....z — cj"l = 0, Cj -'-"-'1 Elnd
034.1 = I7j+1. We get )

0< —qj_g Aja+bjo =D =gy Aj- )+ 1+ —

"(bj+1+1)ilj+1 Ajsr gy Ajmbi i (1=qpey Ajsy) = —a;438;4; <0,

(2) j""‘2 g ik or bj'—l << Clj. Let 65’ = (6\ {J} and. W(l)’ = :F(n L U} If b_f"'].
= a;, note that 4;_, >0,.j—2¢ FY (84, Lemma 4) and ¢;_, =0. In any
case we get W= R\H—1), EP = E\[j+1}, EV =EVuj-1,j+1}.
Let ¢}y =bj_q, ¢; =0 and ¢jyq = b;.¢. Then

0< ([)j—l—l)(IHQJ—IAJ—1)+1_'bj~1(1“‘qu—-1Aj—1)+

b= by + D1 Ajay b (L= @yua Ajs) = =815 4; < 0.

Lomma 8. Let i, =0, 1€® and 3e FY. Then 4, <0.
Proof. Assume that A, > 0. Then A, >0, 4, >0, 0eC, 26€?, ¢,
=b, >0 and ¢; = b,+1. We consider two cases: :

(1) by =a;—1. Let F¥=F?uil} and & =6\{l}. Then %
= QU 0}, = EVUI2), E=E"\ {2} and T =C\[0}. Let ¢ =0,
c; =1 and ¢; =b,;, We get :

0 < bo{l=go do)+ by—(Py+1}g2 A3+ Gy A1 = b2 (1—0, A= ~ayq; 4 <0.

2) by <a;—1. Let F¥=FPull) and 6 =O\{1}. Then &
~ GV 10). G = (@20 10D (2], B = GV U (2} Let o =bo+1, ¢ =0
and ¢; = h;. We get o ‘

0 < by (1-~go Ag)—hgy+{ho+ 1) go Ag+by—(b2+1) 42 Ay—by(1—g;45)

= ""aqu Al <0.

Lemma 9. Lef =26 G, je® and j+2e F*. Then 4; <0.

Proof. Assume that 4,>0. Lemma 4 of §4 implies @Hl = Qg
Thetefore by == 0 and b;.; # 0 (Proposition 4 (7) of § 4). We get j—1& A and
consider two cases:
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(1) j—2 =i, and b;_; =a;. Then we get A;_, >0 and ¢
, . k X . j-2 ndd (jmzzl. Let
w2 :*(?gt?-l‘u {ﬁ)\ [)——2}: G = (6w j~ 2\, ¢joz =¢j- =0and ¢) = 1.

=DuUl+1]. Take ¢j.; =0 and ¢, = a;.;. We get
O< —qj a4 g (=11 =gy A;- )+
Fe i (U=gpar Aja )+ A+ (@43 =€) dyaa Ajes

= —1+q;, Apy e (U=gpe g Ape ) H (0003 = a2 dysa Ajea.
Therefore Cj+2 = aj+3—], CJ'+1 = aj'|'2 émd

0 < —ligp Ay + o (I=Gur Ay ) F g2 Aji s
- Nj-1
= “1+T+(‘Ij+’:{j~1) Ajy

=—1 Ny (1 2z
=1+ 4; E—(qf—i-qj’l”a—_ j|)+{CIj+£Ij-1) Z br((i‘rfx"'"f’:)
'

J EF A
1
< ~1+4g; (E;"‘(%"l'%— 1)Iﬂ"?'jl)"*'(%"*%ml)Ifba“l’ﬂ = 0.

(2) by_y =a;=j-2>1i,. Note that h,., =a, implies .
thercforej'—.’z "jq(l)J d S at by, =a; implies 4, , >0 and

S J—2e ¥ and ¢;; =0 in this case. Let F = ¥V o [j] and
m()\dn Cj-1 = by, C’}:O, C}_H = 0 and (?}1_2 =43 We gel

0 <y =D(1~gy Ay )+ puy (1—gpuy A1)+
3= Cra ) s p Apya=by (1 —gjp A) ).

Hepny=a43 weget0< —1+qy-1 4;..,, a contradiction, If Clpr = djp3~1
then ¢y =a;.; and 0 < —14q,, 4, +4,4, <0 like in (1),
Lemma 10. Let 1€ G and i, =0. Then 3¢ §?
Proof. Assume that 3e §®. Then 2eB and therefore b, = a, b; = 0
4o >0,0e€ and ¢, = by > 0. Note that [Na| < [ka! (Propositioﬁ 2 olf 54),
Remark (2) of § 3 implies ¢, =a, and ¢; < by, contrary to 3& F®, o
ProrosirioN 1. Let j> iy, j odd and A; > 0. Then je §O.

Proof. This lollows immediately from Lem G
and from Lemma 3 of § 4. ! s 6.7, 8,9 end 10

Remark 2. It follows from Remark 1 and P iti
. . K L TOPOSILL A )
JeB implies ¢;;; = a5, ¢; =0, : position 1 that f = i, and

o 6.0 jDe:jer;nination:} of F, T and G, Let M = {j > | j odd, A ;>0 or
=0 an -1 < O [ § iti F S i
MJE A :fkj) 1 < 0)}. Proposition § of § 4 and Proposition 1 of § 5 imply

. In thi 101 :
§ et this section we prove that M =§ and thercfore
_— ja
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Notation. To prove the statement made above we shall show the
relation

Q) je&=>b;=0and (4 >0 or 4;-, <0).

The proof is by contradiction. Assume that there is a j such that Q)
is false. By t we denote the largest such j. There exists a j <7, j odd, such
that Q(~—2), eg. j = 1. By s we denote the largest such j. Note that if j is
odd and s €<, then Q) is false.

Remark 1. Ler j>t and let j he odd. Then ¢; = 0.

Proof. If je® there is nothing to prove. If je FY and 4;> 0, then
clearly ¢; = 0. If 4; <0, then 4;., <0. Let I'be the first integer > j—1 with
b, # 0. Then (e % F" by Proposition 7 of § 4. Because of b, # Oand | >1
we get le B, Proposition 7 (3} of § 4 implies ¢; = 0.

Remark 2. ¢pq < yz-

Proof. Assume that ¢, =4a... Note that ¢ =0 =0, te F,
t+1e®@" and that by, =, or An, <0. The relation “Q(r) is false”
implies A, >0. by =a, and 1+2€ % would imply 4,4, >0 and
therefore A, > 0, a contradiction to “Q(t) is false”. Therefore this case is
impossible. We consider two cases: '

(1) t—2e®, Then ¢,.,=b_;+1. Let & =06y ‘' and F
= {4 t), In the case r=1 and i, =0 note that by > 0. Furthermore
t—le@®? and t—1eC’. Let ¢..q = b, We get .

0<boy—bey + 1oy Ay =iy (14— Apoy) = =g _1 Ay <0.

(2) t—2e®. Then ¢,_; =bh,_y. Assume first that b,., # 0. Let &
=Hult], F = §FY\{t]. Then t+1e@? t—1¢W and t—1e@?, Let
¢y =by—1. Again we get :

0< b(wl(l"“h—lAt-—i)_(b1~1“1)(1“‘h—1Atwi)_l = _CIr-LA:—l <0,

Now let b, =0. Here we note that —anir1 Ay < —Gr1qe A —
—(tys 3~ 1)@ 1 Ars 1, for this is equivalent to A,_, > 0. ‘

Remark 3. In the following with {a, b] we denote an interval in 2Z+1.
With this notdation we prove:

Let u be odd, s<u<t, b,#0 or u=s. Let &' =0 uly, 1], &
= FD\[u, 1] and § = FO\[u, ], Then [F, §, @) satisfies the
conditions of Proposition 4 of § 4.

Proof. It is enough to prove the points (2), (3) and (7) of Proposition 4
of § 4.

Point (2): Let jelu, t], j+2¢ &' and bjoy = . Then b; = 0. Note
that j+2 fulfills the condition @ when we replace & by . Therefore
Ay > 0. This implies 4; > 0.

Point (3): Let je[u, 1], j+2& . Then bjry =0 < a5
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Point (7): Let je[u, t], j~2e % and by_y =h; = 0. Then j st u if u > s.
Furthermore j—2¢[u, t]. This implies u = 5 =j and therefore Q(j—2). Note
that 4; < 0 and A4;_; > 0. Furthermore A;.; <0 or A;. , > 0. If A;.3 <0,
then b;_, =0 and therefore 4;_, <0, a contradiction. If A >0, then
A; >0, a contradiction too.

R-emark 4. je D implies ¢;.y = aj, 5 and ¢; = 0.

Proof. Assume that ¢; = b;—1 > 0. We consider three cases and note
that j—le ®, i+l F?.

(1) bj << iy OF U""‘l g ik and Aj-—’l g O). Let %(“' = N“J (™) {]+ 1 }‘, Wu”
= FP\j+1]. Then je €Y. Let ¢} = b, and note that in the case By= a4
weoget ¢j-1 = 0. Therefore 0 < (by—1)(1~g; d)~b;(1~y,4) = ~1+q; A,
<. . o

(2) 4;-1 < 0. Here it is enough to prove that (@5 = 1)1 —g,4,)—
"—bj+1—(aj+2*-1jq_f+1.{4j+1 << M!Jj"l—aj'*'ZQf*]'A‘j‘*‘l’ But this is equivalént
to —1+quJ-i-qj_1AJ_1<0. ‘

(3) b;=a;.q, j~1=4 and Ajy >0 Let O =6G0j-1], F*
= FP\ 1}, Then ¥ =(B\G-2Dull, D=D\}), €=0Culj-2
Let ¢j-y =¢j=0and ¢j,.; = a;,.,. Then i, = i+2 and we get

0< —fj-1 Aj...1+(aj+1—],)(1"'“‘“q.,Aj)‘{'qJ'.{.,J Aj.|.] = "'1"'"‘qu} < 0.

Lamma 1. Let j be odd and s <j<t. Then A, >0,

Proof. Assume the contrary. Then there is a largest j, & £/ < ¢+, denoted
by u, 1such that A;., <0. Note that u & §, b, 5 0. Let &' = G u [u, 1], F
= F\[u, 1] and F? = F2\[u, r]. Let ¢;=0for jelu, ] and j % I,. Note
that for even j, u < j <t we have A; > 0. Let ¢j=b; if j is even and u <
<i. Let ¢4y = ¢4 +1 (Remark 2), except in the case t+2€®, b, =0
and A,y > 0. Furthermore let ¢/_, =¢,.,.

First we prove that the contribution of the difference ¢~ k)~ N (ko)
—(o7 (k) N {k'a}) furnished by 11 is S Grg Ay,

If t+2€® and by, #0, then t+1e9, t+1e(, oy by —1, We
get :

Cort (1= Gee i A )+ 1= (T=Guy i) = Gray Apay

t Ift+2e®, A4, >0and b, =0, let ¢/,, =0, Then ¢y =0 and we
BC ' '

Coit(Lgyr Ay )= ¢4 (1 vy A ) =0 < gy Ay,
It t'+25($5 and 4,4y <0, then (-+1e@" and (41 @ We get
—~(G42=1)4,4, Az+1+“:;l—2‘11+1Az-F1 = et Ay

I 42§ then 1+ 1@V and 1+1e @, We got Cyy = Qyp—1 il
Ai+1 <0 (Remark 2) and ¢y = b,y +1 if A, > 0. In the first case this
leads to b,+1—(a,+2~1)q,+1A,+1-—b,+1+a,+2q,+1A,+, and in the second
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case we get by (I=gi A= byt T q Ay and  this s
gy Ay+y In any case.

Let us consider two cases:

(1) u—2e®. Then u=s5, A;.; <0 and b, % 0.

(.1) u=1 and i, = 0. This would imply 4, >0 immediately.

(1.2) u =1, Then ue F?. If A, <0 we would get u=s=t¢, u+
+1e@®2: if we choose ¢, =0 and .., =a,+, we have iy =i+ and
0< =1 =b,—ayus Ay +1+Gues Ays1 = gy-y Auy < 0. Therefore 4,.1 > 0.
0 oy =auy we would get u=s=t, by =a4,~1, u+leC®
u+1e@? and c¢jyy =byers B =i+1 and 0< —1—b,—au:1q, Ayt
14 gysy Aysy = tGyey Ayy <0 (note that ¢,., = 0)F Therefore 4,., >0
and ¢ .4 < Gyeq. Lot ¢, = 1. Using Remark 4 we get

[N t

H- ji= n<j<t
Jéﬁ(z) J-E;q(li) i+1epld
— ¥ b{l-g;A)+1+q, A4, + ey A
W fLr
2\

Sl Z‘: (by— 4145 A)— Z by(1—g;A)+qu Ayt s 1 At
o gy |
= Zt: Qo1 Ao 1 =dro1 Ao )+ G At Qe t Ay = Gumr Aucr Hau Ay
e
(1.3) u—2 2 i,. Lemma 6 of §4 implies #—2 > i,. Note that u—1
cED y—1e@? ¢, =cpq=a, We get _
!

t
0< — Z (bj+aj+1QJAJ)I— Z (bj~+~chjA,-)+
} .

v jexh
+ ¥ bl A)— 3 bl—g;A) s Avr S du-s Ay-q <0,
s A |
" like above.

(2) u~2¢ ¥ Note that u—1e&™", u—1e®, ¢, =¢j_. Like ab0v§
we get 0 < gy A~y < 0.

LemMa 2. § # i :
Proof. Assume that s = i. In a first step we prove that b, =, (

b = a,=1 if s =1). We consider two cages:
’ (411)1 g=1. Let)‘{E‘l)’ = {01}, F® = FP\{1}, Note that 4, >0
(Lemma 1) and that A, < 0. Therefore b, ?évO._ K by <a;—1 let ¢o=0be+1

resp.
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and ¢} = a,~1. Then
0 < —bo+(b0+1)£_{01‘10“‘1—“b1—62q1 A1+1+b1 +(ﬂ2""1)q1 A1
= —(al‘*‘bo“"l)q‘]z‘lo <0.

We get by =a,;—1.
(2) s = 3. We assume that b,_, < a, and again we consider {wo cases:
Q1) b, #0. Let & =®0Uls, 1], F7=F""\0, =
R[5, 1], ¢z =1 and ¢, = b,.,. Note that, like in Lemma 1, the
contribution of the difference o™ ! (k)— N (ko) —(o¢™ ! (k) — N [K'x}) Turnished
by t-+1 is € ¢4+ Asy. Therefore we get
3

f
O0<~1-— Z (bjtajeiqpA)— Z (hy-cpq Ay -+

J=8 i=
je’?(z) m(“

+ Z bi{l—q; A~ ij (L—qy A)+ 14 Gg Agu 3~

j+1;5"§(1) JZU

_ =byo (I—qy g Ao )+ gre ) Ay

sq$~2As-°+Qs-—lAs—l""bs--l_(as_b
"‘"qs (a S"l-—l)q&""lAS"l < O

(2.2) bs_2 =0. Let 6 =(HuUls, (P\ls—21, ¥ = F\[s, ], F

= (F\[s, DU ls~2], cip=1 and let cioy = by =1 il by 0, ¢,

= b,_, if b,_, = 0. Note that, like in Lemma 1, the contribution of the

difference o~ *(k)—N lka) ~(o"  (k)— N {k'a}) furnished by t+1 s

Ser1Arer
Note that b, # 0 implies s—1e9l". Therefore we get

8§ l)qs— 1 As« 1 + Oy tfsm 1y A.'wl

0<—1-— E (b +CIJ+1C]JAJ‘ Z (bj+C QJAJ)
jetd .u:"im

=1
+ 2 bll-gd) ij;(l 4; A+

J#=
iRt )
+1+q.'i-2As-2 .-zf"'l(}L (lsmlf!'f 1) (

€ Gomz Aguat Gomt Agmy = Cpm (TG y Agy) (1
If b, # 0 we get
0<Qs~2/is—2“(bs»1*1)(1"qs~1As»i)“]'HIs 1Ay
= gy Ay—(a~ by ) gy 1 Ay-y < 0.

50.%.‘ RS Ay
- 50.113_. 1 ).

icm
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If by =0 we get

0 <gypAsmatgs—1 Ay = (QS“2+qs—1)AS“qi—i%kiNs—2 <0.
sHs—1
Therefore by—, = a,.
Now having proved this conclusion, in the case s
like in (2) 1o get 0 g, A4, <0
If s=1 we note that by #0. Let ¢, =hy, & =0uls ], F
= FI\[s, t] and F* = F\[s, ]. Then i, =0 and we get

= 3 we may conclude

i ~1

O« —1~ Zl (bj+aj+lquj Z (bj+6 CJ'jA)“{” Z b (1 —qy J)-—
et jenth

j+15.7(1)
{
—jz bl =gy A4 gy ey Ay +1—(a; = (1 —gqo 4g)
J=1
217

< go Ag—{ay—1)(1~qo Ag) = q; A, <0.

Proposition 1. ® =il i, <j<m,j odd, 4;>0 or (b;=0 and A;_,
< Q). _
Proof, Let & = & U[s, ], &Y = FN[s, £, ' = F2\[s, t]. Like
in Lemma 1 the contribution of the difference ¢~ ! (k}—N fka} —(¢ ™1 (k)—
— N lk'e!) furnished by 7+1 is <g+14y. X jis even, s <j<t, then
A;>0 by Lemma 1. Let cj=b; for these and let ¢; =0 for je[s, t].
We consider two cases:
(1) s—2e®. Here we have to consider three subcases:

(1.1) s =1 and i, = 0. Note that 4, >0 and that 4; <0. Therefore
b #0 and 1e §. We get ¢y = b0+1 Let ¢ = b, and note that ¢; < aj.
We pet

Z (b a1 4 A=

jﬂm

0 < by={bo+1go Ao —holl~qo A

- Z (by+e;q,d)+ Z bjumquJ)—z bi(1=q;A)+drss sy <0
JJ;—E[.H J 1,,1(1\ 2|J'

like in Lemma 1.
(1.2) s &= . This case i3 impossible because of Lemma 2.
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(13) s--2 2 i. Note that 4,_; >0, s~1eBUE? and that ¢,.., =0~
or =b_,+1. Let ¢, ; =b, ;. We get

O< ey (5—1)(bs—-1"(bs—1+1) gy 1 Ay 1)“‘bs—1 (I=ggmy A ) —ep(s—1)—

3 1
= ¥ (ytapqd)— 3 (byte g Ap+

J=
jegl2) Jenll) '

¢ i
+ X hl=g A=Y by(l =g A)+ gy Ay
i {=

E=Y =5
J+1egll) 217

Ky (5= (bye (b + DGy Agoy)—

—“bs— 1 (1 PR As-- 1)_(:&!(""'— I)'}'CISMI As« 1
If s~1e€™ note that ¢, < a,.,; we get a contradiction. If s—1 & B note that
5—2> 4 we get 0 < —a{l—¢; A, )—1+¢, 1 A, <0, a contradiction
too.

(2) s~2¢ §. Here we note that d,., > 0 and that Q(s—2). This implies
Agey > 0. A, <0 implies b,_; # 0. We have s—1eDUEY ¢, =0 or
=bh.y. Let ¢;=h,—1 and note that s—1eW. We get 0<
Cotty 8= 1) gy (1 —ggmy Ay ) (hym g = 1)1 =4ty Ayey) =T+ g,y Aoy like in
(1.3). Therefore s—1e@". But then ¢, < a,,, and we get a contradiction,

Remark 5. If j is odd, j # i, then ¢; = 0. This is proved in the very
same way as Remark 1 if one uses Proposition 1.

Remark 6.1t follows from Proposition 1 that §* & /i,}. Therefore D
=@ and B < [i,—1}. This implies that for je B we get ¢ = 0.

7, Determination of i,

LemMma 1. Let j=ie . Then 4; > 0.

Proof. Assume the contrary. Proposition 1 of § 6 implies Aj-y <0 and
b;=0. We get ¢;=a;,; and 4;,, <0 and Ciry < @jug. Let ¢) = 0 and ¢},
=4, Then i =i +1 and

0< =1 a1 gy At 14 (G Cu ) ey Apiy
= gy Ay By —= ey =1 @iy Ay <0,
Notation. Let
s=min{]l 1<j<m,jodd, 4;>0,4),,> O bjpg < g}
and
f=minljl 1<j<mj odd, Ajey <0< Ay, Ajuy > 0= by y < apy g1},
where we put minQ = oo,
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Limma 2. i, € min(s, §).
Proof. We assume that u:=min(s, 1) <i,. Then i is odd. Let
O = O\l u<j<ipjodd, 4;>0 or (b; =0 and 4;,.; < 0},

FY = O w <<, f odd, A;>0or (b; =0 and 4;-, <0)}.
Then u = implies ue®'; if u =y let F* = u). For simplicity we write i
for i Let ¢, =1 and ¢} =0 if j is odd, j > u. Note that ¢, =1 (Lemma 1).
Then we gel

t-1
0L ~I=grdit kg, A, ~ J Y 1 bi(1—g; Aj)—
= ek
jr:li'\.ﬂtl'(“'.Aj::()
=1
el Z (hj""(bj"k‘ I)Q'“,-AJ)—'
Jeuek
jeg® Ap0
ir 1 im1
= Z (“"i(l"‘fj/lj)'HIjAj)*' z a4 A;
fe=uik 1 J=ukl
Ly Aj=0.21f
i=1 ™
=~ A+ d, A~ )} {hy—ay g A)—
Jeut1
jﬁs(i‘utf{“',zl.f:s()
il i1
- L lg=hg - Y b gA)-
FETE Jmat1
Jeg el 4 0 Jel2V ;>0
R -1
hast Z (ﬂfj+]_1~hj)EJjAJ"“ Z (.’)J-'-—aj.quAj)-—
AR J=ut1
St 2y 4 =0 Jedl
-l i=1
) (e +1=b)gidj— 5 (b=, q;A)
J=ud o jeat 1
J’c-.m' Aj ‘10'2“
f1 i §
€ - 2 (@ —bpgy Aj— Y (aj-n—l'—bj)%AJ“_
IER S Jm
_fhl[lti(i‘(ll"’ll,' - J"@(l} ‘AJ =0
It
Y (b g+ LD g; Aj,
Jeukd
Je’

All these sums are not negative, . . B |
Assume [irst that u = 5. If s+ 1Y, then the third sum is positive. If
s+1eE 1 then b,y < dy., and therefore the first sum is positive. We get a

contradiction,

fi -~ Acts Arithmelicn XLIV.3
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If u=t, then t+1e@ & If r+1e@, then b, # 0, by <a., and

" therefore the first sum is positive. If t+1e &, then A, > 0 and therefore
B,i; < a4+ ,~1. This implies that the second sum is positive. Again we get a
contradiction.

Prorosrtion 1. (1) Let iy be even. Then

(1.1) If by =a,—1 and A; >0 we get i, =35;

(12) If by <a;—1 or 4; <0 we get i, =0.

(2) Let iy be odd. Then i, = min(s, ¢).

Proof. (1.1) Proposition 4 (5) of § 4 implies 1e F*'; therefore i, # 0.
We get k—1=(a;~1)go+asqa+ ... +a g~ e, ~ Dy + ...+
(k—1Da} < {Na} implies by =a,~1, b, =0,.,., by .1 = b by <=1
<¢;,. Therefore i e F*. Lemma 1 implies A, > 0. If A2 >0, then
iy +1e @ and ht+2e P, Therefore a1z > cyvy 2 by oy We get 5 < iy,
Lemma 2 implies §, < s. ' '

(1.2) Assume that # is odd. Again k—1=(a,~1)ge-+a3q;+...
ety G- e, 1) gt . Fepgmand by =a;—1, by =0,
by, < ;. We got fe § and A4, > 0. This implies A; >0,

(2} Note that i, is odd. If f,& §?, then 4, >0 and Ayvr >0=>by oy
< @,+7 like in (1.1). Therefore s < i, < min(s, t) and i, = min(s, #}. If i, &,
then 4;, _; <0 <4, ., by Proposition 10 and Lemma 6 of § 4. If 4, .., > 0,
then i, +1cE® and therefore P4 bipws S Gyeq <4, This  implies
t < i < min(s, t) and therefore i, = min(s, 1.

Remark 1. In the case (1.1) we have s <1 and therefore i, = min(s, 1)
again.

cevy b,‘k..l taik,

8. The explicit formula for the discrepancy.
Proposrrion 1. Let o be irrational and NeN. Then

ND%(2) = max (a‘l(k)—N{km})+max(0, 2 % -{noc}-;N)

15k<N e
— -1 -
= 1123;;” (67 (k)= N {kat}}+max (0, 4, ngo bi(=1Y —q, 4))).

Proof. By Proposition 1 of § 1 we get
ND}(a) = -+ max 07" (k)= N [ka} ~4|
LSkEN

= max( ma wlk_lel’j_ 1 { | |
(s (o7 (9= N o), 14 max (N ko] =0 4)
= (Propogition 1 of § 4)
= max( max (o7* (k)N [ka}), 1+ '
L<keN

N
+ max (o"l(k)-—N_{koz})*N——l-l-fZ > imal)

1€kEN o)

N
— ~1 (1) — N (i N () N
&lilféfw(a ‘(k) N{ka})+max (0, 2’;1 iha} — N).

icm
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The second formula follows from Corollary 1 of § 4,
Now let us summarize our notations:

Notation. Let a=(0,1/2}) be irrational with continued fraction
expansion [0; ay, a3, ...] and convergents p,/q,.

Let N be a positive integer, ‘

Let m = 0 be chosen such that ¢, < N < g,4;.

Determine non-negative integers b, ... b, No, ..., N,y by the fol-
lowing algorithm: N = b, ¢+ Npt, 0K Ny y < @3 Npoy = by Gy +
'|"Nm~ 2 0< NMMZ S lmemtieens N(’) = hO‘JD' Let Nm+'£ = Nm = N# N—l = 0.

i

1

For 0<j<m+2 lJet Ay=Np. (a~pfg)+ 3 blga—p) and let
Aﬂ. 1= 0‘ 1=/
Let iy be the smallest j such that b, # 0.

Let
s=min{j] 1<j<sm A4;>0, Ay, >0=by <ayy,,J odd},
r= min {j| ]. éj é m, Aj""l < 0 < Aj+15 A,]'I'Z > O=>bl+1 < aj+'2—'1.,j Odda‘,
where min@ = o, '
Let _
%0 if iy is even and (by <@,~1 or 4; <0),
wE min(s, t) else. ‘ '
_ With these notations the following explicit formula holds:
THEOREM 1.

m m m
ND¥) = Y bj(l—q;4)+ X ;4= jZ aA4;—
= =u - =y .
JZ'IF AJ+120I::AJ_.1 AjS0<djyy
2§ 2|§

- X
Proof, T jzu, A;<0 and if j is even, then ¢; = aj.,. Therefore
Remark 1 of § 4 and Proposition 1 imply

ND¥%(x) = }:‘(b.](] gy A +q; Aj)+
Jud
]

+ Z by(1~q; 4))+ Z

jm=u Jetl®), 450
Jﬁuwi‘i(_l).zljﬂ)

m
+ Y g At
Aj.jé‘(')l.‘ﬂj

+{du,0~1)g, Au~+~max-(0, Ao“"jzo b; {(=1Y g, AJ))-

@1 45 AjF+(0u,0—1) 4, Au+max(0, AO'—_,';:J bj(( - 1)J—QJ AJ))'

(by(1 =gy A)—g; A)+
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Now it is easily seen that je if and only if 2|, u<jand A;; <0< A,
Furthermore j& & and A; > 0 if and only if 2|j, j > u and 4;-; <0 < A4;,,.

9. Corollaries and examples. Let us compute ND¥(n) for N = 1000000.
The continued fraction expansion is the following (see [81): n = [3; 7, 15, 1,
292, 1, 1,1, 21,3 ...1

For n—3 we get the following table:

1000000 = 2- 364913+ 270174

po =0 do =1

p, =1 q =17 270174 = 1- 26538144793
py =15 g, =106 4793 = 0 9953244793
p, =16 g, =113 4793 =0+ 6631744793
Py = 4687 gy = 33102 4793 = 0+ 3321544793
ps = 4703 gs = 33215 4793 = 0+ 33102+4793
ps = 5390 gs = 66317 4793 =42 113+47
p; = 14093 g, = 99532 47=0-  106+47
ps = 37576 gy = 265381 47=6 T4-5

po = 51669 gy = 364913 5=35- 1+0
Pio = 192583 q10 = 1360120

Therefore by =5, by =6, by =0, b3 =42, b, =bs=b,=by, =0, b, =1,
bo=2 m=9 Ng=35 N, =N,=47, Ny=N,=Ny= N, =N, = 4793,
Ng = 270174, Ny = 1000000. Because of iy =0 and by=5<a,—1 =6 we
get u=0. Now let us determine the numbers 4; 4;:

o Ag = C10%(m—-3)~  142592= 0653589793 ...
g Ay = 7-10%(z—3)— 991149 = — 0424871447 ...
Q4= 106-10°(t—3)~ 15008821 — 0.280518083 ...
G2 Ay = 113-10°(n—3)— 15999970 = —0,144353364 ..
Qs Ay = 33102-105(m—3)~ 4687000019 = 0.129335779 ..
qsAs = 33215-105(n—3)— 4702999989 = — 0015017584 .
gs Ag = 66317-10%(n—3)— 9390000008 = 0,114318195 . .
g7 A7 = 99532-10°(m—3)— 14092999997 =  0,099300610 ...
ds Ay = 265381 -10%(m —3)— 37576000002 =  0.312919416 ...

99 Ag = 364913 - 10° (m —3)— 51669000000 = — (.587779972 ...
From this we deduce (§ 4, Corollary 1) that

106
22 tnt—10% = (1084 1) 105 (n — 3) — 141592795144 = 38 4468282558 ..
n=1

Theorem 1 implies

' 106
106Df05(7'5) = bo (1 —go Ag)+bs (1 —g5 Ag)+ gz Ag — g5 Ag+2 2. iam)—10°

n=1

= 933679 - 10°% (n — 3)— 132202087170 = 41.064561094 ...

icm
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Note that 'V =17}, F¥ =0, H={-1,1,3,59, A= 8§}, B=1D

=@, €=10,2,4], € =0, = (6] |
max (07 ' (k) 10° lkx]) is attained at k = 933679 and
1€k<100

max 07! (k)—10° {kn} —}| is attained at & = 10°—933679+1 = 66322.

15kS10°

Now we deduce some corollaries from Theorem 1 of §8:
CoroLLARY 1. Let o be irrational, meN and 1 £ b < ayey, beN. Then

qu Dfﬁfm (o) = b '""(h"' 1) qu |‘:x{n't"7c “ijml - b Iqm Oﬁ‘“Pm’ *

Proof If m is even, then v =0, If m is odd, then s = %, t = m and
therefore u = m. Furthermore

il

2y lnal
n=1%
where A, = blg,0—p,). [t is casily seen that A4, —~b((—1)"—g,4,) >0 if
and only if m is odd. From now on we assume that m is even. Then
f"lmbtﬁ,m(“) = b(lﬂqum)"l"[lmAm“qDAO
= b—(b—1)bgy (4o — P} =D (@~ py).

""h(—]", = A()'"h (("" l)m"'qm Am) = Am—b ((—1)m—q"| Am)!

CoroLLARY 2. Let o he irrational. Then lim ND¥(e) = 1.
N~tot
Proof Take h =1 in Corollary 1 to get 1 l1m ND%(z) £ 1. To prove the

converse inequality let ¢ > 0 and N > 1/e. There isann, 1lsn< N, and a

peZ such that [nNu—p| < I/N <o, We get
lo™ Y {m)— N lna) =3[ = |6~ {n) 4 N [ne] — p— Nno— 5+ pl
2 lo~ (M +N[a]—p—3 —|Nna—p| = 1 ~e
Therefore:
ND¥(a) 2 d+la~ (n)—N lna] —4 = 1—e¢

il N is large enough. .
- Now we give a farmula for ND%(x) which is good enough for almost
all a. :
CoroLLARY 3.

ND¥ (o) = max(i bJ(1w~»~ww) i bJ( JH))%—O(m

s Aty j=0
"u

where the O-constant Is an absolute one.
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Proof.
- .
g;4; = N,;(g;2—-p)+gq; Z b (g o —p}
=1

""quj(QJa p))+0( i Ilq‘,lc’E PJ|+qji‘1j°‘: p;”
= b q;(— 1Y g;—p| +O(g;lg;0—py))

1 1 1 4,
=g~ +0 (b, -~ ) mm)
j.“( ) QJ'+1 qu qj'l'l CI‘szJ.y_l'f'IIJWI ij+1

-1 1 b,q? 1
b, ’j+o( L +_~)
41 Qa1 Givr Gradivr Gy

- b= 1y+o(L+ 1 )=bj(—1)f+o( 1 )

Gjt1 a’j-ll ity @pq vy

“where we put @ =a and Uppy = . Note that the O-constant is ab-

solute. Now we prove that we may assume that u = 0. If iy is even, bg = a, ~ 1
and A, > 0, then take N—1 instead of N: iy., is even, b = ho—1 < g, ~1

and [ND¥ (o) =(N—1)D¥%_ () < 1.'If iy is odd, take N+1 instead of N and
use that iy, = 0. Theorem 1 of § 8 implies

ND¥(a) = Zobj(lmm—lz——)-kmax(o - Z b; (—1)1(1-;]1—))4-0(”0-
e

aj-l-l 1

Note that for almost all « m = o(log N), while ND%(a) # O (log N) for
almost all  (see Corollary 5 below). For example:

" COROLLARY 4.

—

—.. (loglog N\
; l1m( IOEN ) NDx{e)-g*.

N oo

Proof. Note that e—~2 =[0; 1, 2, 1, L4 1L 1,6 1,181
Gy =343 =1 and a3, = 2(t++1) for ¢ 2 0. Therefore

Di(e)

h
= max b (1... f"‘“’f) : b, ( KGM«]
(DStS.(Zm:_qm (.”-M dr+a 0$t5§~-1)/6 e+ 1 s -+ C{m).

Of course, to get this maximum as lar_ge as possible we have to choose bg, .,

y oo ], that ig
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=241, bora=2t+2 and b, =0 if t =0, 2, 3, 5(mod6). Then we get
ND%(e) = 2/'7'2+()(m) Note that

1
log ¢y, = Z loga;+0 Z log (1—1——-))
=1 =1 a;

= Y log 2(i+ 1) +0(m) = by log(j+ 1)+ 0(m)
LS f®im- 2)/3 O js(m—2)/3
= %log%‘-ﬁ-@(m) = %:-logm+0(m).

Therelore
]
10g Gyess = ”-__?108m+0 (m).

We get 3log N = mlogm+O(m), This implies

_ 3logN ( log N )
" log(3log N) log*log N/

Therefore '

1 log*N logN
ND%(e) =z —z ( g )

8log®log N loglogN
for these N. . _
Now we determine all & with best possible discrepancy:
CoroLLARY 5. Let «=[0;ay,ay, ...] be irrational.
conditions are eguivalent:
() ND% (GE) O(log N).
(2) (1 ¥ aj) is bounded.
m meN

J=1

The following

Proof. (1) =(2). Let m be even, b; = [“‘;‘JH ifiis even, b, =0 if i is

odd, 0 i< m. Then
m | : 1 w
® (A} iy ( » 1 [GJHJ)*—O G\ 40 (m).
ND% () Mzﬂ 3 1 P Z P41
ap

Therefore Z a4y = OlogN) = O(logq,,.H) Similarly ‘zoa,ﬂ = 0(log Gm+ 1)+
i Y
L2

We get Z Gy = O(l0ggysy). On the other hand
i=0

w1l m+1 ’ : m+1

log g1 =0(3, log(a+1)) = 0( L. Ja)= "2\/5)-:
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This implies

il o ! H‘W‘
> a,-=0(\.f'm b3 ai).

i=1
[4]

i Therefore Corollary 3

x
(2)=>(1). Note that for 0 € x< ¢ .\'(1 “H) £

implies

m ] . lLI* [
ND¥(x) = max( 3 b (1 --m-»)»‘m), >ob ( 1 w&-% ))—}- Ofm)
+1

(=0 et/ =0 i
20 240
-o(¥ -c-fii-i-imm) = 0(m) = O(log N).
i=0

M

10. Notes, The representation of N as Z by g, was often used (see [2],
PxQ
(7], [107).

Theorem 1 of § 2 was first proved in [6]. See also [3]. Our analytic
method enables us to give a very short proof for it.

The explicit formula for ¢~ (§3) is easily obtained from the main
result in [11] (and is in fact equivalent to it). V. T. $6s proved her theorem by
the “art of counting”. Our more analytic method is completely different and
gives us this shorter proof.

Let k be chosen such that max (o~ '(n)—N inal) is attained at k. We

lsngN

used that min (¢! (n)~ N {na!) is attained at N—k-+1, as it follows from
LsnsN

the formula of Proposition 1 of § 4, immediately. This fact is in close
connection with Theorem 2 of [9].

Corollary 3 of § 9 should be compared with the formula given in [4].
Note that one can use the proof in [7] to get the result of (2) = (1) in
Corollary 5 of § 9. This corollary should also be compared with [1].
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