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Also ist wegen (5)

(19) NyNTSE <€luy.

Man wihlt &;:=cg[1+ N7 (N7'], cyeN, und setzt X;:=§;(5;, Dann
zeigen (19) und (12), dass fiir genligend grosses cg gilt

(20) . yedfp, 0),

Wire N7,, < N, fir unendlich viele j, so d;=cy und ¢y 0;6P(g, 0), sowie
nach dem Lemma |L{cy &) < Ny < Nj? <€ {cyq;>™" unendlich oft. Dies
widerspricht (7), so dass man

v
Nii1 2 N

annehmen darf fiir alle geniigend grossen j. Dann ist §; < N¥ { N;' und mit
(10) bis (13), sowie (4)

(%> < Nfyy,
LN S NIFUNTP < NFE 8 e Nt e Gy,

Fiir grosse j widerspricht dies, zusammen mit (20), erneut (7). Damit ist der
Satz bewiesen.
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1. Introduction. For «, yeZ with y > 0, the Dedekind sum s(z, 7) is

defined by
H £ 424
=2 (ENE)
( ! ,u(n%:dy) ¥ Y

where ((x)) = x—[x]—1/2 is x¢Z and {{x)) = 0.if x=Z. We regard s(«, ) as
a function on Z x N and call it the homogeneous Dedekind sum. In fact, it
is well known [10] that

(1) s(a+7, 7) = sz, ¥,
(2) _ s(na, wy) = s(x, ), nehN.

For this function Dedekind [3] discovered the following relation: for a prime
number p

p-1
3 s(pa, Y+ Y s(a+by, py) = (p+ s, 7).
b=}
Recently Knopp [5] obtained an éxtension of (3}): for every neN
d—1
(4) z Z S(fla'f'b% Ll’))) = O’(H)S(Oﬁ, ’y)a
ad=pb=0
d=>90

where o(n) means the sum of all positive divisors of n. However, before
Knopp, Subrahmanyam [11] had given another extension of (3): for every
neN

n—-1

(5) T s(aby, m) = Z;L(dw(-}j)s(da, ,
b=0 : din

where u(n) means Mobius’ function. We shall see later that (4) is equivalent
to (5). Goldberg [4] has already derived (4) from (5}.
Following Dedekind we define

D(%): s(m,.y)..
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Then the function D(x) on Q is well-defined because of (2) and it is periodic
with period 1 from (1). We call D(x) the inkomogeneous Dedekind sum.
When the relations (3), (4), and (5) are expressed in terms of D(x), the
meaning appears more clearly. Namely,

p—1 I
(3') pipo 'S 0227 <ot
=0
@) To(m) D (x) = %a(n)o(x);

(5) Z D (ﬁj) =y uld) U(E)D(dx),

din

where T,(n) is the ordinary Hecke operator of weight 0. Parson [8] really
pointed -out (4').

In this paper we extend the above relations to certain Dedekind type
sums. Our results also contain those of Carlitz [2], Theorems 3 and 6,
Parson [8], Parson a.nd Rosen [9], Apostol and Vu [1], and the author [7],
Section 5.

2. Homogeneous Dedekind type sums. Let K be a field of characteristic 0
and V¥ an algebra over K. For each i = 1, 2 let @;(x) be a periodic P-valued
function of period 1 on Q and satisly the relation: for any ne N

n—-1
(6) P Y 0 (x +[Z) = Q;(nx).
b 0 n

Let both y; and y, be Dirichlet characters modulo N, For the system

2= (Q1 (x), Q2(x); 11, x2)
we define the function S,(x, ) on Zx N by

1o o5}

We call this the homogeneous Dedekind type sum associated with 2. In fact,
So(e, y) has the following properties.’

Lemma 1. Ler ne N, Then
) Sala+ Ny, p) = 8,(, 1h
8 . Solnr, np) = n""1 8, (a, 7).

Proof. The property (7) is immediate from the definition. We prove (8).
By (6), S, {nx, ny) equals

2 X u)xz(v)Q ( )Q2(°‘”+ 'v)

u{modnpN) vimod Ny !

Syla, y) = Z Z % () a2 (

wimodyN) vimod N)
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wp N+ 2 o (xyN +2)+pv
- 3 n@neme( 0, (2AA)
Atmodn) ”N ?"N
AmodyN}
v{mod N)

Py
}L(mgi:‘,lN) (X(Iglhl) Ql (W’N ))QZ ( )

v(mod N)
I NCPAU LI (yN)Q-’-(%L m),

AlmodyN} vimed Ny
which 1s exactly the right-hand side of (8).

ExampLEs. (a) For the system 2 = ({(x)), {(x));
character modulo 1, §,(x, 7) = s{a, 7).

(b) Let 2 =(P,(x}, Pyop(X): &, &), where keN, 0<m< 2k meZ,
P, (x) are Bernoulli functions, P,(x)={{x)). Then 5,(x, 1) = S{(a, 3} are
investigated by Carlitz [2], Parson and Rosen [9], and Parson [8].

(c) Provided that 2 = (P,(x), Py n(x)/x(x}; X, ¥) where y is primitive
and 7(y) is the normalized Gauss sum attached to y, S.(x, 3) = S0 (o, )
with some restriction are studied in [7).

{d) Apostol and Vu [1] made a discussion on S;(z, 1) with 3, =y, =&.

We say that a function f{x) is of parity § (6 =0 or 1) if f{—x)
=(—1Yf(x) for any x in its domdln

PROPOSITION 1. Let i be either 1 or 2. If y; and Q;(x) are of parity &; and
of parity 3} respectively, then

ft

e, &) with & the Dirichlet

S (~a, %) = (=1 5, (a, 7).

Proof. When i=1, §,(—«a, y) equals

1 il
mgm vémx L) 22 ) Q( )Qz( N )

) (—1)‘”m—mxz(v)(—n""QI(:—I\,E)Qz(m)

p{mody N) ')’N
wimad Ny

= (=1 S0, ).
Similarly we can prove the case i = 2. _
CoroLLary, Let @{x) and Q,(x) be of parity 8 and of parity &5
respectively. Then S,(x, 7) always vanishes unless
6, +8] = 8,4+ 65 (mod 2).

3. Extension of Dedekind’s relation and inhomogeneous Dedekind type -
sums. We can extend the Dedekind relation (3) to the case of our Dedekind
type sums. Namely, we have
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Levma 2. For @ prime number p not dividing N
r—1
9) bZO Syle+ Nby, py)
= (P p+ T2 (P )8 50 D—x (P ()™ 284 (pass 1),
where ¥, means the inverse of y,.
Proof. By (6) the left-hand side of (9} equals

”5:] 2 ulweme ( )QZ(“+N”7)N+[WV)

b= 0 g{mod py N} P?N
v(mad N}

p1 oy b
Z X1 () %2 (v} Qy (;{;ﬁﬁ) Z 1023 (E&EB"F’—‘LE)

i

wlmod pyN) b=0 P'}’N r
vimod ¥}
H —kg o pyv
= x{x(Ma (——) ( )+
u(mr?;er) Lk ' pyN 0 N
v(mod N}

+1(M§VN)Xl (pA) s (v Ql( H Qz(oczly}l;rvv) —k;Q (dP/'LEPW)}

v{mod N)
p o+ ypy
11 (012 () 2 ( )Q ( )+
#(mo%;ny!\') ' 2 ! p}’N g ’J"N
wmod N}
( A ) 0 (otl+'yv>
Mmedy) N ? PN
r(modN)

PR T (xz(p)Ql( )Q:(m)

A(mod yN) }’N
wmod ¥}

P~ 284 pY)+ 21 (P) pSo (s 1= (D) iz (PY P2

=%L@Mp 2

+ur Y o,

::fz(p) S_,;(pﬂ_ﬂ, 'Jr'),

which is equal to the right-hand side of (9) by (8), [2], [10].
Now we define

Dg(;) =91 $,(x, 7).

Then the function D,(x) on @ is well-defined by (8) and it is a periodic

function of period N from (7). We call Dy(x) the inhomogeneous Dedekind
type sum. Through the meodification

DF(x) = Dg(Nx),

icm
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D%(x) becomes periodic with period 1. We write
Y=

and for neN

n =Y 17 (g)d"‘“‘"“-
dlu

Then Lemma 2 reads in terms of D%(x) as follows:
Lemma 2. For a prime nmumber p not dividing N

- (x+b

— " TRy (0 DY ().

uM

) = p" 2 ay(p) D% ()

Remark. Suppose that K contains all the values of y, and y,. We set
for each neN

Pa(x) = a'"(abz ()= p " 2y (p) D (p)),

where 9 = %, (p)p* " or 7,(p)p "2 Then the family {g,) defines a , Vevalued
distribution on the projective system !(I/mop") Z/Z), where my, is a fixed
rational integer [6], XII, Theorem 2.1.

4. Action of Hecke operators on D%(x). For a function f(2) the Hecke
operators T, (1) (neN) are defined by '

ad nb=0
d=>0

az+b
TwMf @) =r"1 ) Zwa)i"f( )
We can easily verify that on pBI‘lOdlC functions of period 1

S v dk lq;cw( )

Ldlgm,m)

le(m)m(n

THeoreM 1. Let n be a positive integer prime to N. Then
(10) Ty -0 (D) =172 0, (n) DY ().

In fact, for prime p 4 N, (10) holds from Lemma 2" Therefore, making
use of the above composition formula for Hecke operators and the readily
verified relation

mo,m =Y w(d)d"l*"Z“%(g),
di{m,m

we have our asgsertion, by the usual 1nduct10n argument [8] Proof of
Theorem 4.1.
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5. Action of averaging operators on D% (x), For a periodic function y(x)
of period 1, the averaging operators 4, (neN) are defined by

i1 .‘C-F-b'
Ang(x)= Z g(————‘)'

b=0 n
It is obvious [6], XIL, § 2 that
A, A, = A,
A,(god) =dA, g il dn,
=(d,g)od if (d, n) =
where god(x) = g(dx).
TuecreEm 2. For every positive mleqer n prime to N

(11) A, D (x)=n 22;,1(4! widyd GJ(I)D*(cI‘c)

dln
Proof. When n=p with p prime and (p, N} =1, (11) is valid from
LemmalE’. We assume that (11) holds for p", r 2 1. Then

A[,r+1D3(x ) =4, A > D¥ ()
=p "‘%(a;,(m D% (x)— w(p)p o P )Dts(p»c))
=p "2a,(p") [p”* (o (P} DY (%)= (p) P! D% (px)))
—l//(P)p Tt "‘“w(p’"")Dﬁ(x)
=0 " (o, (e, (M= () P 6, () DY (0 —
— Y (Pt oy (p) D% (px))
= p T2 (0, () DY~ ¥ () P 0, () DK (p).

Hence (11) is valid for any prime power prime to N. Let n = n'n” with both

divisors n', " > 1 and (n, N) = (', n”) = 1. Assume that (11) helds for »’ and
n'. Then

AnDj“(x) = AH’ An“ Dj (x)

= A, (n”_kz Y pdydndte (,,,) (d”vc))

d”lﬂ”

"y (d) & G, (-’j—-) x

e &

xn' "t Y uld)(d) s (1) D¥(d"d" x)

aTw d’

12 Y pudd) (d) a,( ,) D¥{dx).

dla
Therefore we complete the proof,
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Remark. We are also able to prove our formula (11) after the manner
employed in [1] and [11] which makes no use of induction.

6. Equivalence between Theorems 1 and 2. We prove that Theorems 1
and 2 are equivalent. Let us fix xe Q arbitrarily. Let » be a positive integer
prime to N. Then Theorem 1 asserts that

43T p@d “10*(““Tb)=aj(nm3(x).
ad=nh=0
d>0

Since ¥ (a) = () (d), we replace x by x/n and multiply both sides by
Fmn ' to obtain

) i xﬁ(d)d"z"‘lm("/dd*b) J(mn " ()Dﬁ(%).

dnb=0
_kl X
Hd) D5 = |
04(d) J(d)

ko

Altering x/n into x and multiplying both sides by (1) 71 7% we have

Z D*(’“”’) Vit ’”dzlﬂu(d)w( )(”) aj(g)mx)

I‘szu(d W (d) dklo'j( ) *(dx).

dln
This is precisely the assertion of Theorem 2. Through the reverse process we
deduce Theorem 1 from Theorem 2, and so conclude the proof. In particular,
considering the case of 2 in Example (a), we find the equivalence of (4') and
(59, namely, that of (4) and (5) as mentioned before.

By the Mobius inversion formula we get

‘— kg c/n+b -~ {(nY -
Wy (n) h*z ky bgo D% (l/nn"' ) = Z“ (H)l//(d] d

din

7. Quasi-inhomogeneous Dedekind type sums. After Parson [8] we define
the function E,{X) on Q@ by

Bf2) =@ 1t

We call E,(x) the quasi-inhomogeneous Dedekind type sum. We can extend

Parson’s result [81, (5.2) to E ,(x).
PropoSITION 2. Let n be a positive integer prime to N. Assume that

ord, x < O for every prime divisor p of n. Then, on such rationals x

3 dfwa)d"”"lm(“””b)=a;(n)E1(x).

ad=nb=0
d=0

The proof is quite similar to those of Theorem 1 and Parson, so we may
omit 1it.
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Uber die Verteilung ganzer Zahlen mit ausgezeichneten
Eigenschaften der Faktorzerlegung in algebraischen Zahlkérpern®

von

Hermutr Weser (Marburg)

" 0. Einleitung und Ergebnisse. Ist K ein algebraischer Zahlkorper mit
einer Klassenzahl /# > 1, so weist die multiplikative Struktur des Ringes O
der ganzen Zahlen von K wesentliche Unterschiede zum rationalen Fall auf.
Beispiclsweise ist die Tatsache wohlbekannt, daB fir Zahlen aus Og im
allgemeinen keine eindeutige Faktorzerlegung in unzerlegbare Zahlen exi-
stiert. Insbesondere sind fiir & > 1 unzerlegbare und prime Zahlen wohl zu
unterscheiden. Daher stellt sich unmittelbar die Frage nach dem Anteil und
der Verteilung von Primzahlen, unzerlegbaren Zahlen und Zahlen mit ein-
deutiger Faktorzerlegung in unzerlegbare Zahlen in O. In Arbeiten von
Rémond [10] (Theorem 24.5) und Narkiewicz [5] (Theorem 2) ist das
asymptotische Verhalten von Funktionen der Form '

(a) : Fix)= ) 1

. Niw) <x )
wobei iiber Hauptideale () von O miit unzerlegbaren bzw. eindeutig zerleg-
baren Zahlen o als erzeugenden Elementen zu summieren ist, angegeben
worden. ‘ :

Die Untersuchungen von Narkiewicz und Rémond stiitzen sich dabei
wesentlich auf den Taubersatz von Delange-Ikehara und liefern als Ergebnis
fir unzerlegbare Zahlen:

(b) F{x)=(Co+o(l))

X

(loglog x)°~?

H

log x

sowie fiir Zahlen mit k-deutiger Faktorzerlegung in unzerlegbare ganze
Zahlen:

(c) F(x) = (Cto(1) log log x)°*.

e
(log 9"~ 17

Die in (b} und () aufiretenden Konstanten D und g, sind lediglich von der
Klassengruppe H{K) des Korpers abhiingig. Die Konstante C, ist von

* Diese Arbeit wurde am 21, 10. 1982 vom Fachbereich Mathematik der Philipps-
Universitit Marburg als Dissertation angenommen. Lo



