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5. Proof of Theorem 4. We first rearrange the polynomial M (s)
by applying the celebrated identity of R. C. Vaughan [5]. Since the argu-
‘ments areg well-known we shall be very brief. Thus M (s) can be regarded
as the product of two Dirichlet’s polynomials having either the shape

{11) RONNG!
or
(12) Mo{s) Ly(s),

where M (s), N(s), M, (s) and L,(s) are Dirichlet’s polynomials of length
M, Ny, M., L, respectively satisfying

MV, <M, W<N <M,
M Iy < M, M,< W

and with coefficients bounded by the divisor function. Moreover I,(s)
is a partial sum of the Riemann zeta-function. Mere W is any parameter
at our disposal. We choose W= 1", so for polynomial (11), by Theorem 2
we geb :

r
[ MV (B Hit)2de < T(T+ PEME NP TR 4 M N
a

€ TE(T+ TUZJVIT"B + TE[SﬂI+ /i 1,'20_M7f4.)
which implies (5). For the polynominl (12), if #, > W the arguments are

very similar to those of the first one, and if M, < W we apply Theorem 3

gefting

n
[ EM L (d +anpadr < T,
]
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Réducibiiity of lacumary polynomials, IV
by

A, ScEmzeL (Warszawa)

The aim of this paper is to make a further contribution to the problem
of reducibility of polymomials

k
1) fla) =gt X e (0 =my <oy < e < gy @yt # 0)

i=1

for fixed integral coefficients ¢; and variable exponents n;. The non-re-

ciprocal irreducible factors of f(r) can he found by means of Theorem 2 in

[3] and as to reciprocal factors the conjecture proposed in [2] implies the

exisbence of a constant CO{ay,a,, ..., ;) such that either all reciprocal
I

irreducible factors of f are cyclotomic or 3 y;n; = 6 for suitable integers
y; satisfying i=1

0 < max|y] < Olag, @y vvrs ).
i<k
We shall prove
TaEoREM. If f is given by {1) with a; integral, then either oll reciprocal
irreducible factors of f are cyclofomic or there ewist infegers yi, ..., y; Sai-
isfying '

I
@ S =0,
=
(3) 0 < max |y < max 229
max
FE . Y i<k 10g2

and the number of reciprocal non-cyclotomic factors of f does not exceed the
total number of prime factors of (ay, a;) or finally the following system of
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inequalities is fulfilled

Bl .
2 Il g =0yl > e (g —n)  if wy <y /2,
=0

&
(4) o Mgl —nl > ol iF > w2,
J=1

h-1 I

M. 7
2 layl ﬂ,}.____;] > i — laal| -
j=1 R | ~

This theorem supersedes Lemma 15 of [3] and implies the following

k .
CoROLLARY. If 3 & =0 and |& =1 then & is a vool of unity.

j=0
The corollary answers in the negative Problem 1 of Mahler [17.
The proof of the theorem is baged on two lemmata.
Lmmna 1. For every positive real nwmber v =1 and real numbers
1y M salisfying in| > |m| we have " '
M

W

i

h{m,m,r) = <

eI

Proof. Since k(m,#n,r) is an even function of m and n and
by nyr~Y) = Rim, n, v

it is enough to prove the lemma for » > m = G, v > 1. Now, the function
g(r}y = m{r" —r7") —n{y™ —r~") satisfies

) = o [T ) — (7 T ] = e (5T — (L T >

for all ¥ > 1 hence for such # g(r) > g(1) = 0 and

m__gn__m

— ,-‘\-—ﬂ, "

hlm,n,r) = " o

Leamma 2. Iet f be given by (1) with a; arbilrary complew numbers. If

(5) fO =fE™M =0
then either €| =1 or the system (4) is fulfilled.
Proof. Let & = re™ (r, ¢ veal) and let ¢ be a real number. From (i)
wo infer that
k ) k
Z aan_,--o eiquuj =__7_0 — Z aj,}_,g~n:?‘ 6i¢7lj
Rl : F=0
hence
I : .
2 a; (e gy ey 0.
f=0
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Talking
: E I m<n/2,
o =% and »= .
0 i w, > n/2,
we get ]
Iy —ni<ln,—ng]  (O<F<E)
also
i
Z aj(.,u“j_“i W_?."i‘"j)eflpnj — av(r‘n,.—ni ___Taz,;—n,,) R
J= 0,37

—Hy; o ny

hence dividing by 7™ 7™ and using Lemma 1 we get the first two
inequalities of (4). The last inequality is obtained similarly on taking
0 = myf2. :

Bemark. Thiz lemmsa gupersedes Lemma 14 of [3].

Proof of Theorem. Suppose that f has a reciprocal irreducible
factor g that is not eyclotomic. Liet 4 be a zero of 4. By Kronecker’s the-
orem either # has a conjugate & with [£] £ 1 or 4 is not an algebraic infeger.
In the former case we uge Lemma 2 and get the condifions (4). In the
latter cage we wse Lemma 13 of [3] and get the conditions (2) and (3).
Also the product of the leading coefficients of all reciprocal non-eyclofomic
factors of f must divide (a,, a). Sinee all these coefficients are greater than
1 their number does not exceed the total number of prime factors of.
(a‘n: ak)' -

Proof of Corollary. Let g be & minimal polynomial of £ Since
g{£7t) = g(&) = 0, g i3 reciproeal. We apply she fheorem to the poly-

E
norsial flzr) = Z'mﬂ‘l_. Sinee this polynomial does not satisfy the con-
=0
ditions (4} (fm{f i = 0) and (a,, ¢,) = 1 the number of i3 reciproeal non-
cyclotomic factors is §. Hence g is cyclotomic and £ iz a root of unity.
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