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On some arithmetical properties of Lucas and
Lehmer numbers
by
K. Gvbry (Debrecen)

As is well known, the Lucas numbers u, are defined by

at — ﬂn
Uy = —————, 0 >0
"% o ,8 H H
where a--F and af are relatively prime non-zero rational integers and
a/f is not a root of unity, while the Lehmer numbers «, satisty
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o —§
for » odd,
a —
U, ==
a® — p*
g for % even,
a—p

where (a--8) and af arve relatively prime non-zero rational integers and

a/f is not a roet of unity. The Lmcar and Lehmer numbers are rational

integers. ' :

Lot py, ..., p, be rational primes with max(p,) = P and denote by
]

§ the set of rational integers which have only these primes as prime factors.

In our joint paper [6] with Kiss and Schinzel we proved that if 4, is a Lucas
o1 & Lehmer number with. # > 6 and «, ¢ § then '

(L) n < max{0,, P--1}
with ¢ = ¢*24% and
(2) nax{le, B, |, 1} < Cy

where O, iz an effectively computable positive number depending only
on P und s. In proving this theorem we combined an explicit form of & re-
gult of 8chinzel [10] (i.e. 2 theorem of Stewart [15]) on Lueas and Lehmer
numboers with the effective egtimates obtained for the solutions of the
Thue-Mahler equation (f3], [13], [TD.
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Recently, I have obtained ([56], Corollary 1) improved and oxplicib
upper bounds for the integer solutions of the Thue-Mahler equation,
gubject to the weaker condition that the form occurring in the equation
has at least three distinet linear factors. This together with Stewart’s
theovem [157 cnables us to establish the following improvements of (2).

THBOREM 1. Let w, be a Lucas number or o Lehwmer number defined
as above with w > 6. If u, € 8, then
(8)  max{lul, I8, lugl} < cxp {[20mgp () AT ORI 5
% Ssm('n.)(w(u)-k11)1‘2+uq.(:u]-l-::()l;m('n)(:;(1()%[))@(”)/3.{,9}

where p(n) denotes Tuler's funclion.
From (1) and Theorem 1 we obbain the following
Tagorem 2. Let w, €8 be as in Theorem 1 withn = 6. If n < O then

(4) max{lal, |8, [#,]} < exp {[0Fs* P (log PY|F1}
and if n > O then
() max {ial, 181, [t} < exp (P77}

P(m) and w{m) will gignify the greatest prime fuctor and the number
of digtinet prime factors of m. Frowm (2) it follows that £(u,) - co ag |,
— oo with » > 6. Theorem 2 implies this vesult in o quantitative form,
The following theorem allows us to get some new information about the
arithmetical gtructure of Lumeas and Lehmer numbers.

TeworEM 3. Let u, be a Lucas or & Lehwmer waumbor with n >
|,] > Og where Oy = expexp {40%logC,}. Then

= 6 and

(5) | : 45 log P > loglog [w,,]
and
(6) P> % (]0g10g I'Lf‘ﬂbl)lla

where P = Puw,)) ond s = w(u,).

We remark that by the results of Carnichacl [1], Ward [18] and
Schinzel [9] we have P(u,) 2 n—1 for all sufficiently large integers #.
Iwccn’oly Stewart [16] and Shorey and Stewaset [LL] obtained more precigo
lower bounds for P(u,) in terms of # for “almost all” positive integers
n (i.e. except for a set of integers # of agymptotic density zervo). Steward
[14], {161, Brdss and Shorey [4] and Shorey and Stewart [11] estublished
good lower estimnates for P(w,) as # rung through cerbain special but
important sets of integers. These estimates do not imply () and (6},
becange the lower bounds in our Theorem 3 dupend on 4, in place of ».
 COROLLARY. Let S be as above. Then the equation

u*
B~ .

(7)

== D
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in integers ©, w, v, w with v> 3, u>0

=1, (w,0) =1, wel implies
& << P and

8} A (1, w) << exp {sTE 0 (90 prysPP+6) 4B+

Proot of Theorem 1. We follow the proof of the theorem of [67.
Suppose that w, e 8 is & Lueas number or o Liehmer number with 4 > 6.
Write aff =2 B and a~-f =« 4 ov (a--f)* = A according as u, is & Tuecas
or o Lehmer bumber, PuHmrr a8 == B, we have B = A*—2B or
B s A28 and (M, B) =

We denoto the dith uynlotonﬁu polynomial in o and y by Py{z, v).
We have

o — /T)H'l. J—
T )]
Uy, pay L{! Do, #y, w>0,
d>1
or
_an
Uy, = L ﬁ 1— [ Dala, for o even.
Lot diz8 and & = 6™, Phen
Dyla, f) == Ty(B, B),
whera
) Faoe, 1) = [] o=+
12?{3,’12

in an irredueible polynominl of degree ¢(d)/2 with rational integer coel-
ficionts. Since Py(a, f) 5 0, we oblain in both cases

GE,B) =[] Fy(B,B) e 8

aln
dzd

(10)

whete & (@, 4 is & homogencous polynominl with rational integer coefficients
and with ot least three dslinet Inear foetors in its factorization.

(10) is o Thue=Mabler cquation in #, B, so we sy apply Corvollary 1
of [1]. Denote by K« I, the maximal real subfield of the nth cyclotomic
field and et % = p(n)/2, By and by be the degree, the regulator and the
olagg numboer of 10, |6 and |G will gignify the degree and the maximum
of the abgolute values of the eoctlicients of G. Then we have

(11) nix (B, 1B) < cxp (|63 (20 (k -+ sk -+ 2 75)2”“2"‘1“"“2"”*'“><
X P¥(logP)* Bplog® (R hy) (R -+ hxlog_P)”‘“
% (B shglogP + |Gllog 1G]] -
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It is clear thab

(12) 6] < (n—1)/2  and iG] < 3™
Turther, by a well-known explicit cstimate of Siegel [12]
{13) Rehy < 4D (log | D)™

where Dy denotes the diseriminant of K. As is known, D divides the
diseriminant of the sth evelotomic field which can be ostitnated from
above by n*% (see, e.g, [2]). So

(14) (Dt nrmiE,

Furthermore, by o theoremn of Pohst [8] we huve Bg 2= 0.373. This togebher
with (13), (14}, (12) and {11) give

max (| B, |B|) < exp {(20%«,0('n,)]s"”(")“’"’(’*)"”"”’ﬂ)*'”"‘(“'H‘“ X

5% ssw(n)(zp(nj +Il)[2+urp('n,)—i-zo_pqz(n),’z (105_‘,.1))571(71.)1‘2 -1-9} = (.

Thus
max (lal, [Bl, |ual) < (3O

and this iraplies (3).

Proof of Theorem 3. Leb py, ..., 9, denote the digtinet prime div-

isors of u,. In case n << ¢; we deduce from (4) that
(18)  loglog |u,| << 0y(25Clog Cy -+ 8C, logs -+ log P - sloglog 7).
Since P < 0, contradicls the assumption |u,| > Oy, henee P > 0, and (15)
yields (B). If o > C;, (B) immediately follows from (4). Sinee for o> 1
we have m(n) < 2a/logw (sec eg. [L7]), it tollows that s € #{P) < 2P/logP.
Thus (5) implies (6). '

I owe this reference [17] to Professor A. Schinzel.

Proof of the Covollary. Lot @, u, ¢, w be an sabitrary but Lixed
golution of (7) with ® > 3,4 > v > 1, (4, ¥} = Land w € §. In [6] wc proved
that @ < P. When x> 6, we may apply Theorem 1 to the equation (7)
and (8) follows. For o = 4,5 and 6 we may employ Corollary 1 of [5] and
this also gives (8).
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