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On the Méobius function
by
S, KNArowsKI (Poznan)

1. Let p(n) denote the Mobius function: p(l) =1, u(n) = (—1)
if n is the product of % different primes, 4(n) = 0 if » contains any factor
to a power higher than the first. The well-known connection with the
Riemann {-funetion is the following (see e.¢. [2], p. 3, (1.1.4)):

1 f\” ()
1 N L 8 = 3 .
a ) &(s) ‘n‘;1 nt ¢ o+ o>1
Write

M (i) = E;f(u).

[

Here the most interesting question is that of the behaviour of

© max | M ()| as T - co. This problem has been studied by many mathe-

1

maticiang. It is known at present that
M(x) = Ofwexp(—eVloga)) (V)

and even slightly better estimates have been obtained.
It has been proved by Littlewood (see e. g. [1], p.161) that the re-
Iation
M(x) = O(z'*e)  for every &3>0

is equivalent to the truth of the Riemann hypothesis.
Some conjectures, in conneetion with the subjeet, should be noted.
The Mertens hypothesis

(1.2) IM(n)| <Vn for n>1
has not been proved or disproved yet (see [2], p. 320). Also slightly less
dragtic conjectures:
(1.3) M(z) = O(z"?)

(1) See e.g. [1], p. 187, Theorem 478. Throughont this paper e, e,, ... denote
numerical positive constanis,
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and
" ‘
(1.4) f ( ) 5 = 0(logT)
1

still remain unproved, but it has been revealed that they imply interesting
and deep results in the theory of {-zeros.

All this has been concerned with the upper estimation of max | M (x)|
1ot

The corresponding problem of the lower estimation is naturally more
difficult. Up to the present time only ineffective inequalitics of Q-type
are known in this direction:

(i) If O is the upper bound of the real parts of complex (-zeros, then
M(z) = Q(a°°)  for every ¢ >0,
(i) M(z) = Q7).

The proof of (i) is a simple application of the formula

W sf m dw  (see [1], p. 159, (633)),
1

for the proof of (ii) see e. g. [1] (p. 162, see also [2], p. 317, Theorem 14.26
(B). .
It seems to me a very interesting and important problem fo find

some numerical lower estimate of max|M (z)| for all sufficiently large
1geT

T. The problem has a certain similarity to that of the remainder term in

the prime number formula. Let

logp it  w=9p™, p — prime
p(@) = D' A(n), An) =l ’ ’

= 0 otherwise.

The relation y(x) ~ 2 is the prime number theorem and u(z)—ax is the

remainder term in the prime number formula. In this case Turdan has
proved (see [3], p.111):

(1.5) max |y (&) —} >Tﬂ°exp(~—21 iog'T )
1gagT ;/loglogfl.’

if 0o = Botiye, Bo = % 8 any complex zero of ((s) and
T > max(c,, exp (20} (¢, an ewplicit memerical constant).

A full analogue of Turin’s estimate (1.5) is to be expected for
M (») and my first aim was to prove it. It has turned out, however, that
the problem is very difficult and so I have made only the first step in this
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direction. The main catse of the difficulties is the:problem of. the multi-
plicitly of the complex [-zeros. The analytic function connected with the

number-theoretical one (y)(m) ac) is ——(( i; )) The singularities of

this function are simple poles at the (-zeros. W1th the function M(z),
however, the situation is quite different. The connected analytic function
is here 1/¢(s), the singularities are also at the ¢-zeros, but now the diffi-
culties with non-simple zeros appear. I need here some conjecture giving
the simplicity of all [-zeros. Further, some information on the horizontal
distribution of /-zeros has proved to be necessary. All in all I shall prove
an analogue of (1.5) under the assumption of (1.4), the result being the
content of this paper.

2. TeroREM. If

r o M(x)\2
2.1) f ( W( )) dx < alogT jor T =1, a being independent of T

1

then
1
(2.2) max | M ()] >T112exp( ﬂ_—)
1T VlOglOg T
for
(2.3) T > max ey, exp(300a))

where ¢y 48 @ wumehﬁnal, explicitly caleulable constant.

Remark 1. It is worth noting that (2.1) is in a certain sense an
upper estimat of M (x); thus if it is not true, then this fact gives.a ,lo-
wer estimate” on M (x). In particular if (2.1) was false, then the Mertens
hypothesis (1.2) and the relation (1.3) would be too.

The essential tool of the proof is the following lemma due to Turin
(see [3], p. 56, Corollary 1):

Let 2y, 2y, ..., 2y be complew numbers such that

max [gy| =1, minfz,—al =48, & #0,§=1,2,..., M.

Terfe M W
If m is a now-negaiive tnteger, them there eiists an infeger v such that'
[baZ Do+ Fbagely| 8

M = MM

2 byl les]"

f=1 :
3. Before the proof of the proper theorem I wish to examine the

consequences of (2.1) with roqpect to «, in order to obtain the inequality
(2.3).

m+1 5 r < m+M,
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Tirst of all one could éasily show that (2.1) implies the truth of the
Riemann hypothesis (compare [1], p. 154, Theorem 477). Thus, in the
proof we can use the following lemmas:

(A) For every T = ¢, there exists g, T < tp < T+1, such thal

<T% for —-1<o<2 (see[2],D.303, Theorem 14.16).

. 1

{ (o +itp)

Besides:
Cs

< 5

(e

—oo <t < oo (B).

‘ 1
L(—1-+14t)
(B) All t-zeros are simple (see [2], p. 322, Theorem 14.20 (A)).

Further, the following lemma holds:
(C) Let oy, 0, denote different non-trivial [-zeros. Then

lor—gal > 1/15Va(max o))"
1=1,2

This lemma — and even a stronger one — has been proved in [2],
(p. 326, Theorem 14.31), but without the explicit dependence on a.
Therefore I will repeat here some details of this proof in order to obtain
an explicit form.

Firgt of all, the inequality
(3.1) [1/¢'(e)] < Velol, o being any complex (-zero,

follows from (2.1) analogously to [2].
Now let }-iy, +-+iy’ be consecutive complex (-zeros, 0 <y <y
Then ) .
4 ¥
0 = [ cF+iydt = (' —y) &' (F+ip)+i [ (/=) (i)t
¥ v

and by (3.1)

— '}" .
=)y <2Va| [ (/=08 (bit)t| < Valy —y)max |5 (--it)]
; el
Using this, and using further the inequality

27
1 .
1 (3-4)] <;—ﬁf (& (3 -+it4-re™) | d0

together with a trivial one,

1E(s)| < T,BE for o> i, t 214,

(*) From the functional equation for ¢(s).

©
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we obtain, taking r = 1/t
max | (§+it)] < 157"
iy [}
and the result follows.
4. Turning now to the proof of the Theorem, assume T >> ¢; such
that all further inequalities, holding for large 7', are satisfied.
Putb
log’
=10
x, loglog 7'’
There exists a number L > 2 such that

I < IFotNo o o« IEoHNo+L - 30,

Ny = log"™ T (loglogT)* (thus K, > N, = 3).

Hence
¢ < log'™ 7 < L < Llogt™ 1.
Let ¢, be the number given'by (A), then
L <ty < L+1.
Let & be an integer satisfying the inequalities:
K, < k+1 < E+N, (< 2K)).
Put further
n = 1[log ¥
Congidér the integral :
Lyt
J(I) ! Tl ds
=00 PSR
omi ) L)
In virtne of (1.1)
00

iy, g
, e (1)
J(L) = 2 ) j el ds

1 Lin—ity,
p(n), o T w7 1 1

@17(91”@'“ ol X))

Further
LFI e K0 e Kot Vet pNotL s TGXD(‘"‘;" ViogT)

and = p lv o

n‘}_{ T i = ()(exp(l/logT)).
Hence

2 T —
@) < | S o | to,exp (Viog D).
n<l
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By partial summation we obtain
gt r
(D] < erexp( l/Iogl’ |————- max | M (x)|.
! 1gagT

5. In order to obtain the lower estimation of |/ (1')| consider the rect-
angle 1+nﬂ:1tL, —1-44t;, and apply Cauchy’s theorem for the function

7 1
S (s)’
Let p be any complex (-zero. By (B)
_’l‘s 1 TIe 1
e O]
Let (I), (II) denote the horizontal segments of the rectangle and
(III) its left side. In virtue of (A) we obtain

. fTs L <o ey i ViogT:
omi A ™ lf i ttdo < exp (ViogT)
and similarly

< cgexp (l/logl’).

1 fTS 1 i
— | = ——ds
i k1
. o &)
Further !
7
lv-—l log: 1 1 -3/ 1
< ¢ -+ dl < oy

55 21\ D R
o (B 7

1 r T 1 a
7R

Cauchy’s theorem then gives

o
@i

17@ l -flw . —
(5.1) J(T) = = -+ res = - —— -0 (expVlog T').
, u;l};m T i g Ol s d)
Clearly (compare [3], p. 117)
1 1 d .1 logT'
(5.2)  |res—— 4 ( ot ) e og _
8= 08k+1 (8) Ic‘ dS C(S) Bz l) xp ]/10g10grlv
(5.1), (5.2) and (4.1) give
log"T 1 vy
(5.3) Tma,x(M_( z)| = ‘ kH'—,———'——GlUOX)( log 1 )
U reser . Wi, e Cle) l/]oglog’[’
6. Now we shall estimate
T 1
" o)

Hel<tz,
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Let o, be f-zero of the least positive ordinate (it is known that
0y = }+i-14,13 ... (see [2], D. 330)).

Write
' g 2 e—a1 . (.@L)Hl
=t el
whence
O 1
(6.1) s Z.

5 &

Tel<tr,
Denoting by o1y 02y .-, 0ar 8ll {-zeros lying in the rectangle |Ip| << iy,
0 < o<1, put
Tep—e
&, = 7@17 b/l =
€ (e,
and apply Turdn’s lemma.
In virtue of (C) and using (2.3) we obviously obtain for u #»
o] 1 1 1
> e > = .
l 15Vats ~ 16Valogt®T ~ logh'T

pn=1,2,..., M, m=1[K]

Turther
M < logi™ T (loglog T

By a suitable choice of k we obtain

M
- 1
| = (721' 151 (21" ‘) T (Tog Ty
> lbll10gT/exp(%logl/”T(loglogTY(10g2+10g10gT))
> 1jexp(ViogT)  (clearly by = [1/2'(e1) = 6u)-

By (6.1)
-~ " 1 e —Vioa T
3.2 P~ eyt ex logT
- 2, Ey | g Vel
Hel<ty,
logT !
il — .
>1 exp( c'uloglogT)
Further
Uil logT
(6.3) gl op (g.-___—o:g_—;) (compare [3], . 119).
k! Vioglog T
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(5.3), (6.2) and (6.3) give

12 log? '\~
max | (a )[ > TMPexp | — e
1<esT VloglogT

Remark 2. Note that the Theorem gives some lower estimaties
in the theory of Farey fractions. Let »™, 1 { » < A(n), denote the »th

Farey fraction for the number n, A(n) = Zq» )y 80 = 1™ —p] A(n).

Then we have
AN _ ]
Bither Y |88 = O(VN) 4s false, or
p=1

1 1
= N”zexp( ——e
TC

(for N sufficiently large) is true.
" For the proof it suffices to apply the inequality

o (n)
M ()] < 2n D)

v=1

[0 (see [1], p.1697)
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Quadratische Formen und Modulfunktionen
VYOI

M. Ticarer (Marbwg-Lahn)

Einleitung

Zu den #ltesten Themen der analytischen Zahlentheorie gehirt
die Frage nach der Anzahl der Darstellungen von natiirlichen Zahlen
durch definite quadratische Formen und speziell die Behandlung dieser
Frage mit Hilfe von Modulfunktionen. Ungeachtet der langen Geschichte,
die dieses Thema gehabt hat, verdankt man die am weitesten reichenden
Entdeckungen tiber die Zusammenhinge von Modulfunktionen -und de-
finiten quadratischen Formen den Arbeiten von E. Hecke der Jahre
1937-1941, anf deren zusammenfassende Darstellung [9] wir hier mehrfach
Bezug nehmen miigsen. Hecke zeigte, dafl sich die fraglichen Darstellungs-
anzahlen aus den Koeffizienten gewisser Darstellungen der seit langem
wohlbekannten Modularkorrespondenzen berechnen lassen. Durch diese
Tatsache wird die Theorie der quadratischen Formen mit der Algebra
der algebraischen Funktionenkérper verbunden, was unter den Hinden
Heckes und seiner Schiiler zu zahlreichen schénen Anwendungen fihrte.

In den vergangenen 3 Jahren habe ich die Spuren der genannten
Darstellungen der Modularkorrespondenzen unter gewissen! vereinfachen-
den Voraussetzungen bestimmt. Mit dieser Kenntnis hat man jetzt ein
sicher arbeitendes Verfahren in der Hand, die Anzahl der Darstel-
lungen einer Zahl durch eine definite quadratische Form formelméiBig
zu Dberechnen, falls die Form nicht allzu kompliziert ist. Bs wire aber
ein Trrtum zu glauben, daf hiermit das angeschnittene Problem dem
endgiiltigen AbschluB nahe gebracht worden wire. Ich weise in §4
vielmehr auf 7 offene Probleme hin, die teilweise recht umfangreich
sind, und deren Bearbeitung mit den heutigen Hilfsmitteln méglich
erscheint.

Der Zweek dieser Abhandlung ist es, die Ergebnisse fritherer Arbeiten
zusammenzotragen, sie zu erliutern und zu ergéinzen. Auf eine ausfiibr-
liche Wiederholung der Beweise darf verzichtet werden. In § 1 bringen
wir nur einen neuen und allgemeiner giiltigen Beweis fiir die Existenz
des Normalintegraden 3. Gattung.
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