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The primality of certain integers of the form 24:"—1
by

H. ¢, Worians (Winnipeg)

1. Introduction. Tn [6] Imeas presented conditions which are suf-
ficient for integers of the form Br"—1 (B <1") r = 2, 8, 3, to be prime.
Lehmer [4], Riesel [7] and Stechkin [8] have given criteria which are
both necessary and sufficient for the primality of 42" —1 (4 < 2"} and
Williams [10], [12] has given necessary and sufficient conditions for
the primality of 243"—1 {4 < 3" and 42"3"—1 (4 <2°773™). All of
thege tests make use of Lueas fanetions or funetions similar to the Lucas
functions. In this paper we present, using the YLucas funetions together
with the generalized Lehmer functions of [11], & necessary and sufficient
eriterion for the primality of certain mmmbers of the form N = 2A4s" -1
{A < ™) when r and s are odd primes, r = 2s-1, and 24 -1 is & pri-
mitive root of s.

‘We define the Lueas functions

VP, Q) =+ 5" U,P, Q) = (a"—f) {a—4f),
where a, # are the roots of the auxiliary quadratic
o —Po4Q = 0

and P, Q are coprime integers. (While it is usual to insist that (P, Q) = 1,
it is sufficient in dealing with the functions modulo ¥ to have (¥, @) = 1.)
The usual test for the primality of N = Br*—1 (B < ) (see, for example,
Brillhart, Irehmer, Selfridge [1]) involves attempting te find P, @ such
that (@, N) =1 and :

(1.1) N\ Uy (P, @),
(1'2) (N7 U(N+1)jr(P1 Q)) =1.

1f guch a pair P, ¢ can be found, N is a prime. The determination of this
pair iy done by trial, subject to the constraint that the Jacobi symbol
(P?—4Q|N) = —1. Under this comstraint, if {1.1) is not satisfied, N
is compourite, _ .
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Now if N iz a prime and (P*—4@¥) = —1, (L1) must be true Im“
but it is not necessary that (1.2) be trae as well. We give here for certain
of the values of N mentioned above an explicit forroula for £ and for @
such that if & is a prime both (1.1) and (1.2) must be true. This gives
a necessary and sufficient criterion for the primality of N, which is gimilar
to those given by Lehmer in [4] for the primality of A”"

2. Preliminary results. Define the Chebyshev polynomial &y, (e} by
putting Gy(a) == 1, Gy(@) = z-+-1 and

Gra(o) = & (o) =Gy () (kB =1,2,3,...).
We have
-1
2. = 1 g :
(2.1) = oG, ()

rom which it follows on putting o = (a/f)* that

Upel P, Q) = @6, (TP, )1Q) U(P, Q).
Ags it is well known ([2], p. B1) that ‘

(U (2, QTP Q) UplP, Q) =1, 7,
wo sco that conditions (1.1) and (1.2) can be replaced by the single con-
dition

QUG Vo (P, @)/6™) == 0 (mod V),
where m == {N +1)/r. Now if we detine P’ by
QP =z 7 —2¢ (mod Ny,

we have

Von (B, Q" = V

Thus we can replace (1.1) and (1.2

w7y 1) (mod ).

) by the single condition
(2.2) GV, (27 1)) =2 0 (mod N).

Let ¢ be uny prime such that ¢ = 1 (mod r). In {9] it is shown how
certain coefficients, denoted by G, v, @) (4 == 0,1,2,,..,5—1), can be
caleuluted. The values of these coefficients depend ouly on those of »
and ¢ and are independent of N. Also, several tables(Y) of these nwmbory
are given in [03. With this information we ean now give the main result
of [9] as

(1) Un page 553 of [9] the entry for ‘€(1, 5, 101) should read — 1025 not 1026.
This means that 2 (1, 101, 5) and P (2, 101, 5) in table & of [11], p. 336, should now
be changed fo 271 aund — 1294931 urxputw:.,]\,
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THEOREM 1. Let N = 2A9™ -1, where r = 25+1 is a prime, (4, 1) = 1,

A < v Let R be an indeger such that

G, (R) =0 (mod )
and let ¢ (=1 {mod ) be ¢ prime such that
N9 =£ 1,0 (mod g¢).
If

f(mod ), ¢’ = P?—2¢"? (mod N},

ZG% r, Q)R

T=0
then N is a prime if and only if
ngs(V(N+1)]r(P'5 1)) .

The main difficulty in using thiz result is that we do not have an
explicit formmla for R. As it is sufficient to determine a value for R under
the assumption that N is & prime, this is what we will do in the next
two seetions.

3. Some results from cyclotomy. Let 7, s De odd primes such that
r = 24-+1 and let p be a prime such that p = —1 (mod ). We assume
that p belongs to exponent » (= 2u) modulo & and that

(s, (p* 1) (s} = 1.
Let K = GF[p"] and let # be a primitive element of K. Put

£ = ety —l)fs’ w = 91(11 -—-1)!1',

where (s, kY ={l,#) =1. We have § #1, o 1, and & = o" = 1. We
also let g be any primitive root of r, ¥ be any primitive root of s, and
put the Lagrange resolvent

e
Z’ £ o o
J=0
Finally, define for cach A such that 0 <A s~1
: g1
Ty = Y &4E, o).
Tusl)

IevvA L In X0, G{Thfs) =0 for L ==0,1,2,...,5—1.
Proof. For any A

s—1 =2 r—32

T, = Zf giz o Z ol Z Zi+2,

e il F=0 =0
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Now
Ejl (O (§ when g]A--7,
= “lo  when sfA-j.

Thus, the above sum zero is not zero only for j =s—4, j = 28— and

e 24 i
Ty o= s{w? “Fo¥ 7).

I g = a{modr), wo get
s = a4 ™%
Since (a,r) = 1, we gee from (2.1) that
G (Th/s) =0,
Lmvma 2. If © is the indew to base y of p modulo 8, then

=1 =]
. itt¢ i
Ty = =14 3 3 w).

{=e0 jun0

Proof. This result follows eagily from the facts that (L, w) = —1
and ¢—1 =1,

In Section 4 we will alyo vequire some other results from the theory
of cyclotomy. By using the methods in Landau [3] (p. 279 and p. 301)
we see that in the finite field I we must have

(3.1) (& (£, w) =r,
and
(3.2) _ (&, )" = gRndp e o),

4. The main resalt, In this seetion we give an explicit formulation
for T, when » = §~-1, i.e. when p is a primitive root of s, We first require
Lemma 3. Let ¢ == (s—1)/2 and let ¢, m be integers such that

e(p*-+1) e 41 = sm,
If im H we put
¢ = g (t-+0) (,M(E, w)n)m’
then
p = B, w)
for some integer A

~Proof. We first note that since p = —1 (modr), have s/ind,p.
Thug, in X we get (using (3.2))

(E! w)p“ = 5—#11‘(1"?(&:””; Q)) = (Ewly o)
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and it follows from (3.1) that
(&, w)“’"'“ =,

We also have
g”* = ¢ (mod p);

hence,
— I K 9, —
99’ = ¢ (st4es)+ct(pF+1) i—at(é’ w)c(pf‘+1)+a - q-£c+c m(f, w)s (&, Q)s.

It follows that, for some 1, ¢ = &£, w).
Now if » = 4—1, then = =1 and

y~i1 . . pon
T = =14 3 e ) = ~14 3 E, o)
T =0 j=0
(] ; vl
_ .....,1+¢‘(H‘c) Z[TSE(E; w)a]mpJ -1 *}"’?‘ﬁ{Hc)Z [‘)‘“(Epj, )"
F=0 =0

= L4yl STp e o),

=1
If we put
or = " [(&, 0f +-(7, @]

the monic polynomial whose roots are py, ga, 0gy+++y g in K has coet-
ficients in GH'[p] In faet, if we denote this polynomial by

(2=1,2,...,1),

i

(+1) flo) = 3 (—1~P o,

e
then
F; = i(SHI)P(":’ 7y 8),

where the integer coefficients P (i, r, s) depend for their values only om
the values of 4, r, and s (see Williams [11], p. 336). We also have

I3 .
Ty = =147 D) el 4 47),
T sl
where a;8; = and a;-+f; = o;. By employing the generalized Lehmer
functions of [11}, pp. 316317 and p. 320, we can rewrite thizs as
t -1

I, = “1+?’—(£+0)22 Vj,m(Pqu S 9'82)9%2.

=1 j=0

{1

s [ oot V]

~L1-+¥ “'HZ Vim(Pry Pay ooy Pyy #%) 8,

Fm

i
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where

and

Py, Poy ooy Piyr™) (0,1, 2,00, 8-1)

.‘Lm

are the genemllzed Lehmer functions defined for fla) given by (4.1}
and ¢ =+°

We are now able to gtate our main theoerem.

TaeoraMm % Let N = 247" --1, where A <", r =281, » 8¢ are
primes, § =2 41, 34 -1 48 a primitive root of ¢ and

—ond = B (wods), where B = (24-1){(24 —1)4-1)/s (mod s).

If ¢ is am mteger.suah that

¢(B4-2nd) =1-—24 (mod s),
and if ¢ i a prime such that ¢ =1 (mod 7) and
Ne-Dir =2 0,1 (mod g),

then N is a prime if and only if

(4.2) - NG Vipur (P 1) 5
where
-1
¢ =P —2¢ " (mod V), P EZ’()(@, r, ¢) B (mod N),

Lol

-1
SR = o SV (P, By, L, Py ') 8 (mod Y,
F=o
and
m == (1--o(N*41)/s)fs.
Proof, We firgt note that Bined 24 -1 ig @& primitive root of 4, so
is N'; hence, N Dolongs to exponent 2¢ modalo &.
Since_'r = 2¢-+1 and ¢ = 2¢-+1, we have

N = 243" -1 = 24 —1 -+ 44ns (mod ¢*)
and :

N = (24 -1)'+ 4(9A —1)~tAnst (mod s%);
thus, :
(24 —1)(N*+1) /8 == T+ 2nd (od 8).

icm
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Sinee (s, F+2nd) =1, we can find an integer ¢ such that

¢(B 1 2nd) =1—24 (mod. 38);
algo, we see that.
m = (1+c(1~z‘+1) 8) /s
is an integer. '
Tt (4.2) holds, we know that N mwust be a prime; on the other hand,
it ¥V is @ prime, we see by Lemma 1 and the result above that B must
be an integer such that

G, (R) = 0 {mod ).
The theorem now follows from Theorem 1.

5. Some examples. If we consider integers of the form 6C7"—1
(310, 30 < ™), we have r =7, ¢ = 3; also, wo see that 60—1 is 2
primitive root of 3, and

—21(30) £ ((6€ —1) 4+1)/3 (mod 3).

Since t =1 in this ocase, we have ¢ = ¢ (mod 3), i.e. ¢ =1 when
¢ =1 (mod3) and ¢ = 2 when ¢ =2 (mod 3). Also, P(1,7,3) =1 and
the fanetion ¥, (P51, 7°) is the usual Lmeas function V. (74 ”9), therefore, -

3 TR = 7MLV, (74 7°) (mod N), _
where m = (¢(¥V+1)/3 -1~1) /3. If ¢ iz o prime such that ¢ =1 (mod 7),
N@ U7 £ 0,1 (mod ¢), and ' :
| P =P —2f (mod 'N),
where

P =C(0, :!l)-l-C'(l 7,Q)R+0(2 7,9)3’(1‘-’10611\7),

then N is 2 prlme i ard only if

NiX3 —I—.XZ—ZX —-1 where X = V(NH]W (.P’, 1) (mﬂd .N) .

Thus, we have a test for the primality of N = 66’7" —1 (340, 30 <),
which involves Lucas functions only. :
For the special cage ¥ = 6-7"—1, we have N* = 0,1 (mod 29)-when
n == 1 (mod 7); consequently, if » 3 1 (mod 7) N is a prime if and only
if
NMX 4 xF—-2X -1,
‘where
X = Viyunn(P', 1) (mod N), 20°P" = P*—2:29° (mod IV),

P = 5199 — 2597R — B831E* (mod N)
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and
372R == F72+V(N+4)/9(7‘, 79) (]I.I.Od. N).
I N =4-11*~1 (» odd, #» 5 1 (mod B)), we have r =11, s =15,

t = 2. Algo, 24 -1 == 3 ig o primitive root of 5, and (E-+2nd,5) =1,
gince 4 =2, ¥ =1, » £ 1{mod 5). We have

P(1,11,5) = —89, P(2,11,5) = 1199,
3 for =2 2 (1nod. 5),
. 4  for n ==3 (modd),
1 for = 4 (mod ),
2 for == { {mod 5),
= (e(H*--1) /5 -1) /5,
5-11°7*R = —11°M 42V, (—89-11%, 1199-11*, 11%)-

89117V, . (—89-11%, 1199-11%, 11%) (mod N).

Since « is odd, we have {4-11"—1) = 1 (mod 23);
. if and only if

thug, N is o prime
NiXP+ X 4X'—3X* 18X 41,
where
X = Viyenym (P, 1) (mod ¥y,  28°P' = P*—2.23° (mod N),
P = 2892063 --1176725 R —1281027 B* — 635734 R® - 79860 R* (mod N).

6. A special case. Since necessary and gufficient tests for primality
of integers of the form (# —1)#" —1 have been developed for r = 2, 3, b [9],
and 7, it is of some interest to obfain a criterion for the primality of
10-11"—1. Unfortunately, we do not have 9 as a primitive root of 5;
however, we can modify our above fochnique somewhat to obtain o test
for the primality of N == 10011"—1 when (€, 5) = 1 and B¢ < 11%
‘We make use of tho result thatb

(6.1) (8, o = p(§)(£, o),
where
¥(&) = 2 e‘“%*““““ﬂ“ D (see [8], pp. 278-280).
Jur)
Also, p(&)p(E7Y) =r

When s = 5 and 7 =11, we have

p{&) = 26288,

icm
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If we let p be a prime snch that p = —1 (mod 55) and return to

the resnlt of Lemma 1, we see that
T, = =14 8(&, o)+ EHE, o p(8) + EHE, o) fp(E) -+, o).
We also have g =1, ¢ =207 (mod 5).
B =117, @),

I we put

o = 11*(§, o),
then

(6.2) m ‘B-‘nl )

To= —1 411~ (2+c) o™ m +11- {H"c)( 4 -
= TF) viE TeED

where m = (c P%* +1)/0
Uring the simple identities
26 = (o ) + (4 B (™ ) —2(af)”,
2™ = (a7 — () (" — ) — 2 (™

we can rewrite (5.2) as

T, = ~1 +11—,12+c) (am+ﬁ1n) _I__ll—(ﬁ—m:)[( a™ ﬁm)z ("P('E) & W(E“ 1)} 22 —

—113™ (&) +p(E7H) AL + (@™ -+ ™) (o™ — F) (57 — v (£)) 122]
= — L [p(&) + p(E D] H1LCHHam L pm) 4
—(4-+2¢ w(E)+VJ( m 1y 2
118 ’[W——_% = (@™ )+
PpEY—p(&) —ﬁ’"
+ HEDRE) gy 00|

Now a+f = 11" [(&, o) /11+ (&7}, 0)*[11]; also, from (3.1) and {5.1)
we geb

(&, ) /1L = p(EPp(&) = 66+ 418 F10E 2684

thus,
a+f =111 (—57—256), where & = E4E7L
We also calceulate
P(E)+ () =34+88, e—p =511 1) (—44584d),

(a—B){w (&) —p(&) = 26117 (—4+53).
Sinee 4 e GF{p], we can use the Imcas functions

Vall, L) = d™+ 87, Up (K, I} = (a™ — ") [(a—8),
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where
I = 114 —~57--25D),
and find that
10 115FR = (~8 —10D)L13* 21157V, (K, L) -+
4 (34-BD) VA (K, L)+25 117 (~4+5D) Vo (K, L) Uy, (I, Ti) (mod p).

L =11%, D*4D-1 =0 (modp),

When ¢ is odd, N = 10011"—1 =1 (mod 4); thus, the Jacobi
symbol (I1]N) == —1. If ¥ is a prime, we have

(3Viuinn(8, B))* =5 (med ¥)  (Lehmer [G]).

Also, if n 17 (mod 22), N* s 1 (mod 28); hence, i N == 10-11" =1,
n 2= 17 (mod 22), then N ig a prime if and only if

NX X — 4 X -3 X 8T +1,
where '

X = Vipyu (P 1) (mod NV}, 23°P' = P*—2-23" (mod N),

P = 2892063 +1176725R ~1281027R* — 635_734133 — TO8GOR* (mod N),

§I1R = (—8~10D)110 2115V, (K, L) -+ (3 --8D) V3K, L) +
‘  10B-11Y( 4L BD) V(K L) U,y (K, I) (mod ),

m = (2N +7)/25,

I o=11%(~57—25D), L =11% (mod ),

4D = —2+V (8, B) (mod N).

This again i & criterion for primality that involves only Lucas fonotions,

Anyone involved in the actual testing of integers for primality 1:11qws
that if an integer of the form N == Br*—1 (+" > B) is a prime, {inding
a pair P, Q such that N satisfies (1.1} and (1.2) never takos very long.
Usually the firsh pair sclected suffices. Also, it N is compositoe, it is almns‘b
always the case that for the first pair P, @ selected, (1.1) will he falso,
In view of this it does not seem to be anreasonable to expeet to find mueh
simpler values of P, @ than those given above yuch that a necessary and
sufficient condition that N be prime is that (2.2) should be satisfied.
However, the process by which such simpler values of 2, @ conld be
obtained appears to be very difficult to discover. _ .

Tn conclugion, we present in Table 1 a list of all the primes of the
form (r—1)#"—1 for ¢ = 3,5, 7,11, 1< n < 500.
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Table X

~

all values of - 500 such that (r—1p7—1 is pri:ﬁe

-

. 8, 7, 8 13, 20, 28, 27, 35, 56, 62, GS, 131, 222, 334, 387
9, 13, 15, 25, 39, 69, 165, 171, 200, 330

, 7, 18, 55, 69, 87, 119, 4L, 189, 240, 364

. 37, 119, 255, 353, 371, 497

FLaF I I -1 3§ L
e
Py
S5 b
&

-
(A o)
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