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An explicit estimate for zeros of Dedekind zeta funmctions
by
W. Sra§ (Poznan)

In memory of Professor P. Turdn

Denote by K an algebraic number field, by » and 4 the degree and
the discriminant of K respectively, and by {x (8), 5 = o+t the Dedekind
zeta-funcetions (see [4]).

Further, denote by N(a, T, K) the number of zeros of {g (s) for
(t<)e <o, 0t <D,

Basing ourselves on the ideas of G. Halisz and P. Turén (see [2]),
we ghall prove the following

TororzM. For all

(1.1) 1—{3n) e a1
values and
(1.2) T,

the following inequality holds:
(1.3)  N{a, T, E) < expexpe,n®™ 4"09%) Tro—tn2(n(1-a)¥2 108 ooy

where ¢, is a positive purs numerical constant.

For the Riemaunn zeta-function, the estimate of the form (1.1)-(1.3)
is due to G. Halisz and P. Turdn (see [2]). A slightly stronger result
for £(s) is due to H. L. Montgomery (see {5]).

The proof of Theorem (1.1}-(1.3) will rest on the following lemmas:

LEmma 1 (Turdn’s second main theorem). For arbitrary positive m,
infeger n < N* and comples wy, Wy, - .., W, numbers, there is an integer v,
satisfying the condition

ML YK m"{‘lv*!
s0 that

N* N° .
(2.1) |ij (86(m+N*)) TACH

where w, stands for any of the w;’s (see [10], p. 52 and [7]).
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Lmvmga 2. If

Ts;as;l, t2= e,
7

then
(2.2) |2x (0 88)| < exp(eyn®| 4 [2)s 0w 0= g™y

where ¢, is a positive pure numerical constant (see [F]).
From Lemma 2 in the way shown by Landau we immediately get
LEwmnia 3. {gp(e-+i) has ne zeros in the region

1

(2.3) O A AFleg e loglog i

1> 4, -

where ¢, 8 a pure numerical constani (compare [1]).
LEvma 4. Denoting by V(IT) the number of roots of {g{o+if)in the
region Ve <o< 1, T <1< T+1 where 0 < § < 1/100, we have the estimale

{2.4) V(T < 467 log{cli4 P2(|T| + 3)*"2+7)

for each real T, and ¢, denoles a positive numerical constant (see [8]).
Lemma 4 easily implies
LEvMya 5. Denoting by N(T) the number of voots of Lx(o-+it) in the
regiot Ve <o 1, [H < T, T > 0where 0 < 8 < 1100, we have the estimate

(2.5) N(T) < 85—5[6(11+1)10g(6?|A|3I2(T+3)3n12+2’

and o, denoles a positive numerical consiani.

LEMMA 6. Let &(2) be reqular for 2| < R, and let for 2] < B the in-
equality

(2.6)

=

Gz)
G{0)

hold. If 0 < < 1 and the zeros of @(2) in the disc |2| < OR are &y, #, ..., then
for all nonnegative integers w's we have

1 | o1 2(zz+1)logU( ! )
I P P - Eaa e =Te
(see [37).

3. Proof of the Theorem (compare [2]). From Lemma 3 it follows
that {p(e44t) 5= 0 for :

1
ent'| APlog* T (loglog Ty’ B

o=1— PLIST, T4,
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Let 8 De such that

—1p?
4 2
=1

3.1 § > _
&1 n e A log* T (loglog TY 7

for T > ¢, where ¢, is a sufficiently large pure numerical congtant,
‘With such & 8 we introduce the following abbreviations

(3.2) by =20,

(3.3) N

_‘E‘

4 = n’ — B}1372 g 200
{8.4) A =a*(n(1 —6))*"log pyrar g

(3.5) 8y = 204—1—2&+410t,, ¥, =20y~1—2s—8, {,2=4,
H s 1
{3.6) 8, =20,—1—2¢, ¥, =26(1—8)(1——), u=6.
H
Anglogously to [2], p. 125, we get for the derivatives of the Riemann

zeta-function £(s) the estimates

i tﬂmn (1—o)32

) ey | < “ 23
{3.T) &4 (80)1 << €5 (20,—1—2e—0)" log™4,,
v B(pD)
(3.8) sy < D

-

In the proof of (3.7) we used Richert’s estimate (see [67) instead
of (2.2). _

It ig easy o notice that the function
601

— 4
,W,.31210g 400
L

is monotonically increasing in the interval (0, exp( ulﬂg)].
Henee, owing to (3.1}, (3.4), we get for T > ¢

AlogT 1 LULS
loglog I'yso0
s 1 7 e ( g .

n(l—6)

(3.9)

log

4. Let us consider on the segment

(4.1) Iig=g9, IT<IT,
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with a fixed natural », the set H = H (v) on which the following inequality
holds:

e

K

»! -1
(oo —1)

{4.2) ()| =

Then, denoting the measure of the set H by |H|, we assert
Levma 7. For A determined by (3.4) end 8 defermined by (3.1) and

(4.3) T3z expoxp (6,850 V| 4161,
AlogT ( 51 )

4.4 1

(44) log (% + 0) + loghh L
n{L— 6)

AlogT ( 53 )
s Sl | R AN
log(3+6) Tog!* 1 ’

. n{l—8)
the following inequality holds:
201

(4.5) \H| < 0,08 427100 1og"T

Proof (compare [2], pp- 126-128). Let =, be the smallest f-value
in H and, 1y, Tay..., 5 deing defined, let 7., be the smallest f-valus
in H satisfying
(4.6) Typr 2= ;6

(if there is any). If 7, ..., 7y are all points so defined, then

B
Hc ILJ ['El, ‘Fz+6],
pat |

and hence
{4.7) |H| < 60

Denote '
(4.8) & =optit, j=1,2,..., M,
and

L .

(4.9) ?E (2,) = F(s;, E).

Henee, owing to (4.2), we have

My!
{4.10) T g [F(s;, K.
(6,—1) ; ks
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Putting
(4.11) ny = g R E),
we have

gyl = 1, |F(Sj: K)| = F(s;, K)’?j
But
O Gm) \® 16 () Tog”
(412)  Fis;, K) ( Z (T ) —1)r! ZM
mi i
Hiw= M=z

where

Gim) = log Np < —2_log®
m) Z & p\'logz gm
(o)
(see [8], p. 183).
Therefore, owing fo (4.10), we get

113 Myl logim log™m
(+13) (e —1)" 10g2 Z VS g oe—ifize

Applying Oauchy’s inequality, we obtain

: ; i':j

J=1

. T—-zv G 2’)’12 , R
(@10) B Sam < D] EPBe—l = 2eti(e, — 7).
0

ES NS4
Using estimates (3.7) and (3.8) with j, # §, and J; = j, respectively,
we have

Myl? G (2w +131
4,15 gy
(4.15) (0, —1)* TF (20,—2 -2

o, Mn® (2T
£ (200—1—2e—6)

= log*T.

Applying (4.4) and then (3.9), we get

wfe—9 1\, o
logt —+ | —5— (leglogT) ® -
. n{l—10) Gcgnmtdl

(4.16) F+0"=T
Hince
(20 —1— 26— 8" = 2% (0, —1)" (8 + 3,

owing to (3.3), (3.1) and by the use of the Stirling formula, we have by
{4.3) the estimate
oy Mn? (29) 1T 1000~ g p2i 7%

ney —
e ise—ap UV g

(4.17)
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Henee, owing to {4.15), (4.3}, we get
20,07 (Zy 1) (o, —1)" T
& (my—1 — g +ipligi i

Using (4.4) and (3.9), we then have

(4.18) H<

— 1—-8 T;-B*J-
(4.19) 6~ = exp{2vlog 1—|——6—— < .

Therefore, by (4.18), (4.3), {(4.4), (3.1)-(3.3), we get
201

—]
(4.20) M < e n™ AP logT,

and thus (4.5) follows.

In the following we shall only use a corollary to Lemma 7.

Let us congider on the segment I defined by (4.1) the set H” of s-values
for which the inequality
w7t

55 R
(0p—1)

(e

holds for all »-values permitted by (4.4).

Its complementary sef H* with, respect to [3T, T] is certainly
eovered by the union of the above H = H(v) sets

(4.22) H* = {J Hy).

Henes, owing to (£.4), we have from Lemms 7 the estimate

(4.21)

(8)(7)’ <

201

_ — 1
(4.23) [H* < oyn'™| AP "ot

and we can formulate the following
COoROLLARY. If we drop from the segment T a suitable set H* (consisting
of finitely many closed intervals) of measure
201

(4.24) B 0™ 42T ™ JogT

at the remaining points of I, inequality (4.21) holds simultanecously for
all v-valuwes given by (4.4) with (4.3).

3. Let us eonsider the horizontal strips I; defined by

r .
AP S =

5.1 i N Sl
G153 log®T = T 2 T log’T’

T
i=0,1,..., [E 10g3_’l’}.
We call a strip §; & “good™ one, if its intersection with I contains
at least one point of the set H*; otherwise we call it a “bad” one. The
number of “bad” strips is, by (4.24), -

icm

An estimate for zeros of Dedebind zefa Functions 48
H 7.
(5.2) < < T (log T)™.

1/log®T

Owing to Lemma 4, each “bad” strip confains at most

3 9
< agloglefl AP T +3) %)

zeros of £ (). Hence the number of roots in all “had® strips of the rec-
tangle
—19¢ 9
—21-0z
L

F’.S >
©3) e AP log™ T{log log T)™

1T,

T>expexp (017?156"“2]A |15'1°2)

cannot exceed
201

T logh 7.
Let us fix any “good” strip and let

(5.4)

7 = gy it*
be & point of ™ in such a strip.
Henee for all »-values from the interval {4.4) we have

! — 3
(5.5) éz—(z*)(”) <! .
x {gy—1)
Applying Lemmas 6 with
G(z) = lgle+2*), R=e0,-1), o =1Jo, p =,
we obtain '
. 1 &% 1 4(r+1)log T
©6) |2y _— 8
[ »! Cx Is,h;[—g;(w, (#¥— gyt (e(1 - g+ _’
where
(5.7) U i Su’p QK'_(zﬁ—j)_
peeli-n |  Lel2®)

Since for ¢> 1
1

5.8 R LA
() !c,:z(aﬂ't)lg(crul)’

we have by (3.1), (3.2)

1 2q
(5.9) mg | d*"log® T{loglog T)™*,

4 — Acta Arithmetica XX%UTT
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Using Lemma 2, we get in the circle
e < 6o -1)
the estimate

(5.10) lEz(8)] < Bcznﬂmﬂ(z,+1)5.102n2(n(¢2,.1)(1-—e))aizlogzl,ﬂT'
Hence we can pub
- o
(6’_11) U= Tﬁ'mﬂﬂ‘z("(ez“‘l)(l“5))312logT,H-l T

with T determined by (4.3).
Owing to (5.5) we can write formula (5.6) in the form

4(»+Dlog U

| go—1\"*1 -
(5.12) [z‘_é‘u—ﬂ(z*_e) <——h (0 —1) T,
Using (4.4) and (3.9), we get
1 401
(5.13) Pl T‘exp( lh,‘lms(10g10g1’)‘““‘)
(5.14) 4(”:“1) < log T(loglog Ty

and (56.11) implies
{5.15) log U < log®T.

Therefors for T determined by (4.3) and far all »-values from interval
(4.4) we have

_ kL)
(5.16) (“" 1) 1

g—E-T‘*.

e

g —0

(o — ol <e{1—0)

6. In order to estimate the sum of (5.16) from below we shall apply
Lemma 1.
We choose

(6.1) m—— 08T (), 51 +1.
1 1f4 1

tog(3+6)
a{l—0)

To estimate the number of terms in (5.16) we apply Jensen’s in-
equality, which gives for the Immber of zeros of the function f(s) in the
clrcle |8 — 84l < #R the estimate

1
(6.2) L — o
0g(1/8) & wiicr

f(So)
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Owing to (5.11) and by the mee of inequality (3.9), we get for 7 >
expexp (6;en°" MQM i wﬂ)

(6.3) log U < Aog T
log (% 6)log'* q_z_(l_l—-.-éf

Hence, owing to (6.2), we can choose
(6.4) N = MogT \
log(3 -+ 6)log'* z(l—ib-)_, l

with the values for 7' determined ahove.

I is easy to verify that for 0 from interval (3-1) and owing to (3.9)
we have

Nt i -2
6.5
(8.8) 8e(m -+ N*) > (log n(L— 6)) '

Hence .
1
+ —2logTloglog ———-—

N

(6.5) _ ¥ V. n1—6) |,
8e(m 4 %) exp
2log(3 -+ 6)logh

n{l— &)
From Lemma 1 it follows that there exists such s ¥, in interval (4.4)

that then
> ( O'omo': )"a+1 y

on | 3 (@

2 —on
le—z*l<e{ay—1) =

AlogTloglog
i—¢ -
REEP| — ( 1 ) — (ro+1}log G:, I
2lo 1 — -
2(+ 6)logh” w1 5)

=3 ]

w;here for w;, we choose the term belonging to ¢* = of - i# with maxiroal

o,

Since
1 1
(6‘8) ]t*_tzl‘{W’ 60_0':> UQ“1> i—gf’
wée have
o, —g |t 1 —rg—1
(6.9) i 14—
& + Togi T
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Owing to (4.3), (4.4), we have

1
———] < log2.
{6.10) {(7,-+1)1log (1-}~ Iong) < log
Henee
oo—o, [t 1
(6.11) pr > 5
From (5.16), (6.7) and (6.11) we get
Alog Tloglog ————————%(1_6) _ ot
{612}y —AlogT = — 1 —({vo+1)log s
M_ - 0
210g(%+ 0)log por R
Since
AlogT ( 53 )
1< 1 +1
Yotlg log (3 + 8) JogiH 1
n(l—06)
b4
AlogT (1+ )
log(%_}' 6) loglj.; 1 H
n(l—6)
we have from (6.12) the inequality
i
loglog ——
4 —ar n(l—6)
(6.13) (1+ 5 log 207 % > tog(}+ 0) — .
log"t ——— a1 2logh——
n(l— 0} n(1— )
Hence, owing to (3.1}, we get
0, —0y low 1335
{6.14) | log p— | > log 1000
and '
(6.15) 1~ > 5(1-0).

7. We have succeeded in proving that the o = o,-|-, zeros of {x(s)
in “good” strips satisfy the inequality

(7.1} o, <1—-%{1~—0).
Putting

(7.2) 1-}(1—8) = a,

icm
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we get by (5.3), (5.4), in the region

~10%

% €

(7.3) Segntt| 4{21og™ T'(loglog TH Sl-ex 3n !

T > expexp (0,n™%| 4[1635%)
the estimaite

o,

(7.4) N(a, T, E)~N(a, T2, K) < 70 log'T,

From Lemma 3 it follows that (7.4) holds also in the interval (1.1).
Then, replacing T by

T T T

] )
T 2 expexp (6,00 411610) »
ol

T
2i+1 ?

we get after summation

201

T —
N{a, T, E)—N (a, i K) < (’E+2)T1“°1110g‘6T.

Hence, in view of Lemma 5, we get in (1.1) with

(7~5) /il X exp (gnnsﬁ-lzldllﬁ-mﬂ)
the estimate

W, |, .
(7.6) (e, T, E) < 3T 1og"T 4 exp (e,,n*10° 4116104,

Applying inequality (3.9), we get from (7.6), (7.5)

201 17 );.
W0 a1

N(e, T, K) < 3T

(7.7) "0-9) 1 exp exp(022n55'1“2[ A;mm!)-

Using Lemma 5 again, we get for
6 < T < expexp (0,,n° 1% | 4[1619)
the estimate

(7.8) N{a, T, K) < exp exp (o, nfs1°| 416 10%)

Owing to (3.4), (7.2), we get from (7.7), (7.8) the inequality

1

A‘na(n(l-; a)}3/210p2 Aicg

N(a, T! K< expexp (823%56'1"2M[15'102)T

(7.9)
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where
- 701
201 4 W L = 1
4 00 3n{l—a) + 18-3**log 3 (n(1— a))
log® 1 log® o
71— a) n(l—a)

walid in the interval (1.1} and for T satisfying (1.2).
Tt i easy to realize that for all a-values from (1.1} we have 4 < 1/10
and the proof of the theorem follows.

References

[11 E. M. Baxtz On o theorem of A V. Sokolovskii, Acta Axith. 34 (1978),
po. 113-1286. ' '

[2] G. Haldsz and P. Turdn, On the distribution of roois of Diemann zeta and
allied functions I, J. Number Theory 1 (1) (1965}, pp. 121-137.

(3] E. Landau, Tther die {-Funktion und die L-Funktionen, Math. Zeitschr. 20
- (1924), pp. 105-120.

[4] — Binfihrang in die slemeniare und analylische Theorie dor algebraischen Zahlen
und der Ideals, New York 1049.

{51 H. L. Montgomery, Topics in multiplicative number theory, Lect. Notes in
Math. 227, Springer, 1872, p. 102.

[6] H.E.Rickert, Zur dbschitsung der Riemannschen Zotafunkiion in der Nahe der
Vertikalén ¢ = 1, Math. Ann. 169 (1967), pp. 97-101.

(71 V.86sand P. Turan, On seme new theorems in the theory of diophantine approzi-
motions, Acts Math. Acad. Sci. Hungar. 6 (1955), pp. 241-257.

[B] W. 8tas, Uber eine Anwendung der Methods von Turdn auf dis Theorie des
Reatglicdes im Primidealsatz, Acta Arith. 5 (1859), pp. 179-103.

[9] — On the order of Dedekind Zeta-functions néar the line o = 1, ibid. 38 (1979),
pp. 195-202.

[10] P. Turhn, Uber sine neus Methods in der Analysis und deren Anwendungen,
Akadémiai Kiadd, Budapest 1953,

INSTITUTE OF MATHEMATIOS OF THE ADAM MICKIEWICZ UNIVERSITY,
Poznan

Reéceived on 21.3, 1977 {925)

ACTA ARITHMETICA
XXXVIL (1930)

On the Iength of continued fractions represeniing a rational
numbeyr with given denmominator

by
P. Bzi'sz (Stony Brook, N. Y.)

To tha memory of my teacher and friend P. Turdn

Let N be a given natural number. Denote by I(a) = I(a, &) the length
of the finite continued fraction

&

(1) F-_—[GSbla---,bm]: (¢, ¥) =1,b, >2.

A few years ago Heilbronn [2] showed that

@) D U - 2log?

l<a<N
(@, V) =1

where o_,(¥) denotes the Sule/d

(N)logN+ O(No® (),

A classical resuit of A. Khmtchme [3]and P. Lévy [4] states that,
putting

(3) t==[0;by, by .a.] (¢ real, L (C, 1))
for almost all £ we have

=2

ko p—
(4) VB, ¢ 68T (ks oo).

B, being the denominator of the kth convergent of the continued
fraction (3). Because of (4) Heilbronn’s result (2) is not very surprising.
The subtleness of his result is that we can make a statement for any given
&, not only for “most ¥’s” in some gense. In 1970 J. Dixon [1] proved a
theorem about the length of the continued fractions of “most” rational
numbers &/» where @ < », {a,v) = 1 and » < N; the exceptional set was
not for & given » in the a’s, but in pairs &, ». One can ask whether a state-
ment about “most a’s” for any given N is true. In the present paper I



