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Some remarks on a number theoretic problem
of Graham '

by

Wrnnram Ysras Virmz (Murray Hill, N. J. and Tueson, Ariz.)

In considering generalizations of van der Waerden’s theorem, R. I
Graham [1] was led to congider finite sequences of positive integers e,
< a, < ... < a, and certain ratios, namely, o;/(a;, a;) where (2, y) denotes
the g.c.d. of @ and y. He proposed the following conjecture.

ComororuRE L Jf 0 << g, < a, < ... <a,, then

max {2;/{a;, a;}} = n.

The conjecture has been verified in some special cases:

(a) a; is square-free for all ¢ (Marica and Schonheim [27),

(b) @, is prime (Winterle [4]),

(e) » is prime (Szemerédi [3]).

One of the results of thiz note is to prove Conjecture I when w1
is prime.

A natural question to ask is: For what sequences is equality achieved?
Before going into this question we make some remarks.

1. Tf we multiply a sequenee by a constant we obtain the same set
of ratios, g0 we may aszume g.c.d. (&, ¢y, ..., @,) = L.

2. Given a sequence @ = {4, < @y < ... < G} leb A =Llem.
{@y, @y, ..., a,} and form '

9t = {Adla, < Afty; <... < Aoy
Tt is easy to show that @ and @ have the same set of ratios.
Notation. Let M, =lem. {1,2,...,n} and ¥ = M f(n—i+1),
s0 M n < M, fin—1) <...< M, /2 <M, 1 is the “inverse” of {1<2
< ..o n) '

: F‘ 5 DEFINITION. Given a sequence @, << G, << ... << @&, We say il is a stan-

dard sequence it it is a multiple of {L < 2 < ... < n} or of (" < Y <...
.oo < W, That is, either -
a; =k for all 4,

1
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033' = ]ﬂb.{n}
Graham also made the following conjecture.
Conseorure IT. Assume

for all 4.

g.ed.{ar, 8y, ..., &) =1 and max{e;/{a;, )} = n.

1,4
Then the sequence 48 a standard sequence emcept for n = 4, where we have
the additional sequence {2 < 3 < 4 < 6}.

The reason for this exceptional sequence is perhaps explained by
the following theorem.

TapoREM 1. Let @ = {a, < ... < a,} be a stondard sequence and b
any integer such that b = a; for any 1 and g.c.d. (ay, G, ..., @, B) = 1.
Form the new sequence @ = {a; < a, << ... <a,, b} (where b is inserted
in the appropriate place). Then if ' is not o standard n 41 sequence, we have

max {a’i/ 11 1 b/ &y b z/(a'u b)} > M Tl
(5

except possibly when n = 4.

Forn = 4 we have the only exception to the assertion of the theorem,
namely, ¢ ={2-1<<2:2 <28}, b =3, ie, {2<3 <4 <6}

Proof. We first note that g.e.d. {a,, a,, ..
tion.

Agsume a; = kB, Let
the new sequence

-y @y, b) = 1 18 no restric-

a=lom, {&, a,...,a,, b} and form
{efa, < afa, , < ...
Hence we have the new sequence
Q ={k<2k<3k<... <nk b}
We will prove the theorem for this sequence.

We assume thati @' is not a standard sequence.

I k =1, then &' + n--1, since @' is not a standard sequence. Hence
b > n+1, but then o'f(k, b} = " > n1.

Henee, we may assume that & > 1.

If b’ > n-H1, then b'J(k, D) =& > n+1.

I b = n+1, then knf{kn, b‘} = kn > n1.

It " =n, then k{n—I1){{k(n—1),d) = k(n—1)>n-+1 for k>3
ora>3. Itk =2,n = 3, then 2(3—1) = 3-+1 and this gives the sequence
2<4<b,b = 3} :

£ 0" = n—1, then &n/(b’, bn) = kn > n-L1.

Hence, we may assume that ¥’ <n—1, so b’+1<'n, and k(b’+1),
appears somewhere in the sequence @’ and

k(O D)5 1), ) = B(' +1). |

<< afay, afb}.

with (b, k) =1.
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If 5(b"+1) > n-t1, then we are done.
If not, then kb’ +1 < kb"+% < n+1. Define { by

BERY 1) > 041,
E(Eb +1) < n-+1.

Then 130 and we have thfmt EHy 41 < BP0 +E<<n+l, so
Y 41 < n;y BB +1) appears somewhere in the sequence ', and

k(kl+1bl+l)/( UbH'lb’J*l ) —‘]n{kH'lb'—f—l) >n+l. 1

TeeorREM 2. Conjecture I implies Conjecture 1.

Proof. The proof proceeds by induction on n. Assume that Conjec-
ture I is true for # and consider

0<a, <
‘We kpow by induction that

o By < s

“max {2:/(a;, ;) =2 n.
l<i,j<n

I max {a/ is a;)} > m, then
1=ci, f<Sn
max {a;f(a., a;)} = n-1.
1l fsn+1
Hence, we may assume that the max is exactly n.
But by Conjecture II, the seguence is standard, ie., a, <a, <
e.. < @, I8 a standard sequence. Now by Theorem 1 we have

max {f"’:l Y1 j)}’>’
=i, f==n41 .

1.

Ii we could show that Conjecture I implies Conjecture II, then we
conld show, using Theorem 1 and double mductmn, that both conjectures
are true.

TumorREM 3 (Sgomerédi). Conjecture I is true for n = p, p a prime.
Proof. We may assume that g.e.d. (¢, @z, ..., a,) =1.

I a; = a; # 0{modp), i >4, then a; = a;+p-r. Let d = (a,; ]),
then &|{a;— &), so d|pr, but {d, p) =1, s0 d|r. 8o we have that

o [(a;, a;) = (a;+pr)fd = a;fd 4+ (pr)]d > p.

So we have that if two of the a; are congruent modulo p to a unif,
then max {a;/(a;, 6;)} > p.. -
3]

Assume that a; 5% a;(modp), if a; ¥ 0(modp), ¢; 7= 0{modp). Then
since there are p @; and only p—1 unifs modulo p, we must have at least
one ¢ for which pla;. But g.c.d. (4, ..., 0,) =1, so there is a j such
that (a;, p) =1, hence pla;/(a;, ¢}, s0 mfa;, ) =p.
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From now on we will only consider sequences for which

e (g, @)} < .

Levea 1. If ged. (a4, a2,. o ) =1, max{a,/(a;, 6} <

(%)

n and p
is @ prime with p|a;, for some 7,, then p <

Proof. Since g.c.d. (@, 8y, ...,a,) =1 and ple,;, there exists an
a; such that p { a;. Hence o.f(a;, ;) 2 p. But by hypothesis the maxi-
mum of the ratios a;/{a,;, &;) is < n, hence we have p < n. W

Levmmwa 2. If god. (@, Gay ...

then a;|M,;, for all 4.

Proof. Let M, = plt... pls and assume pi*!|a,. Then there exists
a; such that (a;, p,) = 1. Hence

it ayf(ay, o).

But this says that the ratio is larger than n. (Recall that since 3,
=lem. {1,2,...,n} then if phi<<n, p&™ > a, we must have p%| M, and
pEH L), We now see that if the maximum of the ratios is < n, then
each element of the sequence divides 3,. m

Levma 3. If ay = b0 = M, /n and max {a,/(a;, a;)} <

49

(G, .2y @) = 1, then a; = B for all 4.

Proof. We have @ = M, /n, ap = ety /iy, (G, 0p) =1, G <fp<<m
Agsume (f,, n) = & # ;. Then there exists a prime p = pl such. that

P1lig, 21t n Thus, since ptle, and (4, j,) =1 we have ph+!|a, which
comtradicts Lemma 2. Hence, j,|# so that

ya) =1 and max{afla, 4)} < n
i

n with g.c.d.

o =no[dy, L<dp<n

Bub the a; are increasing and there are exactly n of them. Hence, this
says dy =m, dy = n-1,...,d, =1, le,

ay = ny{(n—~E-+1) = M, /(n—F+1). m

CorornARY. If g.e.d. (a4, ..

a; < b, for all 1.
Proof. Since max{aJ (@, @)} <

o 8,) = 1 and max {a;/{a,, )} < 1y then
.5 .

7, we have that a; — M, Je,, Wwhere

03 6y > T a; > b, then Mﬂ/o > Mn/(

7,—1)), g0 7 —
> ¢;. 30 we hawe ’H—('b—wl) > 6> 04 >

(i—1)
¢,. Hence :

{0 Copry oy b = {1, 2, L0 n—d},
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But [e;, ¢4y 0y 0 =n—(i—1)>n—1i=}{1,2,..., 54}, and we
have a contradiction. w

THEOREM 4. Conjecture IL is true for n = p, p a prime.

Proof. We may assume that g.e.d. (ay, #g,...,0,} =1. Since
agf{ay; a;) < p, we have that a;< pa;. If a; + pa;, for all i, j, consider
a; = a;f(a;, p)- Then |{a;, ..., ap}| = p. Furthermore, since p® ¥ M, where
Myislem. {1,2, ..., p}, we have that (aj, p) = 1, 80 max{a,/ (as, aj) <P,

. . B
which contradicts Theorem 3. Hence, for some 4, j we must have a; = paj.

But this implies that i =1, j =p and a, = pa;. Furthermore, since
Pa 'l’ ﬂ[p? P ’l’ . :

Hpla;,foralli > 1,then a; = paje;, with ¢, = p > 6, > ... > ey = 1.
Hence, a; = b and a; < ... <a, is a standard sequence.

Hence, assume that (a,, p) =1, for some ¢ > 1. Then a; = & a,/k,,
(Fys Foo) =1, Eolaty, kg <k <p. Then (ay,a;) = (pay, kyttyks) = aa[ks,
80 @y fla;, a,) = pky <X p, which implies that %, =1, So we have that
if (a;, ) = 1, then a;, = k;a,.

I a; = pafe, {¢,p) =1, then ({(ay, a;) = (p-afe, kic-ayfo) = aife.
Hence a;f(a;, o;) = k;aflagfe) = be< p, s0 k; < ple, since (k;e,p) = 1.
Hence ko, < pafe, 80 @;<a;. That is, the sequence a, <...<a,
takes the form :

{=) ay < kyay

< e < ey < pagfe; <L < pagfe. < pagfl.

k> p/2, then ple, > & > p/2, s0 ¢, << 2, that is ¢; = 1 and (¥) becomes

(%) a, < 2ay << 30, < <(P“‘1)a1<2’a’15

50 a, = 1, sinee g.c.d. (@y, ..., &) =1, and (*#) is a standard sequence.
Assume that & << p/2, that is, |{a;: (g, p) = 1} < p/2. Since there

is at least one a;, 4 > 1, such that {a;, p) = 1, we have that ple, > I = 2,

50 ¢y < p/2, that is, the ¢; must assume fewer than p/2 values. Hence

I{a;: plal <p/2. But

3 a’p} = {a'i: (

{1y 35 - a;; p) = 130 {a;: pla}

and this implies that

Hay, oy opll = p = Hag: {a;, p) =13+ et plagd <p2-+2/2 = p,

50 p < p. Hence k; € p/2. m
CorOLLARY. Conjecture I is true for n = p-+1, p a prime.

Proof. Sinee both conjectures are true for #n = p, p a prime, Theorem
1 readily gives us the desired result. m
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Reniark. It ged. (a,...,q,) =1, then for each », Conjecture I
holds for all but a finite number of sequences {m; < @, < ... << a,}, since
by Lemma 2, all counterexamples must have a;|l.em.{1,2,..., 2}
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Unités de norme —1 de Q{p) et corps de classes
de degré 8 de Q(V—p) ou » est un nombre premier
congru a 1 medulo 8 ‘

par

PreErrr KAPLAW (Nancy)

Introduction. Soit p un nowmbre premier} congru & 1 modulo8. I1
s'éerit: _
) | P = 20— = e 3D,

Soit ¢ = &, = §-- TV¥p une unité de norme —1 du corps quadratique
Q(V};); les nombres § et T sont des entiers rationnels tels que 8%--T2p
= —1, et, comme p == 1{mod8), T est impair et § est divisible par 4.

Soient %, le corps quadratique Q(V —p), A{—p) le nombre de ses
classes d’idéaux. Le 2-sous-groupe des classes d’idéaux de %, est cyclique
d’ordre multiple de 4(*) et on sait (cf. [2], page 402 et ci-dessous §2)
que le corps &y = ky(d, I/;) est l'extension cyelique de degré 4 non ra-
mifiée de k,. :

Dang un travail récent ([3]), H. Cohn et G. Cooke ont trouvé que, si
h{ —p) = 0(mod8), Pextensgion eyclique de degré 8 non ramifiée de %,

esti 1o corps Ky =kn[l/(d+1/ —p)(1—i)Ye) ot V_p =iVp et ou les
signes de d et. de T doivent étre choisis de manitre que d = — T'(mod4).
Simultanément ils prouvent que § est divisible par 8 si et seulement s,
h{—p) est divisible par 8, c'est-d-dire que h{—p) = S({mod8).

Dang cette note, nous donnons une démonstration considérablement
plug gimple de ces résultats. Nous prouvons directement la congruence
8 = h(—p)(mod8) & partir d’une condition pour que k{-—p) soit divisible
par 8. Puis nous montrons gque le corps Iy est une exfension cyclique
de degré 8 de k, et que cette extension est non ramifide quand le nombre §
est divisible par 8.

Notre démonstration utilise (am §1) la théorie des formes quadra-
tiques binaires c’est-a-dire la théorie des corps quadratiques et (au §2)

{1). fip = 5(m0d8),.'h(—p) = 2(mod 4} ef 31 P = 3(Iﬁod4=), h(—p).est impair.
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