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A problem of Schinzel on lattice points
by
L. Low {Adelaide, South Ausfralia)

1. Introduction. Let I be a lattice in R* and for any hasis B
= {a,, ..., a,} of B" let ¢(B) be the cone with basis B, that is,

n .
o(B) = (@1, ...y @) = X h@] A eR, 4> 0 Vi
]
By an L-cone we shall mean a cone ¢ of the form ¢ = ¢(B) such that B
is & basis of B" and B = L. _
Any L-cone ¢ has a unique such basis B which satisfies the further
condition that each vector a, in B is primitive (i.e., @; + sx for integral s

greater than 1, and @ in I); and we define the index of an L-cone € (with

respect to L) as the index in L of the sublattice generated by this primi-
tive basiz of 0. We shall eall an T-cone  basic (with respeet to L) if
its index is 1, that is, if ¢ = ¢(B) for some basis B of the lattice L.

W. M. Schmidt [1] (veviewed MR #1408, Vol. 39, Feb., 1970) showed
that if L is a sublattice of the integer lattice Z" then the non-negative

. orthant

Bt = {xeR" #;20 Vi}
can be written as ' v
Bt = _LJIC(Bi)J
=
where each B, is  basis of L, that is, ¥ is a finite union of bagic L-cones.
This result had been conjectured by Schinzel, and Schmid’s proof makes
nse of a compactness argument. In this paper, T shall give a simple con-
structive proof of the following theorem, from which Schmidt’s theorem
follows.
TaEOREM. If € is an L-cone of index m in L, where L 15 a lattice in B,
then O i a union of af most N = n™ non-overlappi?v,g: ba‘?ic L-cones (i.e.,

basic L-cones such that any two distinct ones have disjoint interiors).
Tf L is a sublattice of Z" of index r, then B* is an I-cone gince

H¥ =o(re, ..., 1e),
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where ey, ..., €, are the unit points on the cocrdinate axes. Thus we
immediately have the following corollary, which is Schmidt’s theorem
{(with non-overlapping coneg).

CoROLTARY. If I is a sublattics of Z" then the non-negative orthant B
is the union of & finite number of non-overlapping basic L-cones.

The theorem can be refined and extended in various ways afb the
price of extta complication. In particular, the bound N = n™ 1 is very
erude. The proof uses induction on the index m rather than, as in Schmidt’s
approach, on the dimension n. With some extra attention to detail, we
could arrange that the basic L-cones of the theorem form a comples of
cones, i.e., that any two of the basic L-cones meet in & common (lower-
dimensional) face.

2, Two lemmas. First we give two simple lemmas on which the
proof of the theorem will be based: Lemma 1 specifies & method of subdiv-
ision of a econe ¢ whiech is essentially barycentric subdivision with a speci-
fied point @ as barycentre. Lemma 2 will be used in ehoosing the point a

Lemuma 1. Let ¢ = c¢lay, ..., a,), where @, ..., a, are o bosis of K",

and suppose that .
. He
& = Z ;e G 3
i=1

a +=4Q.
Let
I = {14’ a.,;> 0},
(1) G :c(a.l‘f"'zai—l!a?ai—}-li"':an) (i),
Then

c=U¢
tel
and the cones C; are non-overlapping.
Proof. For icl, we have @y, ..., @;_y, @, t;,;, ..., @, are a basis of &Y
80 that the eones C; are well-defined. Since @ is non-zero, the set I is non-

empty. If
R
b= > a0,
i=1

then for jel, sinee @ # 0, we have

B i .
{2) b=—a ( i — —= i) a;-- Bia;.
. 4y ;;1 %

8ince I is non-empty, we may choose jel 30 that -

ﬁéﬁ Viel,

(lj [£9]
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and then the coefficients in (2) are all non-negative, and so be(;. Thus

G —_ U Gi'
iel
Finally, if b eint ;, then, 1

B boyia, e
o [P

Hence the intC; are pairwise disjoint, and this completes the proof of
the lemma.
LeMMA

2. Suppose that a,, ..., a, are poinis of Z%, and that

m — |det{e,, ..., @)} >1.

Then there i3 o primitive point @ in Z" such that

n
1
I | amggm,
ij=
where .
(4) O pyssm—1, meZ (i=1,...,08).

Proof. Let M be the sublattice of Z" with basis @, ..., &,, 80 that
(Z*: M) = m. As every point of Z* is uniguely expressible in the form (3}
with u,, ..., 4, integral, it follows that the points of Z™ of this form such
that (4) hold forms a complete set of representatives for the m cosets
of M in Z". Since m > 1, we may choose a non-zero representative, and
division by a positive integer, if necessary, then yields a primitive point &
agrequired.

3. Proof of the theorem. Under any non-singular linear transform-
ation ¢ of R", subdivisions of an I-cone ¢ into basic L-cones correspond
to subdivisions of the ¢(L)-cone ¢(€) into basic p{L)-cones. Hence, taking ¢
80 that @(L) = Z", we may suppose, without loss of generality, that
L = %", and C is a Z"cone. Then
(5) G’=c(a,,...,an),
where a,, ..., @, are primitive points in 2™

The theorem in trivially true for cones of index 1. 8o to prove it by
induction on the index we now assume that it holds for cones of index
less than m and consider a cone (' as in {(5) above, of index m, where m > 1,

50 that
|det (e, ...

By Lemma 2, there exists a primitive point & in Z* such that (3) and (4)

}a’n” =m>1.

‘hold, and by Lemma 1 with this a we have

0 =10,

L tef
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where
T = {il >0}

and the (}; are the non-overlapping Z*-cones defined by (1).-
For each 4, the index of C; with respect to Z" 18

ldeﬁ(alﬁ b a’i—l! a!’ a’i-(-l’ ey aﬂ)l?

and, by (8) and (4), this is
“z—,::' |det{a, '.' L) = s m—1,

Hence by our inductive hypothesis there is a subdivision
O =1J Oy~
iely

of each 0, into at most #™~ -2 pnon-overlapping basic Z"-cones. Since the C;
are also non-overlapping it follows that the Cy, 4<l, jeJ; are non-over-
lapping. Hence .
C = U G@j
fef
jafy

is & Subdlwsmn of ¢ into at most #™! non-overlapping basw Z™.conas,
" and the theorem follows by induction.
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On products of special linear forms with
algebraic coetficients

by

HANs PETER ScELICEEWEL (Freiburg i. Br.)

Dedicated to Professor Dr. Theodor Schneider on his 65th birthday

1. Introduetion. In a recent paper [6] I generalized the results of

 'W. M. Sehmidt [8] on real linear forms with algebraic coefficients to include

the p-adic case. By means of the results of [6] we shall derive in this

paper theorems on rational dlopha.ntme approximation, considering special
linear forms.

Suppose n is a natural number, &, ..., i,:; are non-negative integers
and Paoy ««os Pros - ooy Protrs + ;.’Ptﬂ,l_l 1 form a fixed system of primes
distinet in pairs. Let further ey, ..., @, be real algebraic numbers and
let ay, ..., %, be padic algebralc numbers (1< 71l); writing [s]i
= max{|8;],%-., 8]} 0T DY 5 = (81, ..., Sp41) 2™ We obtain

TemorEM 1.1. Let e > 0 be any real number. Then the inequality

ty

(11) 0 <|syapet - +8p Gt Sal n [81 @pe - - +Snan'z+sﬂ+1]p.,0

ntl b

[T 41p.g) 1881 -l < 07"

im] T=]1
is satisfied by at most a finite number of 5 = (51, ..s Sppale Z7IN{o).
OoroLLARY 1.1. Letin additionto the hypotheses of Theorem 1.1 sy, .vy 2agy
be real numbers with

{1.2) oyl (I<i<nd1).
Let 31, ..., 854 be restricted to integers:’of the form
(1.3) g = Pl opd (I<i<ntl),
- where 01 ,'. ey g,;,‘ _ a/mwnon-mgwtivé integers and s; are inlegers sadisfying

(1.4) - 0<lsfl<elel (A<i<ntl), .



