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It is therefore non-singular; and so 2y, 2., % are locally holomorphic
functions of fr,fi,fo at the point

hi=p/t), fi=i 5 =f(1/4,1/4,1/4).

It follows from (5) that the polynomial P (1) has a zero of order at least
3L-1 at this point. However, 1ts fotal degree does not exceed 3L, whence
P(Js) vanishes identically for all ;. This contradicts the choice of coef-
ficients made at the outsel, and therehy completes the proof.

The same techniques will establish the linear independence over 4
of 1, w,n and loge without any hypotheses of eomplex mmultiplication.
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Further applications of Turan’s methods
to the distribution of prime ideals in ideal classes mod §

by
W. 8748 and K. WIERTELAK (Poznan)

1. Let K be an algebraic number field, » and 4 degree and discrimi-
nant of the field K respectively, f a given ideal of K, Na the norm of
an ideal a of K and p a prime ideal of K (see [2]).

Denote further by o (mod f) an ideal-class mod § ([3], Def. VIII),
by &, (mod §) the principal class mod § and by #(f) the class-number.
Let %(##) be a character of the abelian group of ideal-classes 2 (mod f),
«{a) the extension of y(3#) ([3], Def. X) and y, — the principal character
mod f. ‘
Dencte by {x(s) the Dedekind Zeta-function and by [{s, ) the
Hecke—-Landau Zeta-functions ([3], Def. XVII).

Denote further

yin, #) = Z log Ny, |
(Btp)" e p M (m0d )
(1.1) pla, #) = Dy(n, #),
) T
(1.2) L Aa, ey, Hy) = (e, ) -y, K.

2. In this paper we shall establish an exact correspondence between
the order of magnitude of the expressions (1.2) and the regions in which
some {(s, ¢)-functions do not vanish (compare [8] and [9], Th. XXXVI).
In the following C;, { =1, 2,... denote positive constants independent
of K. .

THEOREM 1. Suppose 3y, #, denote any fiwed ideal-classes (mod f),
#y E . If RN =2, ' '

L{s, %) # 9
2 2(3y )5 2 9%9)
n the region _ ‘
(21) o> 1=Con(itl), 0<C,<},
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where O, is @ constant depending on the ideal | and on the field K, n(1) is
for 1220 a decreasing function, having a eoa’mnuous derivative %' (1) tmd
satwfymg the conditions:

(b) | § ({0  as  t-co,
{e) —L—O(lo ) a8 t—>oo
w8 !

and o denotes a fized number, 0 < a <1, then

(2.2) |Ala, %y, 23 <oion-‘vlog(o:lm|9tf+2)wexp(— “ w(m))

< for

24
&r>= m_l( 1 24 )

0 ’
ally, aC,
where

w(®) = mm {n ylogz +logt},

and cu"l_(m) denotes the funcdtion inverse to w(z), C; is a constant depending
o a and n{t) only.

TeEEOREM 2. Suppose h(f) =2, o is any fized ideal class (modf),
H £ Hy, O<u<<l, n(t) is a f'cmctwn satisfiing ewcept (a), (b), (e) also
the additional condition

(d) ) <<O;,  for t> 0,
wh.efre G, is a sufficiently small positive number and

oy () = I?i?{nl(t)logw+logt}.
If

(2.3) [MNa,of, #)| < O,,G{lvl(}g((:’.,“lM[ERf—i—ZMexp(—

& o)

Jore 2= pla, Cy), where O, is a constant depending on o and R () pla, C5) > 1,
then,

} fie, 2y #0
X, 1) =L

icm

(2.6)
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in the region
logi

2.4 1— .
(24) 7= 4001og w; L(logt¥ /%y’

v max (04, 400, B, 05" fesp (10, (141-42) 9%,

exp (aio f"i(‘?:‘(aa Ou)))} = d(a,Co, K, 11, 9),

where wl(x), n7i(w) denote functions inverse to oy (), 1 () respectively,
A{C,, H) = (G;‘vzh(f)logﬁ(q,‘l|A|§Zf~%—2))5

and O, depends on C, only. : §
TrwoREM 3. Under the conditions of Theorem 2, we have

I[ ts.m #0
’ b2 EE
in the region

aly
0y ™ |
Choosing 1, () = n{f) = 1jlog*(t+2), 0 <y <1, we obtain from
Theorems 1 and 2 the following :
THROREM 4. If v, denotes the supremum of the mmbefr‘s y for which

(2.5) o> 1— 7. (149C0), 1> Bla, O, K, m, 9)-

Alw, o, #,) = O(vexp(—C¢log’s)).
and vy is the infimum of the numbers y' for which

H. f(s,x) =0
1ou(#)=1
in the region '

(27) o> l—iaggy%ﬁ;' [t =2 Oy
then

1
1+'Jf'2.

Y1 =

The constants depend on v, | and the field K.
3. There are well known the following properties of £(s, x) Tunctions
(see [3]). | |
- I For g 5= x4, €

(s, %) is a regular function in the whole complex
plane. . '
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IT. {(s, #) has an infinity of roots in the strip 0 <o <1 of the
complex plane. .

IIT. For o>1
x(n))‘1
3.1 L x) = Y
(3.1) 285 2) ];] ( o
Hence for_ dg>1,
(3.2) f(s;2) #0.
iV. For ¢> 1
£ _ G{n, x}
‘(3.3) ez—(s,x) —; "
where o _
{3.4) Glnyg) = D) z{p™)logMp.

(M) =n
V. We have the estimate

' »
3.5 L —]ogt
(3.5) |G (7, x)i Tog? logn

{see [6], Lemma 2). _
The proofs of Theorems 1 and 2 will rest on the fo]lowing lemmas.

Lemua 1 (Tordn’s gsecond main theorem). et P15 ) -

.3 &, be complew
numbers such thai '

|8 2= l2s] 2 .. o2 =R l2:] == 1

and let by, by, , by be any complex numbers.

Then, if m is positive and N =B, there ewists an tnieger 1 such that
m<limtN,

3.6 N Sy NP [N I i , ,
(3.6) b2 +boh . byl (48@2(2N+m)) 1I€njgnh|b1+bg+... + b
(see [9], p. 52).

LEMMA 2. In the strip 0 <o <4 of the complem plane we have the
estimate
(3.7) E(s, 01 < (1AIRNF(R4-2))%, 1 # 40

]

where 0, is @ numerical constant (see [6]).
IEMMA. 3. For o> 1, 4 # 7,

1 1
3.8)- _— "o
(3:8) Y gy Stz

icm
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This inequality follows from (3.1) and an upper estimate of |& £ {8)F
(see [5], Lemma T).

Luvwa & If sy =14p+it', 0 <p<<1/40, ' > 10 and N, stands
Jor the number of roots of [(s, ), x # xo in the circle is—s,| < 8p, then
Crrvlog (4| M) .
log(8u)~*

This lemma follows from the estimates (3.7), (3.8) by the use of
Jensen inequality. The constant Cy is purely numerical.

LMy 5. Denote by V(T) the number of roots of £{s, %), 1 # %o 7
the rectangle 1/16 <o <L, T<t<T+1. Then for —oo<T < o0

(3.10) V(T) < Cwlog (|| Ri(IT] +2Y),

where Cy, 5. a numerical constant.

(3.9)

Vi <1+

Lavnid 6. There emists a broken line L in the wertical strip 14 < o < 1/2,
symmetrical 1o the veal amis, and consisting of horizontal and vertical seg-
ments alternately, having the following property: if we denote by T,, the
ordinates of horizontal segments, so for each integer m there exists only one
sueh T, =T, (y) that m < T, <m+1 and

(3.11)

1%($; x)l < Oyslog? (| 4| Rf (4] +2)

holds for seL.

If1ld< o3, t =T, |m =2, then
(3.12) % (5, ) | < O log?{|d| Ri (18] +2)).

For the proofs of Liemmas 5 and 6 see [5] and [6].
Lemwma 7. If 1 <<o<{3/2, £>1 and 1= 2 {8 a positive integer, then.

—y(n, ) 10g’+1(ﬂ/§)

1yl y(n, 5,) .
(3.13) l( 1)%: - T X
S"‘I g i
R(f) Z = M (9—8)”_.

£ %log?(| 4| RI(M+2))
(U._%)Hz !

where the sum is taken over all roots of the function

< Oy

IT &ts, x) Tying to the:
() #L )
right of the line L defined by Lemma 6.

For the method of the proof see [9], Append.lx V.
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TmarwA 8. Let B> 0 and the function

co

Fls) = > (s —30)"

=0

be vegular in the circle |s—s,) < B ond satisfy the inequality Ref(s) < M
for |s—so| = R. Then in the circle |8 — 8| < r < R,

(3.14)

. 2R
(61 gy (M —Ref(sa)

Jolds {see [4], p. 383).
Teyea 9. Let the series

{3.15) fl8) = 2 a,

be absolutely convergent for o> 1, and
{3.16) &, | < CHd(n),

where C > 0, H is a positive parameter and D (&) is a positive non decreasing
Junction (for large values of w). Let '

(3.17) 2 la,jn~" = O(H{e—1)"%, a>0

Jor o1, Suppose further b>1, I'> 0, > 1. Then

2 1 T g Ha®
(3-18) % ﬂ}n ﬂmb_[m f(&')*""s"‘"”ds ‘i—o(m)“{-

+O0(H®(22) T wlog2z) +0 (AP (22)),

“awhere the constant implied by the O notation is independent of o, T and H
but depends on b only (see [4], p. 376).

Lemma 10, If £(s, x) % 0, g == x0 i the region
(3.19)
where n(t) and C, are defined by (2.1), then there existe T\ = 1, such that

o> L=y (itl),

n .

3200 (5, ) = O(Ci*slog (G 141N +2)] og 1)

in the region
1--alyn(t) < 2, t=1,

o
{3.21)
l—alpp(Ty o2, 0<i<T,,

0 < a << 1, where Ty and the constant implied by the O notation depend on
7 (8) and o only.

icm
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- Proof. Using Lemma 8 we shall prove that

7

EE (¢ x" = 0(05»log (0 14| RF(el + 2))log (1] +2)

(3.22)

for oz1l+4alm(). Let 620, s == o+, L+alpy{ly) < 0,2, B
= alyn (%), f(s} =logl(s, x).
From Lemms 2 it follows that in the circle |8 —so| << B and for ¥ # 70y

{3.23) Ref(s) = log|Z(s, 2)i < Cylog (14| (|2} 4-3Y).

Similarly, from Lemama 3 we have

(3.24) —Ref(s,) = log < Oyslog ((aly) 1 1412%10g (i, +2)).

_t
12 (80, )}

From Lemma § and owing to (3.23), {3.24) we get (3.22). Thus all that
remains to complete the proof is to show that (3.20) holds in the remaining
part of the region (3.21).

Since £(s, x) # 0 in the region o > 1— (% (|t]), there exists a single- .
valued branch of the logarithm

fis) =logl(s, )

in this region.
Let #¢,=0,
A3 (L4 a) Cyn (ta).
Owing to (b) def. x(#), the circle with radius R lies in the region
o> 1—Cyn(it]), for %, T, where T, depends on « and %(f) only. Hence
the cirele with radius ' :

8 = 14 aCyn(ty) +ity, 7 = 2al,n(ty), B o= aCon () +

R = aau’?(to)"I‘%:Go(l‘i‘a)min'(ﬂ(to)a "T(Tﬂ))
and the centre at s, is contained in the region (3.19).

Applying Lemma 2 and 3 to the function f(s) and to the cirele |s— s
< R, we get in virtue of Lemma 8 the estimate (3.20) in the strip

1—min {5 (it]), n(Lo)) < o < 1+ alyn(fE]).

4, Proof of Theorem 1. We apply Lemma 9 to the function

. Y Gn, x)
) = =l = D

,n_ﬂ
- .
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with & =1-+1/logs, 3
follows

<T<a H=yv $(n)=Ilog*n. From (3.5) it

N 16, 2 y log®in _ 1)
“i a° < log® 2 n° 0o )

n

Hence, from Lemma 9, we get

] . b+,.i'w -t
Y
(1) M 6n, g) = — — J 512~ = 06T alog*)
nsE 17

and

nEr

b3
| r ot
S ds +0(»T " wloga).
S (D % ) b:L —— (8, 1) — p s +0{(xT ' zlogia)
Therefore owing to (1.2) we have
(4.2) A(z, “%ﬂls Hy)
o427
1 ' &
~3 ;(f) 2 ( @ (iz’)) | e
At HHDAAHAY) rAel LA '

L0 (T 2log?a),

where b = 1+1;’10 @& and the constant implied by the O notation is
numnierieal.
We estimate the integral in (4.2) by the use of Lemma 10. We define
the confour of integration L consisting of the following parts

Ly e =b+4at, —T<igT,

Ly s = a+4T, 1—~a0077(T) a b,

Lyt 8 =1 —aCyn{t)+it, T, <t T,

Lyt $:=1—aCon(Ty) +it, T, <<t Ty,
Ly:s=1—alpt)—it, T, i T,

Lyi s =o0—il, 1—alin{T) < o< b.

In virtue of T and (2.1) it follows that

8

& &
(4.3) Lf?(s,x)—;ds—-(), —

Denote
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Trom Lemma 10 it follows that

1) [F)ds = 0{C7I  wlog(C7 | AIMI(T +2))log(T +2 )
Iy

(£8)  [F(s)ds
Ly

_0(0-1 f t1gl- ﬂcuﬂmlag(ao—l|A;mf(t+z))1og(t+2)dt)

iy

=0 (Go‘lm ftl‘“OOexp(—aGn(n(t)logm-{—logt))log(é‘;‘M! NF(1+2)) %
7y .

x log (t-+2) &)

7% 1 )

0

2))10g(.T+2)

=0 (C",“wz;exp(—mCﬂJ w(x)}-log (C7* 14| gJt‘f(iﬁ—

= 0(C5? ywexp(—aly (@) log (C7] 4] RF(+ 2)]log* (T +2)T%).

(4.6} - [F(s)ds

Ly

.
= 0 [ (il +1) e Tlog(C5 | A T (1] -+2))log (1] +2))

_TD

= 0(07 " vaexp{— aOow(m))log(C’;lIA!EItf(T+.2))10g(T+2)).

Similarly we estimate the integrals over L, and L;. The constants implied

* by the O-notation depend only on a and 7(#). meg to {4.4)~(4.6) and

(4.3), (£.2) we get. .
(4.7)  Alw, #,, #,) = 00T alog (07" | AINF(T +-2) })log (71+2)) -
+0(05! vl’“aomexp(—a(] o(®))log{Cy* 141 RF( T +2)}log” (T+2))+
+0(»T glog’s}.
Putting _
T 2 exp (Lo (2)
we have
(4.8) Az, #q, #y) = O(O[,‘lymexp[—lw({o))log(G“l}AIE!If+2)w2(m))+
+0(C; vmexp (—falyw (@))log (C7" | 4] +2) w” () +
w}—O(vmeXp(——;;m(m)}logam).

Under €, <1/2, 23 w‘1(24(aOo)“lldg(Qé:(aOu)‘l]) and the - definition of
5(t) — condition (€} — we get (2.2) and- Theorem 1 is thug proved.
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5. Proof of Theorem 2 (compare [9], pp. 149-157). Let t>= 2.

From (1.1), {1.2) it follows
Y, ) —y(n, ) = An, o, )~ A(n—1, 5, #,).
Hence '

Gy | N (y(n,s'f.a)»_y(n.,yf.,))exp(—rmogn)]

NygngNg

= Id(Nzr '%ﬂs '}?O)]‘I'J'd(-Nl_l) ‘?‘"dr %‘o)H‘

e[ 2

N A, w, #)

Np<nENy—1

Let ¥;, ¥, be as large that

[y el el N
(5.2). max {o; (log#*%0 ™) 00 < S5 <N <N, <N,
But
(5.3) @1 (14+) <log(1+#) < log (1% 7)
and owing to (2.3) we get |
5. \’
(5.4) f D i, ) —pin, #y))exp(—itlogn) | < C N,

Ny=n<Na
‘where
M = G’O’Ivlog(C’”liAIERf—f—Z

The constant (), and further constants de :
! : end on
Suppose P @ and 77‘1( ) at most.

{5.5) l<o<3/2.

‘By partial swmmation and (5.4) we have

(5.6) )V __S_:V ({1, ) —p(n, #o))n < O, MNtL
NIERENg ’

We choose

(5.7) 7= m_ax{m{l(]ogt4f“cﬂ’_l}, p(Cy)}

and apply the inequali’qy {2.6) for
*‘Y{ = 52, Ng = 77'2j+1: i=0,1,2,. .

Therefore

(38) | 3 y(n, #)—p(n, #y))

nzrn -

< O Mt o —1)t e,

=1
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We choose further

(5.9) _ £ 2 max {o7* (logt %™, ¢ (C)}-

Denoting by I o positive integer, I = 2 and f0110w111g [9], p. 154, we get
(5.10)

| Yivln, £)—y(n, #0)n*logt! (‘2‘) < O (g 1)L

n=k
Hence by Lemma 7 and (3.3), (3.9) we get the estimate
&

3

where M; = Coh(f}-M* and ¢ = p(x) runs through all roots of (s, x}
lying to the right of the broken line I from Lemma 6.
Let us suppose now that our theorem is not frue. Hence there exist.

such roots

1—a

(5.11) i N =) Z < On B, log?t,

s,
) #1 e=e(2)

oF = o*it*,  t*soo-
of the function [] &({s, x) that then
A1
logt*
4001og ey (log ™00 ™) ’

*t

(5.12) ot >1—

(5.13) t*>max{eﬂ",ﬁ(GmK),??i'_( xp{— th(f)) (14]-+2)%F,

aC
GXP( 40 wl(?’(oo)))}:Tm
Putting in (5.11)
logt*

(5.14) s =8 — 1+ e it = oy it

101log e (logt*eC) ™)
(5.18) & =exp((I+2)4),
where g
(5.16) logt* << 142 < 3logt",

log o (log "™

(5.17) - gy (e 3

logi*
it follows without difficulty that then {5.8) and (5.9) are satisfied. Mul-
tiplying both sides of (5.11) by .

g (5, — ¢ = £ (g — ",
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we have

(5.18) I 2 (1—7(#

with (5.13) and > Oy (C,).
Similarly to [9], p- 156, by the use of Lemma & o, we get from (5. 18)
the estimate

y N % e [V
(5.19) V = ]%(1—;5(%’)) >k (——)

—
12 {*| <6l --a*
*",_f(xx)>>1—s(5§—v'))

k142
> e (s Q ) |< Oaat™ 2 877,
—e

o= e(x)

< t*""ﬁj‘S El—a"

with #* > 0y (C,)-
We estimate the sum V from below by the use of Lemma 1. We
chooge

s —e"
G =g B He—el),

1
logt*
101og w;t (log £*4=Co ™)

{8.20) =logtt, u=
We have now to determine ths number N. It is easily to notice that the
region

1--38( t—t" < {0y — ")

- <<,

is contained in fhe ecircle |s —8;) < 8(oy—1).

If we denote by N, the number of roots of the function [T £(s, %)
)1

in this cirele and if U, < exp‘(_(zsc'u)z) then from Lemma 4 and owing

o (513}, we get
1
Ny <Elogt*

with * > max (T, 0,5(C,))-
Therefore we can determine N from Lemma 1 putting

1
(5. N = —logt*
{5.21) _ 17 18

The numbers b; from Lemma 1, are in our case of the form
Tt can easily be proved that
8
BA(f)

‘min b+, 4 -
Isissh

. +5] > min Re(b, -|—b -+ . +bj)

I<j<<h
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In virfue of Lemma 1, there exists an exponent I+ 2, that then
(5.22) V > g0,

By comparigion of (5.19) and (5.22) we get

logi*

1—o*>
400log o}t (log F*4=Cat ™Yy

contrary to the assumption (5.12). This complefes the proof of Theorem 2.
The proof of Theorem 3 easily follows from the mequahty (8.5)
stated in [7].

‘References

[1] A E. Ingham, The distribution of prime numbers, Cambridge 1932.

[2] E. Lanpdau, Binfiihrung in die demeniare und analytisehe Theorie der algebrai-
schen Zahlen wnd der Ideale, Leipzig und Berlin 1927.

[81 — Uber Ideale und Primideale in Ideal-Klassen, Math. Zeitschr.
pp. 52-154.

[4] XK. Prachar, Primzahlverteilung, Berlin 1957.

[5] W. S8tad, Uber eine . Anwendung der Methode von Turdn, auf die Theoris des
Restgliedes im Primidealsale, Acta Arith. 5 (1959), pp. 179-195.

[8] — Uber einige Abschdtzungen in Idealklassen, ibid., 6 (1960), pp. 1-10.

[7] — Uber die Umkehrung eines Salzes von Ingham, ibid., 6 (1961), pp. 435-446.

[8] W.Stad and K. Wiertelak, On some estimates in the theory of L (s, x)-fumctions,
ibid., 28 (1975), pp. 293-301.

9] P. Turdn, Hine neue Methode in der Analysis und deren Anwendungen, Buda-
pest 1953,

2 (1918),

INSTITUTE OF MATHEMATICS
OF THE ADAM MICKIEWICZ UNIVERSITY, Poznad

Reaceived on 19. 3. 1975 (688}

5 — Acta Arithinetica XXXI.2



