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1. Introduction. Various papers have been written concerning per-
mutation polynomials in several variables over a finife field (see e.g. [5],
[73-[107). This paper is meant as a further contribution to that subject.
We first develop several results concerning the number of such permu-
tation polynomials. We then generalize the notions of right and left equi-
valence discussed by Carlitz atd Cavior in [1] and [3] and present some
relations between right and left equivalenee and permutation polyno-
mials in several variables. The general theory of right and left equivalence
will be diseussed elsewhere, see for example [6].

Let K = GF(g) denote the finite field of order ¢ where ¢ = p" and
E" (r = 1) represent the product of r copies of K. The ring of polynomials
in r variables over K will be denoted by Kia, ..., 2,]. Two polynomialy
Ty geK[2y, ..., ] ave equal if they are equal as functions, It is well known
that every funetion of E” into K can beé represented as 2 polynomial
of deg.ee < g in each variable so that K[a, ..., a,] consists of exactly

g% polynomials.

2. Permutation polynomials. Following Nébauer in [10] we make the

DEFINTIION 1. A polynomial feK[®,, ..., .} is a permufation poly-
nomial (in r variables over K) if the equation f(@y, ..., o) = a has ¢
solutions in K" for each acK. '

By an elementary eombinatorial argument, we may prove

Lemrra 1. The number N (v, q) of permautation polynomials in » variables
over GF(g) is given by

q"!

(gt

Ay for the magnitude of the permutation polynomizﬂs among fthe
total number ¢ of polynomials over GF(g) we have

Nir,q) =
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THEOREM 2. For ¢ fized

. N(r
2.1) lim XD g,
00
whereas if v 4§ ficed
N .
(2.2) tim 20D g,
gwoe  g?

Proof. Let ¢ = ¢ -1 from which it follows easily that

{qe)! _ o {gm)! <(qw—~1)(qw-—g—1)“ (g——l)
@ ((g){ge—){ewe—20) ... ¢ \ @@ gg—q |\ ¢ |
Set )

. v = (qfil)'(qwqi;—q«l)"' (qzl)

go that it suffices to show lim Lz} = oo.

framde]

Taking logarithms, we obtain

x
logL{w) = Zlog (1 +

el

> 1
log {1 :
;1 °g( + qn—««l)

diverges. Thus it iz enough to show that for » sufficiently large

Io (1-|- 1 ) - =0
& gn—1] mlogn =

Using a Taylor series expansion for log (1~1.~

1 )
gn—1 :
We wish to show that

1
1), we have
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log (1+ ) 1 1 1
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~1f - nlogrn”™ gn—1  2(gmn—1)2% mlogn
>_ T 1 >0
T o(gn—1) 2gn—1)% "
for n sufficiently large which completes the proof of (2.1).
Regarding {2.2) it is easily seen using the mmultinomial expansion of
(... L =g

that
g (g

| U N v T Poe s iy

from which (2.2} Zollows.

<q '
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3. Right equivalence. Let @ denote the group of all permutations
of K" so that @ is isomorphic to the symmetrie group 8 ,. If £ is & sub-
group of @, it will be denoted by £2 < . Moreover |} will represent
the order of 2 and [@ : 2] the index of £ in @.

DErFINITION 2. Let @< @ and f, geH [z, ..., %] Then f is right
equivalens to ¢ relative to Q if there exists a @ef2 such that fo =g.

This relation is easily seen to be an equivalence relation on Klay, ...
..., &,] which reduces to that of Carlifz [1] when Q2 = &. Let vy(f, 2)
denote the number of @& such that fo = f.

Define N (a)} to be the number of solutions in K" of the equation
f = a. Carlitz ([1], Theorem 4.2) has showxn that f is right equivalent to g
relative to @ if and omnly if ¥ (a) = N {(a) for all aeK. We may now
prove several characterizations of permutation polynomials in terms of
right equivalence.

THEOREM 3. Leét fe K [y, ..., x.). Then f is a permutation polynomial
if and only if f is right equivalent to », relative to .

Proof. Tet g = @, in Carlitz’s resuls.

TaworeM 4. Let fel [@:, ..., ¥,]. Then f is a permutation polynomial
if and only if »x(f, @) = (¢ V% )

" Proof. We make use of the following result of Carlitz ([1], Theorem 4.4}

(3:1) valf, @) = [ [ (¥ a)!.

- aeK
The necessity is elear. For snfficiency suppose
(3.2) (p"17 = g, gyt ... oa,l.

Agsume that all of the as are different from p™ Clearly the number of
terrox on the left of (8.2) is gp® and a simple argument shows that the
numhber of terms on the right of (3.2) is < gp™—1.

The power of p dividing the left is

‘.’_Q.! o pn —1
S5 =)
i | P p-1
i=1
The power of p dividing the right of (3.2) s

o

g = n n n 2 .n
o ap —l] [qp —p] [qp —p ] (p ~1)
S’ A Py i = + +...<q »
;;;[p] 2[ . P »* p—1

i=1

2 contradiction. Thus some -4, = p® so that by induction on the number
of factors a; == p" for j =1,..., ¢ which corapletes the proof.
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CoroLLARY 5. Suppose r =1 and Q2 < @. Then the group of permu-
tation polynomials on XK is decomposed by & into [@: Q] right eguivalence
classes each conteining || elements.

Proof If f 18 a permutation polynomial and f is right equivalent
to g relative to 2 then ¢ is a permutation polynomial so that the elass
of f consists entirely of permutation pelynomials. Moreover, N;(a) =1
for all ¢e K so that by (3.1) vx(f, @) = 1 which implies that »»(f, £2) = 1.
The class of f relative to £2 must confain |£| distinet permutation poly-
nomials for if fp, = fp, for some g, gyef2 then fo,o;!
vg(f, £) = 1, we have ¢, = @, from which the resalt follows since there
are a total of g! permutation polynomials.

COROLLARY 6. Sugpose r =1 and 2y, 2, < @. If Q] = [Q,] then
L2, ond Qs decompose the growp of permutation polynomials on K into the
same number of right eguivalence classes of the same size.

4. Left equivalence. Let ¥ denote the group of all permutations
on K so that ¥ iy jsomorphic to S,.

DEFINITION 3. Let 2 < ¥ and f, g [#1, ..., @] Then fis left eguis-
alent to g relative to £ if there exists a pef2 such that ¢f = g.

" This relation is obviously an equivalence relation on K[, ..., #,]
‘which generalizes the case considered by Cavior im [3]. Let +.(f, &)
denote the number of gef2 such that ¢f =

Lovrea 7. Let Q< ¥ and feK[xy,..., o] be a permutaiion poly-
nomial. Then vy (f, 8) = L and if g is left equivalent to f relative to £ then g
is a permutation polynomial,

Proof. Using a result of Cavior {[4], Theorem 4.4 with k = 1) we
have

vl ) = (g—18)!

where ¢ is the order of the range of f. The first part of the lemma is now
clear. Since f is a permutation polynomial, it alone forms an orthogonal
system, see [9]. The second part of the lemma follows if we apply Theorem 3
of [9] with m = 1.

THREOREM 8. Let 2 < ¥, Thm the set of permautation polynomials in v
variables over K is decomposed by 2 into ¢"l/{(¢" ' 1)*|Q|) left equivalence
classes each containing |2| elements. .

Proof. By Lemma 7, if f is a permutation polynomial then the class
of f consists entirely of permutation polynomials. Suppose 2 decompoges
the set of permutation polynomials into m left equivalence classes Qf,, ...

.y 2f,,. Since each f; is a permutation polynomial, by Lemma 7 v, (f,, 2
== 1 so that each elass containg precisely (2| permutation "polvnomlals
The result now follows upon applying Lemma 1,

=f. But since -
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COROTLARY 9, Suppose v =1 and Q < ¥. Then the group of permu-
tation polynomials on K is decomposed by @ into [¥: 2] left equivalence
clusses each containing 12| elements.

COROLLARY 10. Suppose r = 1 and £,, 2, < ¥. If |2, = (L] then
2, and £, decompose the group of permutation polynomiols on K into the
same number of left equivalence classes of the same size.

We observe from Corollaries 5 and 9 that if » = 1 and 2 is any group
of permutations on K, then £ decomposes the group of permutation
polynomials on K into the same number of right and left equivalence

" clagsses of the same size.
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