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Some formulas for the Riemann zeta function at odd
integer argument resulting from Fourier expansions of
the Epstein zeta function *

by

A. TErRAS (San Diego, Calif.)

0. Introduction. Formulas for the Riemann zeta function ab even
integer argument in terms of Bernoulli numbers have long been known.
The cage of odd argument remains a mystery. There are some results
which ghed light on the problem, however, [2], [3], [4], and {6], for example.

Here we derive.some similar rvesults using the expansions of the
Epstein zeta function to be found in [6] and [8]. The results are rather
different from those of [3] in a surprising way. That ix, we obtain:

£(3) =iﬁ3m4 f‘e'”“a (my(2m2n? + mn -+ 3)
ps —3\f 2/

45
Bl

to be compared with the result of [3]:

"

TMowever Berndt has observed that both results above follow from formula
(30) of his paper [2]. And indeed he obtains an infinite number of similar
formulas in this way. IHere '

[~]
mpln) = D @ and  [(s) = M, Res>1.
0=l n =1

The outline of the paper is as follows. In Section 1, we prove solne conse-
quences of the Selberg-Chowla formula [6], inclnding the first formmla
above for £(3). In Section 2, we prove some formulas for £(3) resulting
front the generalization of the Selberg formula o 3 % 3 positive definite
quavdratic forms, to be found in [8]..And we also prove a formula for the
Tipstein zeta function of the 2 x 2 identity matrix at 3/2,
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1. Some consequences of the Selberg—Chowla formula. It is necessary
to recall some definitions from [8]. Let S be the » x # matrix of a positive
definite (real) quadratic form and let s be o complex variable with
Reg> 4n. Then Epstein’s zeta function is defined by

1) Z(8,0) = § > (‘aBa)~*,

aeZ—0

where the sum is over all column vectors with integral coordinates, not
all of which are zero. Here for any matrix A, ‘A denotes the transpose
of 4. Next we define the constant terin in the Laurent oxpsmﬁi(}n of the
Epstein zeta function about the pole ¢ = n/2 to be &, ( 1}, Le.,

. a y -l
{1.2) y(s) = Tim {7,(8, 9)—%W"’2lﬂi‘”2(e~i) L
e->m'21 2 J
where S| = determinant of S. And define the modified Bessel function
of the second kind X, (2) by
=]

(1.3} K, (z) = § [ o7etermizgg~ dw for  largel < m/2,

0 .
Let I'(z) be the gamma function and w(z) = I (2)/I(2)

In our applications § will always be a diagomal matrix. In particulay

We IMay assume
rao
“=lo's)

where T is an ny X #; matrix and 8, is an n, x n, matrix. Tere § is # % iy
80 that n = %, +n,. The 0’s indicate matrices of zeroes of the appropriate
size. For such a matrix §, then we define (cf. definition {2.2) of [8]):

(14) H,_,.(8, o) \
Tla] \i~i
= |8, Z ( LCE;]) 2 -ﬁﬂzmua(ﬂﬁ(fl‘[“]'g;l[b])uz)'
wz™eg :
bclng—g

The sum rung over inbegral colummn, vectors ¢ and b not all of whose entries
are zero. Heve T[a] =‘ala.

- We ghall need two results of [8], which we recall now,

(18) Z,(8, ) = Z,, (S, 9)+T:°-12’2T(Q——q;—2)1’(9)"ngI"lfzznl(l‘, Q..,_%a) +

2

+ "1:;(—9)'Hn1,122 (8, 0).

icm

| (1.8)

Some formulas for the Riemann zele function 183
| . n\! 1
W8) Kl =2y (50 5 T (F(F) Todm e

-t AN n
w2 - ~12 _nf2 - 1 .
+mm@2)11)+2w =rls) )+ 5

We first use thege formulas to prove a result obtained by Ramanujan
[4] (v. 1, p. 257, v. 2, p. 170).
Prorosmrron 1.

= 1 1
v —4nn _——
2 el =5~

Proof. Note that %,(S) = %;(8'), when

d 0 w10
s =(0 1) apd 8 “‘"(o d)’
for any 4> 0.

Applying formula (1.6), one finds that:
£(2) + oy (@) -~ =H) 1 (8, 1) — =d~*log2
= @7 (2) 4 nd Ry (1) + ol (87, 1) —

Now k,(d) is the constant term in the TLaurent expansion of Z;(d, ¢
= d~¢¢(2p) about the point ¢ = 1/2. Thus

ey (dy = a—m(,,_1og.zw>,

(1.7)

md~log2.

where 5 = Euler’s constant.
Thuy solving the above equation for the 5(2) term one obtains:

H2Y 1 —a7Y) = m{d P logd + Hyy (8", 1) —Hi, (8, 1)}
Next divide by d —1 and let 4 approach 1. One obtains the result:

£(@) = .3‘_ + r:lim(d— 1) {H,, (8 1)=—«H1,1(S, 1)},

Recalling the definitions of § and 8 and {1.4), one sees that:
H, o (8,1) = 4d7? 2 a1 (ba~* V2R, (202 b)),

@bzl .
Hy(8,1) =4 ) d- Y (ba~ YKy (2nd P ab).
' a,b>1 ]
And
lim (d — 1)~ H{d—Y* Kyya (2nd ™ ab) — &K, (27:£Z”°cnb)}
d+l

= — 31K, (2mab) — Kljz(gﬂﬁb)Zﬂab.
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Recall ([1], p. 444)
[

- 1/2
(1.9 Hyp{2) = (E) o= FgU2
so that
' ™ 13
(110) Kljl(g) == (E_) 6“5(__%8—3[2__2_..1/2)-
Therefore

- ’%Ifl,fa (#) —

1/2 = ]/“" e FME,

Putting the above results together, we seo that:

£(2) = ‘; +4m? 2 ey — —:~ +4m:22 e g (n).
< a1 “ Nzl
The proof is completed by noting that £(2) = 26, m
ProrosiTioN 2. _
£2e) o+ {(2e—1m I e —4) ()™ (1~ g)

— Y N plye-li2p ot :

= —27*I"(g) {ba™ ") Ky o (2mah) - drab 3. o (27ab))
b1 '

pe-uz
= 9.0 ~1 . ‘ ,
= 2mi1(g) bZ) (E) (2B e (20) -+ Ky, o2 —

- Ifllg_o(zﬁafb)} .

‘Proof. Let 8,8 be asin {1.7). Then Z,(8, o) = Zy(&', o). Applying

formula (1.5) we see that:
L@+ @P R o T (o) (20— 1) +

. da2il e .
+amri” 3 (5 ) Iy (270 )
a,b%

= {207+ R (g~ )T (0) (2o ~ 1)+
42 TV =L ] Y oat ALk »
. -+ J:Tc‘?f(é?) La-use 2 (_dw,m_.ﬂ.)q. "wﬂq,'z‘.,a(z’ffdl/z!%?)),.

bl

Holving for the terms with the zetu funetion. we geti:

FRe (L —d7) = L2 ~1)w g —§) ) 7T (@0 — g1y
— :‘.TCQI' Q —-1 y

a, !J-;l

a-ie 1 e 1 g
( ) {02 2Ky (2mabd ) — gk 2K g (Lmab d'%)) .

icm
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Next divide by d—1 and take the limit as d approaches 1, to see that:
[(20) +1(20—1)7 2T {(e— () (1 — )
. by L _

— 1) _Z(—) @R, (9mabd—t?) —

13
a,b2=1

= 4n? (o)~ lim (d

G-+l
I_e
— & 2Ky (2mab 3]
Now

1 g 1 ¢

Ln(d—1)"d 5 Ky (2rabd %) — @ PRy, (2mabd)}

d—rl

= —1 Ky ,(2nab) —2nab K, ,(2wab):

Substitating this iﬁto the preceeding formula finishes the first equality
in the proposition. The second one comes from the formula for K*(2) which
is a direct consequence of (1.3).

COROLLARY.
c(ei)——g —271:26‘2“” () (2n2 n2+fm+l)
=zl
3L{6) —inL(5) = 3*2“%_5(7@)(2n3ﬂ,8+3n2u2+3m:,+g).

nerl

Proo?f. To prove the first formula, let g =2 in I’roposmon 2. Thl&
gives

r
2 ,
) 3/2
= 92 2 (%) {2rmab (K, o (3mab) -+ Ky (270)) — Koy (270D)}

Uging formulas from [1], p. 444, one sees that:

2l (2) + 205 (2) — Kypa () ]/_, 675 {2212 o 22712 . 22700

Bubstituting, we obtain:
T . - -
B~ L(3) =4t Y] e a i
- a, bzl
+ 272 2 g g2 V gk g =3,
Coabzl u,b‘ﬂ

Letting ab = % and summing over » and a gwe% the fommla. of the cor-
ollary. :
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To prove the second formula of the corollary, substitute @ = 3 into
the formula of PlOIJOSlthIl 2. This gives '

6) —W%C(S} = S 2 ("(';) {91(3/0 ) - ﬂl{l}z( )~ Ij‘-']z(z).i.. alreely *

a,bz21

Using formulas from [1], p. 444, one sees that:

2K gy (7) + 2Ky (2) — Ky (2 ]/ 72N o Gy - 1257 L 2
Substituting this into the preceeding gives:
3¢(6) — =3 {(5)
b 4
112 g1z 2 e"ml’( ) {2 (2mab)"® + 6 (2rab)™M® - 12 (2meab) -
a,b>1
--12 (27cab) %)

= D e anta b 43704 D 3n e b Hdma?)
e,0z=1

Lefting ab = and summing over » and. ¢ gives the formnla of the cor-
ollary. m

2. A representation for 7(3) using the Founrier expansion of the Epstein
zeta funetion of a 3 % 3 pesitive definite quadratic form and a formula
for Zy(I,%). Leb ¢ > 0 and suppose that 8,8 are the diagonal 2x2
maitrices ob_tmlned from & by (1.7). Then define for d > 0

‘ 100 . 100}
(2.1) D={010] and D =|0do0]
. 004 ' 001

Using (L.6) for # =3 one obtaing the followmg result about £(3).
ProrosiTion 3.

%’C(S)(d““"ﬂml)—i—f(2)(d"”2——rl“1) .
= m{Hy 1 (8, 1)~ a7 YV3H, (1, 1)+ Ky (1, ) - Hy (D, D
Here I 48 the 2 % 5 identity malrie. '
Proof. Recall formula (1.8) which says that

Toy (d) = @2 (y —logd?),
Using (1.6} and a formula from [1], p. 258, one seo that:
(2.2) k(8 = ;(2)+nd-1f2(y_1_ogd1f2-iog2)-J- mel,l(H, 1)
= Ey(8') = a7 (2) +md P (y —log2) -+ =H, (S, 1).
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Next apply (1.6) with » =3, n, =2, n, = 1. This gives:
k(D) = A0 (3) +2a7 2 hy(I) + 2, (D, &) + 27~ (log2 — 1)
= 47 L(3) - 2dT £ (2) + 2md M (y — 1) 4 20d U, (T, 1)
+2rH,, (D, §)
== Iy (D) m= £(8)+ 2hy(8') + 2nH, (D', 3) -+ 9md 2 (log 2 — 1)
= {{8) 42471 £(2) - 2nd ™R (y — 1)+ 2mH, 1 (8, 1)+ 2mHy 1 (D, D).

The proof is completed by solving for the terms involving {(2) and £(3). m

JOROLLARY,
~3E(3)+ ()= — o +16+2'n: Doy (n) +
Rzl )
+dm 2 (202 - m2) (12 - m3) ™ K, (20 (02 -+ m2) ) 4

Ty 0021

- gt 2 B (2962 +m3) (m? - am2) L I {2k (02 + )2

To, 1,1

Proof. Use the formula of Proposition 3. Divide by d—1 and take
the Lmit ag d approaches 1. This gives:

—-35(3)+44(2) = ing(d—l)“l{ﬂx,z(ﬁ", 1) —-a™ Pl (I 01+
+lim(@ 1)~ {H, (D", §) —H, (D, 3}
By (1.4), the firgt term on the right-hand side is
. " . n \M? 1 —1z —1/2 '
4l (d — 1) Z (77?5“) {07 Ky (2md= ) — @2 Ky (2}

Kl o, ze 1

. 1z ' -
1 {n 1 y
= 4: (—E) {-—— E-Elfz (2‘7”@%) —W?lrmlfl‘lz (Zﬁ%m)}.
0l -

Using the formulas for Ky, and Ky, from (1".9) and (1.10), we gee
that

Q) 1 r) o
e Iy y(2) —h#H(R) = (E) A E A T B
Thus the first term in the expression for —$£(3)-+4{(2) is

| CoTT 1
dere 5 PR %m - 271:22 e g, (n) -—'—IS—- -g-wl—ﬁ—.

u,m:.al nEl

Tere we have used Proposition 1.
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)+34(2) 18

The second term in the expression for —£{(3

8lim (@ —1)* 1le{m? -+ dm®) 72 o2l (02 -+ dim2) ) -
d-»1 %, n, mizl
—d7 R (n2+ w2 TR K (2rd A R (02 £ m )}
We have used (1.4) here.

Taking the indicated limit and adding the 2 results for the termg
of the expression tor —2Z(3)-+4£(2), one obtains the result of the Cox-
ollary. m

Next we use the method of Proposition 1 fo obtain a formula for
Z,(I,%), where I is the 2 x 2 identity matrix.

PrROPOSITION 4.

Zz(I: %) == :;“TU —|-‘J:1'I:2 Z ]/E:’A;‘Ege—ﬂnaﬂm.

a=1
B,65£0,0
Proof. For d > 0, define
404 100
D”ﬁOlOJ—DI= Od(}, S:(gg), S’:(-ég)_
001 001

Loy

Then, since %3 (D) ="k, (D"}, we have by formuwla {1.6) with » = 3,0, =1
%a =9: ' .

(2.3)

ZE(I: %) _Z2(87 %)

= 2ne[ly (1) — Ty (d) + Hy o (D, &)~ H, 4 (D", )],

Then, as usual, divide by d —1, and let d approach L.

Making use of the fact that Z,(8, o) = Z,{§’, ¢), one obtaing $4,(I, )
for the limit as d approaches 1 of (4 —1)~* times the left-hand side of (2.3).

Via formula (1.8) one obtains 1/2 for the limit as d approaches 1 of
{(d—1)"" times the first two terms 1n°§1de the brackets on the right-hand
side of (2.3).

Then a pplvlng {1.4) and (1 9), one finds that the limit as d approaches 1

of (d--1)" times the last two terins inside the hrackets on the right-hand
side of (2.3) ig

. % 2 2 ]/b2+0 P—hn'b-u-‘_
>4 |
b,ﬂﬁﬁﬂ,ﬂ
‘Combining these results completes the proof. w
COROLLARY.
4 e VETE  mh ull
5(3) =-5‘."C—I—4:TC2 E l/b2—§—|326 Inti’ a%te ——3“ WSTCZ~-—I(1(2TC011)).
a1 ™ ¢
@l
b,c£0,0 : bl

Proof. This is a simple application of formula (1.5) and Proposition 4. m

icm
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