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From (38) and Lemmas 7 and 9 we have

oo 9

I (7 K (@) K () dadf — ff[]T ve) K (@) K (B)dadp + o (P%),

—0 —o0 i=1 U(r) i=

as P—oo through #. Thus, by (34), for some positive constant D
N(P) = DP°+o(P%)

as P—oo through # which gives N(P)> 0, and the proof is complete.
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Halving an estimate
obtained from Selberg’s upper bound method

by
R. R. HALL (Heslington)

Introduction. In many applications of Selberg’s upper bound method,
an unnecessary constant factor appears in the final estimate, due to the
fact that we can only sieve up to approximately Vaz.

At present this restriction seems unavoidable, and arises from the
necessity of squaring in order to obtain a non-negative sifting function,

viz.
s (n) = (Z zd)z.

din

As an example, let K be any positive integer whose greatest prime
factor does not exceed #. Following van Lint and Richert [1], we arrive

at the estimate .
1 22 ' ' 1\7!?
1<—— - 1— =
Z (logz T 9”) ( 1’) ’

n<z <z

(n, K)=1

by a careful application of Selberg’s method. Choosing z optlmally, Mer-
tens’ formula gives

log]
M1 <2@7L;§() @ (1+0(—°1g ng)).
gyl ogw
(n,K)=1

The factor ¢” really is necessary, as the Prime Number Theorem shows,
but apart from the error term, the estimate becomes best possible if we
strike out the factor 2 on the right. The object of this note is to obtain
a general result of this kind.

THEOREM. Let f(n) be defined on the positive integers and satisfy

fa)=1, o0<f(n)<1
and
f(nm) < f(n)f(m) provided (n,m) = 1.
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) logloga 1 fp) | f»*)
<”(HO( loga ))”(1_?)( T T +)

P<T
Apart from the error term, this is best possible, and if we set
1 it (n,K)=1,

0 otherwise,

f(m) :'

we obtain the estimate mentioned above without the factor 2. It would
be interesting to have similar, best possible, results for the twin prime
problem, and the problem of estimating = (x4 y) —z(x) and other cases,
and I hope to extend the scope of my result.

I would like to take this opportunity of thanking Professor H.-E.
Richert for reading an earlier version of the manusecript and writing to
me about it. Professor Richert suggested that it should be possible to
remove the factor loglogx from the error term: I have not succeeded in
doing this yet.

Before embarking on the proof, we require the following lemma.

LEMMA. There exists an absolute constant A such that for all x > 1 and
positive integers h,

Z (logw — Z logp)h < zhlexp(AVh).
n<e pin
Proof. Let m denote the square-free kernel of %, that is

~[]».

»in

Then
(@/m)t = (@/n) D) g(d)
din -
where ¢(d) is positive or zero and is defined by the relation

[Tk S8

the product running over all primes p. Therefore

S =26 Sow

n<e din

=Zg—d'—2 (%) < 1itzg—(;)— for 0<t<1.

<z r<x/d <z
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Setting ¢ =1 —u we deduce that

22 h, (logm Zlogp) [_[(147);%_—“)).

n<z h=0
All the terms on the left are pos1tlve, therefore the inequality holds if
we restrict our attention to a fixed k. Moreover,

1—p7*> }min(1, ulogp)
and so 4

d—w “) Z(Ing Zlogp) <—-”(1+2p‘1_“)(1+)u—pl%@).

pin
It follows that there exists an absolute constant B so that for 0 < u <1,

(logm— Zlogp) < wh!exp {E- —hlog(1— u)}
n<r

We select u = 1/2Vh and this gives the result stated.
Proof of the theorem. We may write

Z(a)loga = J'ftm) X A7)+ Y fn) (logo— > logp)
n<e %0 oln

where as usual, p°|» denotes that p°n, p*t'{w, that is, (p, n/p®) =
We estimate the second sum on the right by Holder’s inequality, using
the lemma. Thus for heZ™,

Zf(n) (logm — 2 logp) & (T,(:v)‘)“‘”‘ (whlexp (AVE)),
n<z pin
here we need that 0 < f(n) < 1. Hence
1/h
Y'f(n) (loga— 'logp) < hT;(w)( ) ,
n<ze pin ( )

the constant implied by Vinogradov’s notation < being independent of
all parameters, here and elsewhere. Next,

D fm) YAy = Y@ Y fmd)

n<e 2%n a<z (:fa;{gl
<Ya@ ¥ fm< X imy ().
a<z m<z/d m<T
Therefore

1/h
Tf(w)log“‘”gﬂ_y‘*’%ﬂm"”’(%) —wl vozo (g}



350 R. R. Hall

Since f(1) =1, if T,(#) < x/logx this estimate holds without the last
term on the right. Therefore in any case,

Ty(») logw<w2f( ) +Zf )' ( )—%J + ChTy(x) (logz)*™.

m<z m<z
We select
h = [loglogz]+1>1

provided « > ¢, and deduce that

(#) (loga + O (loglogw)) < 2 f(m) + Zf('r

)

We apply this estimate twice. Initially, we employ Tchebycheff’s result
that y(2) < #, and Mertens’ formula. We obtain

- 1 f®) | f(»¥
Ty(w). < w”(l—;)(l—i——p— o +)

o<z

‘We now use this preliminary result to estimate the sum

Sl

m<z

more effectlvely We need the Prime Number Theorem, in the relatively
weak form

p(x) —w—}-O( z )
log2xz

Then the sum above is

S 3ot

m<z a<z/m 10g22d

*—T il

< log?2d f(d)

a<z

1 ® \ 1

« D)+ S

s— log22d a —t dlog22d

B ([T PR LT B

p<Va loga

@ f(®) | f(»?
[t

<
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Therefore

1 (p) |, JF(p?)
T,(a;)(logw—l—O(logloga:))<w(1+0(logm)) n(l-i-f— T +)

<z b4
By Mertens’ formula, in the form

[1(=5) = oz i)

<z

we obtain our result.
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