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Remarque. Soit & un corps cubique de discriminant ¢°, ot ¢ cst
premier, et de nombre de classes égal 4 p, avec p premier (p = Imod3).
Lextension abélienne non ramifiée maximale N de K est cyclique de
degré p sur K, et galoisienne non abélienne sur @ ; soit alors L une extension
intermédiaire de N /@ de degré p. On voit facilement gue I'idéal premier G
au-dessus de ¢ dang K se décompose dans N/K; la considération des
groupes de déecomposition de ses diviseurs premicrs dans N montre que

2{p—1)

e =¢q ° . Ienrésulte que pour ¢ = 313, p = 7, nous avons obtenn
une extension de degré 7 dont le discriminant, égal & 313%, g’intercale
entre les discriminants 43° et 7% des extensions cyclignes de dogré 7,
4y non ramifiée en dehors de 43 ot A, non ramifiée en dehors de 7. Pour
g = 1489, Pextension de degré 19 et do diseriminant 1489™ et de diseri-
minant inféricur & celul de toute extension cyelique de degré 19 puisque
Ie plug petit d'entre eux est 191,
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1. Introduction. Let o(z) = 3 a,2% be a power series with ‘complex
E=0 :

coefficients a,, convergence rading B > 0 and sufficiently rapidly increasing
integers ¢,. H. Cohn, [2], comstructed certain transcendental numbers
using such gap series. He proved thiat under certain conditions o) is
transcendental for every algebraic argument # with 0 < (8] << R, i the
coefficients a, of o be rationals. Or, ‘equivalently, o(8) iz algebraic with
0 < {8| < R, impHes that # iy transcendental. Baron and Braune, [1],
used the same method with the assumption that the coefficients a;, of o
are algebraic integers of degree s,. They proved that o(6) is transcendental
for every algebraic 0 with 0 < |6 < B under the following conditions:

(i) D™ < Ja,] < D* for some D=1 and all 'k,

ko0 . B i=0
It was noted that these conditions inply B = 1.
In this paper we will improve and generalise the result of Baron
and Braune using a more suitable auxiliary inequality. As a special case
of a more general result we will prove the following property for gap

series o () with algebraic integral coefficients az of degree 8,: o(8) is trans-

cendental for algebraic 6 with 0 < 1] < B under the conditions:
(i) W{lg])% for some D=1 and all k,
(i) lime, S, /e, = 0, where §, is the degree of the field obtained
Jowo

by adjoining a,, a4, ..., a, to the field of the rationals.

2. Formulation of results. We denote the conjugates of an algebraic

number a of degree s by o = o, o, ..., a®. Further, [a] = max |a®].
— R Y

We mention the inequalities e+ 8] < la[+]8] and |ef| < |a|-|B]|, for

arbitrary algebraic numbers « and § .The height of an algebraic number o

is defined as the maximum absolute value of the cocfficients of its minimal
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defining polynomial. For general information, sce Schneider, [6], and
Pollaxd, [5].

In the subsequent text a; (k == 0,1,2,...) aro non-zero algebraiec
numbers of degree s, and height &, (¢ =0,1,2,...}. We put
Ay = max [a]; S will be the degree of @(aq, ay, ...

Tomdl, ey i
I

8 = [ | 8;. Further, M, will be a positive integer such that Mya, iy

an. algebrmo integer, ¢ =0, ..., k.

" The $6qUeNce (;)hm.g will be an increasing sequence of integers, with
g, = 0. We assume that the radius of convergence K of the power series
0 .

2 a2 is positive.

Foom

TIIEOREM Suppose 11m (e,ﬂ+logM w+log 4;) Spfes = 0. Then

o(0) == 2 a, 0% is tmnsamdemal Jor every algebraic 6 with 0 < |0] < R.
k=0
.CoroLLARY 1. If the a, are rational fractions p,c/q,c, we have 8 = 1,

A, = max |ay and we can choose M, as the least common multiple O_f
e, ... R
Qoy »evy Gk With this choice the theorem gives the vesult of Oobm, mentioned

mn the introduction.

‘ COROLLARY 2. If all numbers ay belong to a fized algebraic field of
degres 8, we have S, < 8 (k = 0,1, ...). Now the condition in the theorem
can be weakened to ]iim (e, +1og M), +logdy)/ep,, = 0.

COROLLARY 3. In case of algebraic integers ap (k = 0,1, ...) we can
wse M, =1 (k=0,1,...). If, morcover, |ay] < D% for some D=1 and
all &, the estimate log A, < 6, log D holds and the theorem reduces to:

o(6) is transcendental for oll algebraic 6 with 0 < |0 < R under the
condition 11m eS8l = 0.

3. We need the following lemmas :
TevmA 1. Let o be algebraic of degree s and height h. Suppose m is
a positive integer such that ma s an algebroic integer. Then

< {gmmax(1,a])

Proof. Let Q) = ¢,&°+...+H2+¢o be the minimal polynomial
of a. From :
: - (2= o)

Q2) = galz—aV) ..
., §—1) arc apart from factors 41 the

weo deduce that g;/g, (& =0, ..
, o, and thus

elementary symmetric polynomials in o™, ...

0 < g (§) T < a2 mox (1, T

, ) over Q, hence,
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- Since ma is an algebraie integer, there exists a polynomial

B(2) = (mz)’+...4r (me)7,
for which R(a) = 0.

Hence, B i3 & multiple of § and Iq"l
of the lemma.

LEMMA 2. Let P(2) = py2" +...+ 012Dy be a polynomial with
wntegral coefficients, of degree N =1 and height H; let o be an algebraic
number of degree s and héz‘ght h. Then P(a) = 0 or

|P(a)) = {H BN (N +1)"* (s +1)V 1L
Proof. See [3], Theorem 5.

4. Proof of the theorem. Suppose 6 is algebraie, 0 < |8] < R. Let 6
be of degree # and suppose m is & positive integer such that mf iz an
algebraic integer. We put

0% (8) wZa g%

3=l

m®. This completes the proo £

and
ru(0) = o{8) — o ().
Now e, (0)is an a]gebraw number of degree s < 18, and of height %, which
can be estimated according to Lemma 1, since mH, +0(0) is an a.lgebra.le
mteger ‘We then obtain:
h < {2m% M, max (1, fo'k(ﬂ)”}

< {2m My, (% -1-1) Ay (max (1, T8]))%) "%

< {2MkA,L}”Sk{9mmasx(1 iB| Y},
Let P be & fixed polynomial with integer coefficients, of degree N =
and of height H. By the convergence of o,(6), & = 0,1,..., the dlfferenee

loy(0) — opp1 (0)] will be smaller than the minimal dlstance of the zerog
of P for ¥ sufficiently large. Hence P(0(6)) = 0. implies Ploy,1(0)) 5 0

. itk > K,. Cpnsequently there exists an infinite subsequence Ii(f =0,1,...)

with P(a;,j(a)) £0 (§ =0,1,.

[P (o, (8))] =
since N -+1 <

«)e Now from Lemma 2
{(SM;'G Akj)ﬁ6]a.(N+logH)(2mm&x 1 m )Nnakjsk ,--1
< 2% and n8;+1 < 2*%, For fixed &, 8 and P we thus obtain
IP(C’;;}(H )I >~ --clskjlog‘(BMijkj) cﬂekjs:kj,. ’
where ¢, and ¢, are positive numbers independent of j« We now estimate
rx(0) as follows. Choose ¢ with |6] < p < R. Since limsup |a, % = R
. . koo
one hag for % > K, the inequality |a,| < ¢~%, and hence,

oo

OIS ) (6107 < (16]g7Ywr1(1 - 6] g™

ftpyy



304 P. 1. Cijsonw and R. Tijdeman

It follows that
P o () —Plow(8))) <

if k> K, in which ¢ is an upper bound for [P'(2)| on a bounded neigh-
bourhood of ¢(8), and e, = {log(p10]™") > 0. Combining this cstimate
with that of jP(rrkj(O)” wa obtain for k> I,

eolo—8))7H([0] 07" b+ L @Mk

‘ P(o‘(ﬁ))f = oSy loRE B d ) el Sy ﬁmﬂafl-faﬂq,

From the condition in the fheorem wo know }im i S,ﬂj /e,cf.H == (),
e X
lim 8, % log M, /e,ﬂﬁ1 == ( and ltm;S,Gjlog y: j/()" et ™ 0. Hence, we can choose j

J—ca P00

such that &; > K, and that
43 ‘S’chlog(sj’{lcj‘ilcj) + &) 6Icy-s.fﬂ_,,— <0y el.:_.,-l-l .

It has now been shown that P(o(6)) 5 0. Since P i3 chosen arbitrarily, -

the theorem is proved.

5. Remarks. (i) Concerning the [@;] the conditions in the theorem
and its corellaries can offen bhe chocked by the wse of the well-known
ineguality T&ﬂ < b+l (see Schueider, [6], p. B). Further, suppose my,
is the first coetficiont of the minimal polynomial of a,. Then mya, is an
algebraic integer; hence, M), can be chosen as the least common. multiple

of mg, ..., my. From the inequality my, < hy, M, will now be at most
by ... Ry
(i) Within the condition of the theorem R = 0 and R = oo are

28F-4-1 22kl )
s 91 and 27%  respectively.

~1 for the condition

posgible; e.g. for e, - 9%
(iii) In the ease of Corollary 3 we have R .D

[ @] < D% implies 11msup laxMer < D,

The possibility exmts that B = D' (take ¢, = k!, a, == 2¥). An
upper bound for B cannot be given, since arbitrary high mluuﬁ of R ean
bhe constructed.

(iv) When E is finite, ¢(6) need not be transeendental for 0 algebraic
with |0} = R. For instance, take ey = k!, a, == 2% then R = } and,
== 2 2—k = 2.

Toru 0

(v) The main condition in the theorem can be relaxed to an analogon
of a condition introduced by Mahler in [4].

(vi) It is easy to derive 4 transecendence meagure for the number

o(0) if ¢ and 6 are explicitly given and satisly the conditions of the theorem.
The pmnelpal estimates in this paper can be used for establishing transcon-
dence measures.

uging 8 = §, we obtain. ¢(0)
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