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1. Intreduction. We are concernsd with the equations

It k
(1) [[#~Yoi=n

andl

% 1
@) M._

a -
’ni

.

0 i
where @, & and » are given infegers and the unknowns o, take positive
integral values. Rquation (1) was first copsidered by Schinzel [9] in the
case n = 0; he observed that for every k there exists a trivial solution,
namely (1, ..., 1, 2, k4 1). Misiuvrewicz (quoted in [9], Bemerkung) proved
that in the case n = 0, apart from any permutation of the @;'s, equation
{1) has no solutions different from the trivial one’ when k+1 = 2,3,
4, 6, 24, 114, 174, 444, whilec for any other % < 1000 there is at least one.
other solution('). Later Schinzel conjectured (see [2], p. 238) that
there is & % > 1 such that, for cvery suffieiently large =, (1) is soluble in
integers »; > 1. Note that equation (1) has for any #, k the trivial solution
(Lo, 1, 2,04 1),

Leonardo Pisano [5) proved in 1202 that for any a > 0, n > 0, there
Is a & such that (2) is soluble with @, «# @, for © # j; obviously % depends
on a and #. Many authors (see o. g. {31, [4], [8], [10], [11]) have been
concerned with related problems; w classical topie is the investigation
of conditions for a positive rational number to be the sum of distinet

* Rosearch supported by Consigho Nazionalo delle Ricorche.

() Note added in proof. With the aid of a computer, the result of Misiu-
rewiez huas  been oxtended o wll e 10% (Amer. Math, Mountlhly 78(1971),
pp. 1081-1022).
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reciprocals of finitely many integers, belonging to a given scquence of
natural numbers, Here wo drop the restrietion ; # @;; on the other hand
we assume that & has a fixed value, independent of ¢ and n. First of all

we note that if hl ig the sum of k-1 unit fractions:
7

1 1
T

{I' &y mk

319

then it is also the sum of k+2, k-3, ... unit fractions, since one may

1 1
replace * Wwith — + Y cte. Henee (2) ig trivially soluble when a <k -+ L.
&, 2z, 2y
1

& 1
In case k =1, one can easily prove that the e.qu.ationj = -1—5,
(y s

(¢, n) = 1, is soluble in positive integers @ and y if and only if there exist
d,, d, snch that d,|n,dy)n and d;+d; =0 (mod ). A proof is given in
[11], Lemma 2. It follows that when o > 2 there are infinitely many =

1) 1 1 .
for which — =—£ +?— is ingoluble, For instance, one may take n to be
% Y

any prime p =1 (mod a).
In case k& = 2, Schinzel conjectured ([10], p. 25) that for_ every o > 0,
1 1

) & 1. . e .
it n > ng(a), — =— +— -|—-z~ iz soluble in positive integers z, y,
nooo® oy

2
b

Vanghan [12] has recently proved that the number of natural numbers
1 1 1

n < N for which Loz + = + Ziginsoluble is <<€ N exp { — C(a) (log ¥},
¥y 2

N o
Cla) > 0.

The aim of the present paper ig to prove results of Vaughan's type
for equations (1) and (2); it will then follow that for any a, & such that
a>k+1,%>1, the asgymptotic density of the natural nmmbers » for
which either (1) or (2) is insoluble is zero.

. k . k
Since for k> 1, @, > 1 the inequality [[, > 3 @ holds, we may
0 0
assume throughout that » > 0, k> 1 and, in order to avoid the trivial

solution of equation (1), we shall impose the condition z, > 1.
Our result is:

THROREM 1. Let By.(N) denote the number of notural numbers n s N
Sfor which

&) [Jo= o =n
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45 imsoluble in integers ;> 1, and let B, , (N) denote the number of notural
numbers n < N for which

I
(@) Z

ts insoluble in positive intogers x;. Then for N — eco

gi,a_.a

]
n

1
(3) Ty (N) € N exp{—C(k)(log §) ¥},
1
{4) Hou(N) < N exp{—Cla, &) (log ¥y 5},

with J(k) > 0, Cla, k) > 0.

We follow tho sifting process already used by Vaughan [127, However,
the method he uges to adapt equation (2) in cago k = 2 to the giove (which
gives the exponent 2/3 rather than our 1/2) doet not extend to % > 2
in an obvious way. We outline here our method; consider for instance
equation (1). Write (1) in the form

Wby b @y o= By (B L — 1) (1> 1),

or
j P
B — jaq mod ﬁw.;——l (5%21;?507:—1)’
1 1 1

k .
if m > 018 any integer and (2, ..., ) is such that [lo;—1 =m, 2, > 1,
i

. k
#; integers, then (1) is soluble for every n = — Yu, (modm), n = m.
1

A number of such % up to N can be sifted out, provided m runs through
the sequence of all prime numbers up to VN. Any upper bound sieve

- estimate will therefore give us an upper hound for F, (N).

Some difficultios avise from the faet that for a given prime p two
dif:[erent k- ﬂh{‘in()l'i/&ti()llh (@1 ooy @)y (@, v, @) of p--1 may bo such

that Z'M 2&‘, {mod p}. A lower bound mk(p) ior bhe number of

k- fa;ctmwammns (i), (9), ... of p-+1, such that 2 »; 2 @y ... {(mod p),

is then obtained by reans OE Lemma 1, which enllc)WH us to apply the
gieve for anmy k.

Theorem L i easily deduced from Theorem 2, which gives the wvemge
order of the above function wy,(p).

The author wishes to thank 18 Bombieri and R. 0. Vanghan for
comments and helpful suggostions,
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3. First some preliminary definitions. The ordered f’ tuple (@, ..., 2y)

is called an admissible k-factorization of » whenever Hac =, 6> 1, &

integers. Let (z) and (@ z;) be two admissible &- fa;ctorlmtmns of v. We
say that (m;) i8 r-equivalent to (a;) and write (z;) =, (2 W) (<7 <),

when
P T
I
2 ;= Zm,,;-
1 1
Lot 1. Tt (2, +0e s @), (B ey m,'c) be two admissible k-factorizations

of v; let 1<s<r<hk and

’
(1) ary o) R-"y(m;) ...,(Dk).

If '
gz, w2 (i=1,...,8),
then
I *
By = &y (¢ = 1, ’ ‘9)
Proof. Clearly we may assume 7 > 2. Suppose first s = 1. We have
¥
E=ty... 0, = —< 7
&
¥ ,
£ o=y ...y = — << 9
o,
hence
7 r * r k [ ,
A 4
&, — 2 u—_’Zwi—Zm; {Zw‘l, Zmi}gmax {I_Izvi,l;]m?}
2 2 2 2 2

»3,

=max {{ £} <
If #, +# @, then |§—£'| >1, whence

a contradiction.
In the general case the proof is by induction on 8. Wc agsume that
ey, @A (=1, s—1) implies 2; =a; (1 =1,...,8—1)
Let ;3 ”_5, _502211”” (i =1,...,8). Then

25t 2
3 At g8

2/3 T U -

(B .o 51 )Py 2w =,

: » 2/3
B %2( -—-—-) 1

By oe ey
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( » ) .
AN

It fc:llows {hmm @y = (i =1,...,8—1) that (Zoy ooey Bpy ooy ),
(Byy oevy Bpy -ory @) are admissiblo (b—g-- 1}-factorizations of

and

(6) @,

W

v v

' o R
Ty L,

and
. a ” 1 ! ! !
(g ooy By ey i) Rtpomgd (Byy oony Boy o, Xy)s

from (B), (") and the previony argument for the cage s — 1 we deduce
that @, = @,, which completes the proof of the lemma.

Note that if (#;) and () are admisgible k-factorizations of p+1,
then it follows from

It 4

1< o< []o =p+1,
1 1
3 &

1 «::Z’w;.gnw; =p+1
1

1

that

, P ~ ! ’
(.I!]_, reey "v]ﬂ) ke (mlJ reey m}c)

if and only if ‘

I .

(7) 2'”*' &:2&} (mod p).
1 1
Also if p = —1 (mod @) and (i), (#;) are admissible k-factorizations

+1
of %- —, we havo

Wiy wees Wa) ey (Ulsoeny i)
if and only if
e

Jm
(®) S ol mots.
i

C
1
We alko require somo woll-known rmul‘ts which we gtate here ag
lemmasg.

Lumma 2 (Brun—Titchmargh), If g, 0<a<l, (gl) =1, then

) it
m(w; gy 1) < TR
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LEMMA 3 (Bombieri [1)). For any A > 0 there is B > 0 such that

Hy

max max | z(y; ¢ 1) — @ £ 2(log z)~ .
gcaliilogs) — 5 y<z (21)=1 Pl
TEMwA 4. Let di(n) = 3 1. Then
()5 0eattp)
cc]...mfccn
d '
24‘@- £(log m)*.
= o ()
Proof
Zdi(%) _Zdi(ﬂ) B8 ) w2 (8) Z a5, (n)
N (p(%) NET " 8ln lp(é‘) E}J ([t(S) 'nﬁIﬁ:c o
BlH:
i (s) Zdﬁa(m)< O pd(s) d(s) 7 di(r)
= =
8T S(P(S) rETE r S S(P(S) e 4
(2 d;,(s) )( X di(fﬂ))
sp(s) Eaﬁ r

The lemms follows from [6], Lemma 1.1.2 by partial summati.o.n.
Leawa 5 (Montgomery [71). If w(p) (0 < w(p) < p) residue classes

modulo p are vemoved from the first N natural numbers for each prime p < ]/N
then the number Z of natural numbers which remain satigfies

4N
s )
w(p
2 wrm) [ [—
m<V N phm p—w (P)
- 3. Tirst conside'r.equation . Let VN < n < N; suppose there are

< V¥ and an admlsslble k-factorization (#;) of p -1 such that

% prime p
f o= — Z #; (mod p). Then

1

- I
n+ 3
mo - '—‘-“1"'“ > 1,
P

whence

w, > 1.

Suppose now that, for every prime p, p ]/N there arc at least wy{D)
" adwmissible k-factorizations of p-+1, no two of which are k-equivalent

icm
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to one another. By (7), there are at least g (p) residue classes moduld p
such that, for any « belonging to one of them, VN < n< N, equation
(1) is Soluble Hence, by Lemma 5,

4N

&) B (V) < o VT
o l \ ! Wy ]7 .
p2{m) | [ = e
mg%lz\r Jliz-ﬁz[ p—wg(P).
IE (@5 - wk) # (@, . w;b) are two k-factorizations of p-1 such that

= (p+1)2f'*‘, a2 (p -| 1)”“ (G = 1,..., k), then (&, ...

i)y (@15 «ees 0)
are admisgible and, by Lemma 1 Wth § == = -

l [
(@yy «ens @) 2o (Try oevy @)

We m&y therefore define

(10) o o) =fulp+1,p41),
with
(11) R = 3 1.
(15 -+ »“Ic)
yen mk=v
z; ->r.-2[3
Consider now equation {2). Suppose there are a prime p = —1{moda)
k-1
and an admissible k-factorization (¥, ..., 7,) of - P l 1 such that = ——Ey,
(mod p); then
Yt ooe T Ypy+0 = Yo = Yol ... Yp—1),
Yot Y1+ o0 F Up % = YY1+ Vi
a Yo+, + .o FY 0 1 1
— = — == -I- A
# RY oY1 o Hr To W &y
with
Ty == WYy - Yy G =RYYo o Yy ooy B = Yol Ui
Suppose that for cach p = — 1 (mod «) there are at least o, ;(p) adanissible

1
k-factorizations of 2+

, 0o two of which are (k—1)-equivalent to one

another. By (8), there are at least w, ,{p) residue classes modulo p such
that, for any » belonging to one of them, equation (2) is soluble. Tt follows
from Lemmsa 5

12) Bop(M) € — 2 - ,
3 petm [ et

o, o s P~ @ax

7 — Acta Arithmetlca XXIL3
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with . .
r+1 p+1 .
(13)  @gi(p) = f"( —) E 2 =-1(moda), pxa,
0, OﬂlelWlSG, |

where fj, is defined by (11). For if (1, ..., ¥p) # (Y1, -.n, 43) ave k-fac.

p+1

torizations of > 1 guch that

p+1 23 , p+1 2/87 ! .
B T

then

(Vs oeey Yi) #y_y (?/1’ teey 'y;c)f

' by Lemma 1 with § = = k—1.

By (16) and (13),
(14) wi(P) = 0y,5(p).

4. TOEOREM 2.

(logé‘)"“l 2, : wa,?c(.'p) & (1 kml.
i < g £)

st
Proof. By partial summation, it suffices to prove that
15) £(log £ Loy ) g n(D)< E(log £)F2.
DE
The upper bound. T p = —1 (mod &), = o, then

var®) = D 1< Y 1= ¥ > o1
1

p+1 1
Ty @y mk_-Ej:_ o p+1

+11a/3t Y
%}(p )! (ﬁ;l)z,’ﬂ wl}(g:i)z/a
= 1 = d - a
r%i mz__%z:r r%—l- o1(7)
(e <ol
Hence
0B Y Goams N am S
g Efs MEER - E4+111/3 =X
p=—1(a) P f<( a ) p=-1{ar)
<)
< 2 dfc-l(")ﬁ(fi 7, —1).
re(EnlY
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Therefore, by Lemmas 2 and 4,

D oaum) € log ;

pk r(E+ 118

1 dk— ( )

I
o) <¢ (log &)

The lower bound.

Sewws> S 4= 33

Pt —<10<E Ecp\E ®1. wkw—
p=—1() P=ml) gy
=X Xy
. n-+1l oy mksr
—<p€$ ®) [ e —<ja<,£ r
p-=—1(a) m1_>|;52/3 m;ﬂﬁ‘laml P=—1a) lE”3 =l
2a
=2 2 At
51]3 [ TR/
rE o w>/’=‘7/3@+1 ;:{?(fm)
1/3 £
= ka iy 8PN 01y —1)—= §a"‘": —1}s
1<£21:z_3
whence
foa (1, §°)
18) D waup)> (hf I ) 2 ! ot
p<é
. ygwﬁ
| il
+ Zf (r Em){[ﬂ;(f' ar, —1)— ne ]—[:ﬂt(E or ml)— 2 ]}
1’,3 E—11"1 b ? q}(a’?) 23 H (p(aﬁ')
rafl
TFirgt congider the term
Boal§) = D fualr, 8%
il
i

x {[W(E; ary —1) w%] M[n(w;i;m,

hl) N @(;‘)]}'
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The Canchy-Schwarz inequality yields

(an _
1 fia (7 E]/S) )1/9,( S . . {[ L& ]

g Rhe )| = i E; ”’ —_— ]_ — e |
[Pa‘]“('&)l < (1'%2,‘3 (P{CW') . re £173 (P(L”} N( v ) ’

(3 a0
(2% (2

rek g g1/3 rp(s)
£ _ 1172,' 241/
L —)=swl)

2 @(s}

By Lemmy 4

. - 1(1'1 i e
13 v = o2
s () < og £,

red
and by Lemma 2 with o = 1/3

Moteee oy JET (8., _\__2]|| . &
0o o[t = «p(s)] ﬂ(z’s’ 1)_ )| “Togt

Lemma 5 gives, for any 4 > 0,

»(s) 2’

' lig £ Hé
LIy [ﬂ(é;s,—l)%-%—]— :c(—-s,-él)mw <& (log &

5e§1/3 @ (S) N

From (17), (18), (18) and (20} we obtain

o 1z
(21) e (£)] <€ (log 5)’""’2( 10‘: : &(log 5)“‘4) < &(log &)~

For the main term in (16) we have

3
(22) S’ baln 80 1 1 faln €9 1 g1y
wlar T P "
. 1;3 ) - 51/3 & T wy i 'n‘
s g ey
Ia B a3
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Now, if
LI
@ EFTL R g = k1),
we have
k-1 3 9
D = - 13
i N (yr[-l 31-t-k) _ F 3%__ kxé'—"r
11 LIRSy | <) J&
. Bl . .
provided &= C = (2a)"*7"; hence if £ is large
1 ‘ o 1
23 v _— e > U,
(23) L s By oo By L Wy Wy
HARTRs ) . 1~._—— ‘52[31+Iﬂmigeﬂ,'ﬂﬂ'lq-wliﬂ'k
g st
H > s
it —
I=1 5213% -]- 1":2" (52j31+1 [—-2[31‘"[4‘: ¢
2/3” Lygpidh shfe-1}
k—1 2 o1
‘!,w»l
Since
. £ &
| 115—11§}~E§—E,
we obtain from (22) and (23)
fi’u— 1 E k..
(24) lig 11-~ w) >>a,rc ¢ (log &)

ff
(16), (21) and (24) together give at once
v . Z G)a,k(_p‘) >ﬂ,;’.¢ E(log E)TG——Q’

n&E

which proves the theorem.

5. Proof of Theovem 1. Tt w, ,.(m) be, for any integer m = 0, tho

completely multiplicative funcfion generated by g ,(p). Then

Z;ﬂ(m 17 f.‘i;_a.i:_)m\ 2 l-[“:’u,h _ \“ﬁ,u na);;;ﬂ(m)

meV N wlm MmN pln —_ ,/ 5%

Hence, in view of (9), (12) and {14), Theorem 1 is proved if we show that

\“7 pE(m) ay,, ,L(m)

‘.......J W
m<yYN

1
(25) - exp{C(a, k)(log Ny TEY,
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Since w, (m)<€, m" for any # > 0, the Dirichlet series

7o) = ) AR

P
converges for Re s> 1, Also

S <

2
hence, for any > 0,

(26)  Fopll+e) = I—[(H—“’“fﬂ)
n

Oy 1 ‘coa, (p)
= exp {Z ;’ff?) ~|—0(1-)} > exp 2 Pf_[_";p .
n

D

It follows from Theorem 2 that

3 0:(0) 1 0x2) | 7 Zﬂiﬂ’l}mkr'(lég Xy

12 ; 1+s
7 P <X P X

1
taking X = exp— we obfain
&

(27) Z Wy, k(l‘?) >a —=(k~1} .

148
- b
Next

B, (2
1+s

1+5

o0
=0 ”’<3a<2"’H 1 Mpantl p
o .

:) en_2—5(¢L+1)) 2 ma,k(p)

pottl P

—E Wy )

1 2= 22 n 2 k(p ;
f,(ﬂ’H-l

hence by Theorem 2

> ‘”“’1 ) - 2—8)2 (n+1)Ft2m,

» n=t

Since

2 (ﬂ_l_l)k~12—m <Fa E—k,
n=0

Wai(P) 22% Z g (D)

icm
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we obtain
We, k{P) (-
(28) 2 a,llf?_<ks (-1
- »
Moreover
ruz(m) wa,k('m’) (m)wa i’r(m)
@ 2 m = Zl Tttt
MY N msV N
, 1 i {m) oy, p(m)
SRR g LN
m>l/N
o sj2
Ju’ a k - m) wa k( ) e B4 g .
o Zvv Com EMZl( ) mite = N 1+-§—2— !
m>yN =

(29) and (30} give, for any &> 0,

(81) Z /«" wa x(M

Fu.k-{l+ &} _N_EMFa,?c (1 + %) .
‘ myY N

We deduce from (26), (27), (28) and (31) that, for any sufficiently small &, -

2 pE{m)wg, (mz
mw

m<y N .
> Oyexp (Oa(a, k) e~ E1) — €, N~ Fexp (0, (k) e~V

= Cexp (02 (ay k) 5_('1;”1)) — O exp ( - -?Z log N +C, (k) a"{k"l)) .
Putting & = {40,(k)}/*- (log ¥)"* we obtain
—~ - Tog N 40, (k) = 0.

Hence the above choice for ¢ gives, if N is large,

2, et

m<y N

= C,exp{J(a, k) 1ogN ’“} 0,

S exp{C(a, k){log ¥) "},

- and (25) is proved.
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