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On the distribution of the divisor function
in arithmetic progressions

by

Yoicur MoroEASHL (Tokyo)

§ 1. Introduction.

1.1. In 1965 Bombieri ([3]) made 2 great improvement on the large
sieve of Linnik and Rényi, by which he obtained an astounding result-
on the mean-value of the remainder-term in the prime number theorem
for arithmetic progressions. He hag proved the inequality

l
(1.1.1) 2 max max‘l Z A(n)~w}£— < N(logN)™ 4,

5 VEN (@.g)=1 olq)

n=amodg

LN (log)— JESEY

where A{n) denotes von Mangold’s function and B = 4A'—1—40 with an
arbitrary positive 4. '
Analogues ([13], [14]) to (1.1.1) has been found for the functions

(1.1.2) nm) ( =2,3,4), ti(n) and r(n)

ingtead of A(n), where 7;(n) and r(n} are the numbers of representations
of » as & product of j integers and as & sum of two squares of integers,
respectively, and we put v{n} = 7.(#)- As in Bombieri’s result, the large
sieve plays very important part also in these cases.

Recently Siebert and Wolke ([16]) have extended these analogues
o certain set of multiplicative functions, also using the large sigve,

1.2. Barban ([1], [2]) has found the inequality

a

(1.2.1) 2 Z( E Am)— qf(\; ;

1cqeNog N)~E =1 ‘n=amodg
(e, @) ==1 IR N

.
) < N*(log N) ™,

with B = B(4). _ a
The jmportant point of Barban’s result is that the range of ¢ in (1.2.1)
is substantially wider than in the estimation (1.1.1).
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Another proofs of (1.2.1) have been obtained by Davenport and Hal-
berstam ([4]) and Gallagher ([8]), using their improvements of the large
sieve. Then Montgomery ([11]) has suceeeded in replacing (1.2.1) by an
asymptotic equality, without using the large sieve. A special case of his
vesult 18

e j( > “l(%)—&%)z

15ga N a=1 n=amod g
(&, q)=1 1<nsV

2
o= N log N+ aN2 -+ O = osimme
g 450 i)
with 2 numerical constant ¢ and an arbitrarily large 4. In his proof
a substantial part is played by a result of Lavrik ([10]) concerning twin
primes on average.

1.3. Under these circumgtances it may be expected that analogues

o the asymptotic equality (1.2.2), in which A{n) is replaced by one of
. the funcfiong of (1.1.2) would be capable of a proof.

To prove such an asymptotic formula in the case of z{n) the divisor
function, also without using the large sieve, is the main purpose of the
present paper.

We shall prove firstly an analogue of Lavrik’s result with the help
of the Hecke—Estermann function, which will be followed by some elabo-
rated caleulations of sums over wvarious pumber-theoretieal funections.
Here it may be interesting to remark that our analogue to Lavrik’s result
can be seen as an average result concerning the remainder terms of Ester-
mann’s theorem ([7]) on the Ramanujan—Ingham sum ([9])

T(n)T(n+ k),

LN~ Tt

which has an interesting application ([5], [15]) to the problem of the .

distribution of the divisor function in “short” segments.

1.4. Notations.
z(n): the number of divisors of an infeger «.
¢(n): Buler’s function, ie. the number of reduced classes modn.
£(s): Riemamn’s zeta-function with the variable § == o -4l
y: Huler's constant = 0.5722 ...
n): the greatest common divisor of m and n.
N: sufficiently large integer.

1 . :
g_,(n) = 2 L where d runs over all divisors of n.
din

. logd -
oam) = =
din .
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-1

v lo .Zd
o_(n) = 2 egi' .
din d

e: arbitrarily small positive constant.
Throughout the present paper, all constants in O-terms or in Vino-
gradov’s notation “ <" depend on & at most.
§ 2. The main result.

2.1. We formulate here our main result:
TurorEM. We have the asymplotic eguality, with numericals eonsiant

61' (1\<-.j‘-<-.4)5

(2.1.1) 2(m) — N (Cy(1, b) (log X +2y ~1) —20s(1, B)}*
1IN b=1 n=bmodl
o By
— N(S,108° N G, log2 N +G,log N + &) +0 (N5 (log ¥)?),
where ' -
1 s #{g) ( q )
a. (1, b) =—
(g, b)
(2.1.2)
1 p(g)logg ( q )
Ca(l, ) =— .
(g,0)

The constants &; (1< j < 4) have complicated expressions, and so
we give here the explicit values of &, and &, only, but it will be clear
from our proof that one can obtain the values of &, and &, also. We have

8 =,
- = b ® e 6 16 H))
62 = (571—2) GC(‘S;——E-T;Z 52(3) -8 5(3) H 17,2 (Jy 2 “2 C (..) -

2.2. In Section 4.1 it will De explained why we take the gnantity
N{0,(1, b) (log N +2y —1) —20, (L, b)}
a8 the expected value of the sum .

f(ﬂ).

n=bmodl
InaN
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Also we should remark that in (2.1.1) we do not pub the condition (b, ) = 1.
Actually the form (2.L.1) is the apatural” one for v{n), and if we insert
the condition (,1) =1, the caleufations in what follows -would be extre-

mely complicated. - _
We have proved an asymptotic formmula analogous to (2.1.1), in which

r(n) is replaced by r(n). The procedure of the caleulations is rather dif-
ferent in this case from that of this paper, and go we shall publish it
elsewhere. .

§ 3. An analogue to a result of Lavrik.

3.1. Tet D{a, N¥) be the expression

V! T(%) gznian,

1<heN
then we have &
(311) Dia, N)Z = V(k’ N) 62m:ak’
' k= N1
where

Vg, N) = > z(m)r(n-r|k).

Legn=s N Lk|

Let a/g be a term of the Farey series of order {2, whieh is to be deter-
mined explicitly in Seetion 3.5. :
Tet us consider the size of |D{a, N¥)| with « near to a/g. We have

612 DN = ) {D({:«,%)_p(%,n_l)}ﬁ“i(“" )

1<mE N

For D(alg, n) we appeal to
Lemwa 3.1.1 (Hecke-Estermann, [6]). Let B (s; afq) be the frunction

- T(ﬂ,) amiln
P
5 o

=1

(8 = o+it, 0 > 1).

Then, in the case of (@, ¢) = 1, it holds that

is regqular at every point, and moreover B(s; ajg) has the funciional equation

@ o) :
B (s; —q—) = 22wy P (L—s) g™ {E (1 — 383 %) — eos sl (1“33 - —Z—)}’

where @ is defined by o = Lmodg.
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Now we have

@ o ' s
(3.1.3) D(———,%) - ResE(s; fi)-”'£+ResE(s; ii)i+
q g} & &

g=1 §=0 q
. . 146
1 a\ n® piE 1 a
+— f E(s-——)—d 0 . —f Y |
o D s e 8 - 7 ~+n® 4 ) IE G—I_?'T"q w doy,

where § = {log(gn--1)}"! and T is to be determined later. From the

above lemma we see that . J
a\ n® . n’
(3.1.4) ResEfs; —|— = Resg "¥¢2(s) —
s=1 q/ & §=1 s

i
=—n(logn +2y —1-2logg)
and q

(3.1.5) < (log(gn+1).

&==0

g

ResF (s; i)ﬁ—
q/ s |

Algo we have, by the functional equation and the convexzity argument,

LE (o+v:ff; %) ( < (Tg)'~*(loggT)*

uniformly for — 6 < ¢ < 1+4. Hence we geb

&

1 AR
3.1.6 —_ P T 5
{ ) I _5[@ E(s, q) - ds| < Tg{loggT)
and »
1+ all 1+8 T\
(3.1.7) f E(a+iT; ~—) n"do < n(logyTh* f (_Q) do.
A q S\

Taking

q

it follows from (3.1.3)—(3.1.7) that
& 7
D (E’ 'ﬂr) = E(hgﬂ +8y —1 —2logq) + O {(ng+ ¢y},

Using thig formula, we have, from (3.1.2) and by the partial summa-
tiom,
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Lgaa, 3.1.2.

ant a—Zln
Dia, N :.i 2 (logn-+2y —2logg)e (=] +
1SN
a
+O{(Nq+qz)””‘(1+ a—~—~1N
3.2, Let F(a, o/g, N) be the quantiby
1 >‘1 2l (rz-nw)n
¢ - (logn 2y —2logg)e o,
{ 1S
then we have from Lemma 3.1.2
. al
{3.2.1) D(a,N)—F(a,%,N) <€ (Nq+q2)”““(1—|— a—-E N).

‘We now introduce the following quantivy
(3.2.2) Gala, N) = y 2 (a,m N)\

lgq’A a=1
(a,q) =1

where A is to be determined explicitly in Section 3.5 and meantime it

is required to satisty ' '

(3.2.3) | 1A 0.
We have
® ol —2n:—k
(32.4) G4lo, N) = Z gl "q”” Sk, N >
[RI<N—1 1<
(. q) =1
where
(3.2.5) Wylk, Ny = > logmlog(n--|kl)-+
1N -k
+2(y—logg) Y loga(n-k|hi)+4(y~logg) (N — k)
1N K]

= Ty(k, N)+2{y —logg) To{k, N) -4 (y —log q)* (¥ —[k]),
Baiy.
For the innermost sum in (3.2.4) we have

| o ik g(g) ( g )
3.2.6 7" = ),
(=2 YA |

8ay.
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Thus we write (3.2.4) as

(3.2.7) G ola, N) = 2 i }J f{q’ )k, W)
itsN—-1 leg=d
— 2 S;J (k, N) ezmiak’
JrEN—1 :
say. .
Now we have from (3.L.1) and (3.2.7)
1

(328 D (V(k, M)—8,(k, M) = [1iD(a, ¥)[*—Gula, N)Pda.
i}

el V-1

3.3. In this section we shall estimate the integral of (3.2.8) by a sim-
pler version of the trigonometrical method of Y. M. Vinogradov along
the line of Lavrik ([107). '

Let
al a a[!l
—T’ —, I
4 4 ¢
be consecutive terms of the Farey series of order 2, and let C'(a/g) be the

o +a aot+a’
¢+q q+q"
|C{a/g) we have the inequality

interval [ ] Then (' (wf¢) contains a/g, and for its length

| atl
(3.3.1) IC(—): <=
| g
Now we have

(3.3.2) UWN)= leD(a)PwGA(a)ladﬂ

- > 2 [ 1Dy~ @) da

1gsl  a=1 C{ajg).
{m@)=1

H 2
i
=<2 da+

152 a=1 (“'(a]g)
(z.q)=

|-D(0‘)|2“1F(a:%5 N)Z

8.

5 — Acta Arithmetica XXIL2
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Here we have from (3.2.1)

lw(a, N)lzmiF(a,g, N)' ‘

an-—l N2 ([D(a N2+

#{ .7) )

< (Ng+g)*™ (1+

Thus for « in the interval C(a/g) we have, by (3.3.1}

o

NB 1+
< {NQ-}-QZ"F“Q'{}

|1Dia, 3y
i

2g

(lD(a', M)+ JF(a -g—, N)

2)
H
from which we get

(3.3.3) U, (X&) .

1

<Jlmww%:}””{fw(a,N)izdw 33
0

15t =1 0
(@g)=1

g

4
da}
311+2e
< {N LR+ fﬁ} Nlog*N.

For U,(N) we have, by the definition of ¢,(a, ¥)

¢
(34 Ty < Y > Y

l€g<R  a=1  Olafg) 1:4;q<41 o = 1
(a,q)=1 (&, q')=1

WLy
31
+ >
e

@\l
F(a,-—-—, N)| da
Ad<ggQ a=1 Olafg) g
- {ag)=1

da+

#(o, ) N)

= Us(N)+ U, (N),
saiy. _‘
It is easy to see that
: {Nlog N)* 1 (NlogN)*
(3.3.5) U ¢ Y g =B

Ad<gs i
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For the estimation of U,(¥), we remark that

. o
! a— _) n

a 1 ’ Am(
= am v — . S 7
F(a, P N) % (log N 42y —2logyq") ¢

IngN
1 A 1 2ni(a—-—)n
P
7 4 ¢ 1=n<s -
and thus we have
log &

<

| a'
JF (a., vy J.\T) 7 .
q ! o a

' q SmTc(a——T)
g
Now Fla, a'/q’, N)has the period 1 as a function of o, and the distance
between afg and one of a’'/¢'£1 is not larger than 1/2. Hence the sum

U,(N) does not exceed the eonstaht—multiple of the quantity

da '
Alog* N > S’ E ‘ —"
’ €<  a=1 Clajg) 1<g’-..:l a=—g" | a_-—a‘—
{a.q)=1 (a )=1
Ll
0< l-—-;- [

But then it i3 easy to see that, for sufficiently large ¥, we have for ¢ in
Clafg)

since we have (3.2.3).
Thus we have

]

U,(N) < & Alog' N 2 j’ 2 2 SN

'3 4
1sge? o=l 14l ae—g lag’ — ga'|
(2 g)=1 (6'.0)=n1
wgtag
t(u

— 0 Ao 4N§’

where £{#) is the number of the integral solutions of the equation
leg' —ga’| =u
in the range of the suwmmation. Obvionsly we have
Hu) € A*°Q
which gives

(3.3.6) U, (N) < 4* Qlog* N,
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Collecting (3.2.8) and (3.3.2)—(3.3.6), we get

Lemna 3.3.1.
4 4

3 ria N N
(V (&, §)—8alk, M)} < N° (N2 LN + - A - Q“A“)
ok -1

3.4. Now leti us enfer into the calenlation of S,(%k, N). From (3.2.7)
and the expression {3.2.5) of W,(k, N), we see that for the caleulatmn

of 8,(k, N) we need to treat the following sums:

1 .
Bihy )= 3 IR,

Lggesd
lo
(3.4.1) Pk, 4) = Z 22 11q, B,
lgssd Q
=@
logtq
Py, 4y = N gy, w),
lsg=sd
and
Ty (k, N), (%, ¥)
Let P.(s) (= 0) be the function

Z Eﬂ?f(q’ k),

=1 _
then, by the usual way of expressing the sum by the Euler product, we
can, easily find that
a_y(s+1, &)

P {s) = ) for % #0
and
 f{s+1)
Pols) =57
where
os(s, k) = dd".

e
Then without difticulty we can get, by the ugual procedure of GoMm-
plex integration,
Lemna 3.4.1. For k> 0 we have

Putky 4) = 0a0+ 0 (7 og 4),

6

Pylk, 4) = o (R) 7 (k)

4

+_IG~1(?0)E’(2)+0( (10g£1)“),
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6
Pylk, 4) ”"_T:; o_y(k )"l’v_“g 1(]")5(2
432, L, 86 : (k)
+ '—7"_'6-(5 (2))"- s (2)) 021(7"/)‘*“0(7 (log‘d)ls)'

From (3.2.5) and (3.2.7) and the above lemma, we obfain
LevuaA 3.4.2. For k> 0 we have

8,(ks N) = wy (k)T (k, N) (k) Talk, N)+ 005 (k) (N — ) +

+o(’”” (1ogN)”),
where
[\
wilk) :?‘741(;‘7):
2 G 12,
wall) =5 (r— 2t (2)) - (8= S oa (B,
24 17 28 144: ,, :
w3<k)=(if oo B8 e+ B e )) (B
8 Y\, 24
(3‘-?55( )*—?y)a_ﬂm;}ml(k).

Now it is easy to see that for k> 0
Ty(k, N) = (N —k)log(¥N —k) -+ NlogN — klogk —2(¥ —k) -+ O(log N},
Thus by Lemma 3.4.2 we have, for k> 0,
(8.4.2)  To(k, N)w,(k)

= }—2-(? m-—& (2)) {No_,(k)log (N — k) — ke_, (k)log (¥ —k) +

+ N{logN —2)o_, (k) +2ke_y (k) —ko_, (k) logk} —

" (k) log (N — k) — ko', (E)log{V — k) +

+N{logN —2)¢" (k) +2ka’_ (k) kol (kYlogk}+ O (r(k)log‘l\?) .
For the sum T,(k, ¥} (k> 0) we have
Tilk, N) = (N —k)logNlog(N — k) —

log(&+k) 10g£}d 0llog* N
—f{ + 55 ag+00g)
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= Nlog Nlog(¥ — k) — k) (log (¥ — %) — 2) — Nlog NV - klogh —
N—1
1 I
—kf Og(“ ()df-I-O(log?N).

The last integral is equal to

o log (E+E)
Zk i (f-l-ka Y

= Ing Nlog (N — &)+ {log?k —log” N') -

o 1 EAm ko™ log ¥
*2}?((’1&?) _(k+1))'{"0( 7 )

met
2 Di! 1 {k\m log¥
T 2wty o)

- I \™ 1 1 b logk
+ {( ) -1}Hﬁ+o(_—)x__ 0( =—.
k%kuw ORI 7 R
Hence we have

Ty(k, N) = (N —k)log Nlog (N — k) —

= log Nlog (N — &)+ } (log?k —log* N) —

gince we have

oo

T s
o \k+1] 6

(N — k) (log (N — %) —2)+

k 2,
T (log? ¥ —log?k} — Nlog N + klogk + % k—

S L (k™
% > -] 4 0log2 ).
"ﬁ{ 'n_zf-’(N) 4 O(log? ¥}
Thus, from Lemma 3.4.2, we get, for & > 0,

(3.43)  Ty(k, Nyw,(k) = %N(logN—l) a_, (k) log (N —Tt)—

)

6 _ 3 .
~= (log N —1)ko_, (k) log (N — ) — peg (k) klog?k -+

+ 2 o W klogh 4+~ [ 10ge i 4
— o_y{k)klog »Pw;; ~2—~10g N-im—g— ——2)7{;a_,1(k)--

6 6 o1 LR\
— ;;N(logN-2)a“l(Tc) - ;;ko‘_l(k) 2 pcs (ﬁb,) +

M=l

+O(z(k)log? N).
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3.5. Now let 8*(k, &) be the quantity
Ty (%, N)w, (k) + Lok, N1y (k) + (N ~k)rwa (k).
Then, from Lemmas 3.3.1 and 3.4.2, we get the inequality
D (Vik, Ny -8k, )

1<h<<N—-1
y Nt N N
< N* (N2!2+ N+ tomT QA+ Az)
We now take, for exaraple,
0 = Nl?.fl&!: A = -N'ALJIQ‘
Then the requirement (3.2.3) is satisiied, and we have proved

Lmvva 3.5.1. The inequality
{(Vik, N)—

LghEN -1
holds for sufficiently large N.

S*(k, N))z < Nll,'&

§ 4. Proof of the theorem.

4.1. Before entering into the detailed discussion of the left hand
gide of (2.1.1), we explain why the term

{41.1) N {041, b) (log ¥ +2y —1) —2C,(, b)}
appears in our theorem:
The sam ‘
(4.1.2) Y
n=bmodl
1N

may be computed by the application of the usual complex integral proce-
dure to the furction

r(fn)
R(s; 1, b= ———
ne=bmodl
Now we have :
4
‘ 1 —omi=h
R(s;l,b).mT;ﬂ‘ __5_; ¢ "‘aE( q),
{a,9)=1

where H(s; o/q) is the function defined in Lemma 3.1. L Hence by the
same lemma we see that the function

Ris;1,5)— {2 751, b}cz(s
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with f{g, b) of (3.2.6}, is regular at every point. Therefore 1
| - 3 S
ResRis;l, b)— VSN Il
. g=1 .
is equal to the quantity (4.1.1), and we may expeet that this is the wain — S“ i& S‘ ey (Im) - y E‘%_) S’ 1
term of (4.1.2). o (= ! - g Wy 1%1?\7
2l
4.2. Now let (&) denote the sum of the left side of (2.1.1). Then = - i
Vel el log N
. = (log N +7) e} s logg 0 —].
(421) QU= Y Y wlw)ring - — ¢ =g 3
1INV Ry =tig 0d | '
Lemy g ] ‘ On the same way we have
—9W (log N +-2y —1 Loy (n)
N(log ¥ +2y );)ﬁ ) X et | | T . o
T ghE Q) = X D) dlog
N Y N0, h) D)t Iy s
1=l IV Iethad ?Z:E)‘lrfl:[)lsi oo (F - log N
R . _ = (Iogl\"+y)2 logg S‘ 10 2 +O( v ),
2 -9 — 1) ; . -~
+¥*(log N +2p—1) 1}%}\7 ];l (O (L, b)) | (4.3.3) :
o v _Vvivy z,_L"
—4Nlog N +2y~1) N N 04(1, B0yl )+ W = 2 3 o Blee gy
1 E ’ : TR ST ’

2 : 2 o had BN
+4N lg%’N].“(L:Z’M((2(3, b)) — (log VJ”’}E 7(9) 1og2q_2 gv;q) logeg +o( og )

= Qu(N) 2N (log NV --2y —1)Q, (N) +4NQs (V) +
+ ¥ (log N +2y —1)2Q,(N) —4N*(log ¥ +2y —1) 5 (N) +

Here we have

Ve s+2)

+4N Q4 (N), : T 48y
S&y. . n=1

and thus we get

. A
4.3. I this section™ we compute the sums Q;(N) {4« j =2 6).  For ( 2
fhese sums we remark the following simple fact: i -

b

1 ‘, | & ¢ e
G == S (1, @™, -34) =
1, 2) z;( d)e LA ORI
(4.3.1) : e 89 = 53y T 3

Coll, ) = Z (1, &)log—- Pt
o ¢ el & (1, d) ) From (4.3.2)-(4.3.4) we obtain

i ; ' Lomma 4.3.1. We have, with mammcal CONSTaTLS and
Thus, since €, (I, b) is real, we have * ! o 2

(4.3.2) QW) = Z Z 104 (1, B)|2
‘ ISISN bl o . 7B 2 5L (3) U2 )} 2
: ' = Nlog* N {f R LI N'log? N -+
DN w3 " N T e
1N v 1=l 154 T : ) , + g, N*log ¥ +g21\7“—,— 0(Nlog*N).

W {log N +2y ~1)Q, (N) —4 N (log N +2y —1)Q; (F) +4 ¥ Qs (V)
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4.4. We have

- v W Cyull, )
Gy =Y 3 o0n Y tm= 7(m) Ua(ly ).
: 1<l N 1<h<d o ?3:-;!)1&(}%1 lﬁéJN LN .
SN

A

fince we have (4.3.1). Also we have

Q) = 3 D w(m)Call,n).

P,
<IN 1€n<N
Then we have, by the definition of Cy(I, #),

RO AP D w

1IN 1snsY qil q(‘-g(
(g, n)

= 2 (pii)q_) ¢ ((q,gfn))(hg n *”*’0(%))

lsngN 1N QEQP (
(g, »)

= (logN+7) > Pyim, Myzi)— D) Palm, N)z(n)+

JESTE 1gnSN
1
n (_ p{q)

v )) .

1<naN iggsN g (

(g,n)

where P,(n, ¥) and P,(n, N) are defined by (3.4.1). The inner-most sum
in the error-term i less than

2 (qu’”') gz Z a < T(m)log M.

1<eeN tn lZgsN
dlg

Thus we have

(441)  Qa(N) = (logN+yp) 3 Pifn, Nz(w)— > Pyln, N)zr(n)+

1<naN LnaN
+0(log' ),
and analogonsly
(142)  Qu(N) =(log¥+y) N Puln, Mx(m)— D Pyln, N)v(n)+
o IR N lns N

+ O (log* N).
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Henee, from Lemma 3.4.1 we gel
LEywa 4.4.1.

6 6
0 = (log¥ 47 —500) 3 smoam-— D wmlim

ISnsN LEn<N

+0{(log ¥)™),

™

36 19
Q) =1 @logd 22 @)= T @+ S wlalon, o+

RSN

6 ) T 12 r !

o ;; (logl\ +y— _;;:;." ¢ (2)) 1;}\?'5(“) o_yln)—
6‘ L

= 2 {n)a”y(n)+ O ((log N)").
- lgwsN

4.5. Now for Q,{N) we have

I(az)r(n+ul)+ﬁ* 2 2 (n)

1IN -1 lSusH (N -1l I<n<SN—ul 1< N

(£5.1)  Qu(N) =2

=2 3} VNN > A

1k N—1 1=nEN
Here we have
‘ 1 6 1 6 .
{4.5.2) 12(n) = — Nlog® N+ —(2v— — — — L' (2)} Nlog® N +
72 i 2 i

lsns N
+ g Nlog N + g, N+ 0(N°*),

with numerical constants g, and ¢,.
We have, nusing Lemma 3.5.1,

(4.5.3) D Vik, N)ek) = Sk, N)o(k)+

1<k N1 It N —1

+0{( N za(k))”“‘( D (V(ia,N)—s*(‘k,N))ﬂ)”z}

IgkEN-1 1<k -1

= D 8k, Ms(k)+O0 (N log? ).

1IN -1
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4.6, Thus we see from Lemma 3,12
thai in order to compute the last sum of (4.5
following 14 sums, and moreover these are enough also to compite ¢, (N)
and Q,(N), as is seen from Lemma 4.4.1. The required sums are

Hy) =

1=5keie
Hyz) = M w(k)o’ (k)
Taskelin
Hya) = > ke(k)o.
=the=la
Hyw) = D ke(k)ol (%),
Isthegy
Hew) = N Te(kol (%),
laghsie
. R ;
(4.6.1) Hy (W) =+ Y v(k)o_,(B)kloghk,
1€k N -1
Hy(¥) = > w{b)o,(k)klog'k,
laghsiN—~1
Hy(¥) = > tik)ol, (kklogk,
’ Tsthes N—1 _
Hy ¥y = > w(kyo., ()log(N —&),
15l g N =1
HyW)y= N w(k)o_,(k)Fog(N ~T),
lehsS N1
Ho(¥)= 3 w(k)al,(k)log(N —F),
15k N ~1
HyN)= > (ke (k)klog(N —F)
YeChe (N1
and .
B - % —'—— i H
K(N) = Z “(k)o_, () -./::W(N)'

Hylw) = Y

Yoichi Motohashi

E (ko (&),

1=l

(k) ol (k),

and formulas (3.4.2) and (3.4.3)
.3} we need to compute the
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Here, before entering into the computations of these swmns, we give
usefull

Lemna 4.6.1. We have, uniformly for any integer d,

\ (] 2
Z T{dm) = ¥ \ p lorrdJ—k_Jy-—l——‘?IMq)—AO(r(d Plogty).

T=on=Sy 1] m’
For the proof let us consider the function
y r(dm)

ond M
m=]

It is eagy to see that this funetion is equal to
. 1
2 [ ] (l—]mdf, 1——|},
ps
wid

where p runs over all prime factors of 4 and d,, denotes the exponent
of p in the prime-power decomposition of d. Thus, by the argument of

Section 4.1,
o] enfie 3] Zeeom

Pl ald

is regular ab every point. Hence we have

T(dm) = 1}9;% {ds-l 2 plg)g' ™ (s) 1’8_} -+

1My o dle
1 12 4+41 1 ys
caw ], sl Pl e
12— wid
yl-:-e ?]E 1 R 1
+o{ 7 FY g [ Elotim) ”(ch(lmp—))yda}

1/2 »id

Since we have

n(uap(lm;’:s-))igﬁ(d) (1< a),

wid

s

T 4
261 :
l Eltin
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and
iT(o i) € TAPlog* T

taking T = y we complete the proof.

4.7. We now compute the first sum of (4.6.1). We have

- -1 1 1
mo - S NEe S35
Isch=tz dlic 1<Ld<z 1<m<Seld
= 2 % 1 #(0) — (log# -2y —1 —2logg) +-
l<d<z aid "
N7 &
+ 0{ > —dﬁr*(d)logzm},
1<d <

since we have Lemma 4.6.1. Thus we have

p(g) \“1 1

Dy e Il

H, (@) = (loga+2y-1) 2 P

1=o<s Iusrly
al 1 "
> E -1“;,‘;+0(m log?z)
1<q<1: 1<u@'lcz
w = [ (2)
= #(logz +2 1 —I——( C 3 ) ®
ToeE “loEe +2r 1) b~ eom b @) o
+ 0 (" log?),

sinee we have (4.3.4).
Analogously we ean treat H,(x) and Ha{z), and we get

Leams 471,
H,(2) = heloge+ lx -+ O (@ log2a)

H,(o) = Ayzlogo+ Az - O (0t logta),
| Hy(#) = Awloga+ Az -0 (a**log2z)

with numerical constants A, (1 < j < 6).
Here we have
77.4.

T

2 72 C'(Z) w }
Ay = e - i e Al £ |

o 1 Vo) P wme Y
LA

TOS6CE)  81(8)

icm
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From this result and by the partial summation we can prove easily

Levma 4.7.2.

4 A
o(#) = -a*logz-+ 3 (22 + —51—) 2%+ 0 (a*2loga)

h)

2
H(z) = E?-mzlogfc +3 (/14 + Ts)xs + O(2*logtr),

As
H(z) = —~m~log.r—r 3 (Aﬁ “- )cﬁ + 0 (z**log’a).

From this lemma and again by the partial summation we can prove

eagily
Lemma 4.7.3.
29 . Ag Aq st
H,(N) =— N*log’ N + Tl\ﬂlogl\?—— e N1 O(N*2log2 V),

2 2 2 |
H,(N) :—j;l_Nzloga_NJr%(Az——zi)NﬂlogzN_—% (12—?1) NlogN +

+1

A
(/12 - 71) N+ O (N log?N),
}13 2 - '2'4 R }‘4 ] 3/27 S
H, (V) = Nlog? N +-TI\-“logN—TN + O(N**log* N).
We now compute H;(N) (10 <7< 13) By Lemma 4.7.1 and the
method of partial semmation, we get

N-1 N-1
i £ Y21 ol
Hyp(N) = 4, f logfdfT 1 T 4 O (5 log' )
oo N-1 .
= 4 v—l—— Flog £AE+ A, N (log N —1)+ O (NY2log® N).
o 2
Here we have - .
=3 1 N-1 1 \m+1
o M — P —_ J— —
;Nm! Erlog tdE _NZ ( N) log(NV 1)
i 1 o \m+L
) N . 1
l\g{m_{_l)g( N) +0(1)

. 2
- N(log*N—logN—%——l—l) +0(log N).
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Analogously we can treat other sutng, using Lemma 4.7.1 or Lemma
4.7.2, Hence we get
Lenvua 4.7.4.

. TC2
Hy(N) = 2, N10g2 N + {2, — 4;) Nlog N -+ (zl (1 - o) — 12) N

4O (N log! N),

- H’l T2 2 1 }t ,Ngl l\rr ;{1 1 - _Tcz _“:3;[ N.‘l [
Hy(¥N) = ?l\f log" N + § (22— 44) 0gN - P g™
4O (N*¥1og* N,
2 .
Hyg(N) = 2, Nlog? N - (2, — 7) Nlog N+ (za (.1 - "1;”) - A,L) N4
| -+ O(N™1ogt V),
' ] Al w3 ).
Hoy(N) = —)231\7210,@21\?4-%(/14M/ls)l\”logl\f-g— {f (_1. - 5) - zm} N2

+ O(N"logi N).
Finally we compute the sum K (¥), We have

_?O N’v--“! )
BN = Yo N e (k).

i m?
m=1 1tk N -1

By Lemma 4.7.1 we get

Ertip(kyo_ (k)

Lk N—1
(N 1)m+2 { e ‘ 1 l PRV
_ . N —1 -
g Mo =1 wie " (m+2)? ag "
b7 } 1
. N n- ‘1/21 2N)
m( T 1P og

Thus we have _
— 2 2 ﬁilh .mi__ Nl
K(N) lNlogNE m+z) AN ,,% i) T

‘ N2 mmuw__ 732 2
+ AN gmz(mw) + O(N"log2N),

which gives
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Limwora 4.7.5.

b W A P L APARE
BRECIEEY M T 1+( ?)2) *

+0(N3’210g=_2\7).
4.8. Now from Lemma 4.4.1 and Lemma 4.7.1 we have

6

(481) Qu(N) = ;(1ogN+ymwﬁ—zz:'(z))ﬂlm—;—Hz(NHo((IogN)“)

2
6 6
— A Nlog2 NV 4 T{(’y e C’(B))Al+}{2 — Aa}NlogN—iu
™ i

+: N+ O(N"1logd N),
and

36 12
(4.8.2) Q,(N) = ;;(C’@)Iogl\ffwf@) ey (e 2P+ :"(2)) H,(N)+-
—l—%(logN-Hf—%C' (2))Hz(N)-%Ha(l\f)—i—()((logN)“)

6 (6 B
- ?(}? W)}“”’S‘)N log* N +g, Nlog N + g, N +

+0(N"10g2N),
with numerical constants gy, g,, g,-
From (3.4.2) and Lemmas 4.7.1-4.7.4 we have

“83) D (] Ta(k, Nywalh)

Leha N

- “(y_?g ){NHm (N)— Hyy () + N (log ¥ —2) H, (¥)+
+2H,(N)—H,(N)}—
2
—"%E‘;{Nﬂm(N)-—Hn(N)+N(10gN—2)Hz(N)+235(N)—H(N)H—
+0(N (log ¥)3)

24 6

= “a“{(? —5v (2))11—13}1\7210g2N+gsNlegN+gNﬁ—%
™ F

+ 0 (N**1log* N),
with numerical constants g, and g,.

6 — Acta Arithmetica XXIL2
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=

From (3.4.3) and Lemmasg 4.7.1-L.7.5 we have
(4.8.4) Z )T (s, Ny (k)
1<k N—1
6 6 ‘
= — N{log ¥ —1)H,(N) — 5 (log ¥ —1) Hy, (V) — = Hy(N) -
ki3 T i

a3

6 6 /1 72 6 .
+—H (N + —|—log*N+-——2|H (N}~ —N{log¥N —-2) H, (N}~
bre nZ 2 6 n?

.
ML%IG(N)—}—O(NIOQBN)

A 3
= —?«AlNzlogsN—ll—g(—;— - h )N‘logzN + 30N log NV -
+ g N+ O(NﬁjzlogEN):

2

with numerical constants g, and g,,.
Thug, from (4.8.3) and (4.8.4), we have

(k)8 (%, N)
1SN —1 ‘

3 6 6 3y -
= 0, Wlog N + —2(4 (7} _ 2y —m) PRSI wzi.as) Nlog? N+
b T 3 8 2 :

+ g1 V¥ log N 4- g1, N* 4- 0 (NwlegﬁN)!
with numerical constants ¢,; and ¢,5. And, from this forraula and (4.5.1)-
(4.5.3), we get

1
Q. (V) = o (L+464,) N*og® N -

2
+ g1 NV° IOgN“i“ngNz"\ 0 (N*"log2N),

with numerieal constants g,, and g,;.
Finally eolleetmg the formulas (4.2.1), (4.8.1), (4.8.2), (4£.8.5) and
Lemma 4.3.1, we obtain

6 6 3 1 6
+t— {8 (y =@ "g) Iyt Ay —Blat 2y — 2= — g"(2)}Nzlog2N+

q
Q(N)=(§;—(§)~ :z+ )N210g3N+
. - 5TC2C’(3) {2y - 1
+{(5” o eEe o tw (2?’“?“““ ))
_}HE(%}_ ——~c< ))A»—%AP%AS}NH@M

+ GEN”logN + &, N0 (V¥ log N).
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4.9, Imserting the values of 1,1, and A, from Lemma 4.7.1 into
the right hand side of the above formula, we have

12 1 6 12
?"'“—”_““": (2) 11——‘2'3-2——223 =0,
s G

= 2

by which we complete the proof of our theorem.
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