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that the order of X~ /7'X™ is just equal to the highest power of p which

divides A~ . Hence, applying the above lemma for X, we gee that
<A,

On the other hand, the classical class number formula for % states that

. p—1
1
h :211!”(*?19"2@%(“)):
z a=1

where the product is taken over all Dirichlet characters 4 defined modp
with y(—1) = —1. Since

p—1 -1

| | (p—1)p
D agle) i< D a=~‘3—~2—)~,
a=1 a=1

W < 9P (p — 1Y D2 o 0Dz
It then follows that

s0 that

we have

pT < (p—1)f2
q.e.d. p=p—ls

Instead of the above elementary argument, we may estimate A~
also by using

IL(15 )] < 2logp,  x #1.
We then sese that for any given real number ¢ > §, there exists an integer
N(c) such that
B e(p-—-1)

whenever p > N (¢). It is alzso clear that by the same method, we can find
an upper bound for the u-invariant of a so-called Z -extension K/%k in
many special cages. In particular, if K has only one prime divisor which
divides the rational prime p (as in the special case discussed above), then

w(H &) < loghflogp,
where £ iz the eclags number of L.
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I‘. I1. Tepeasmyrep {Caparor), A.T. TToctrEror (Mockza)

Iamame B. Ceprunckoso

HOycte 21, my, ..., m, — HeILe TOAOHHATEILEE THCITA
{1) B, 0y, ...y 8,) = fol@) +fi@y e f (@) e,

The fo,f15- -3 fo — TOMMHOMEE 0T HEMSBECTHORO & C IETEIME Ko huruenramy.
Mz Gynem maywars sncio Np(p) pemenuil cpapreHus

(2) Fla, 2y, ..., 4,) = 0 (nodp)

OpH pacTyieeMm npocroM p. Ciyuaft, morja Bee f; = const, paccmarpm-
paica A. Belinex B pafote [37.
Aaa opMyIMpOBEE PeSyIXETATA BRETEM HECHOTODHlE O00BHATEHHA :
d; — H. O. [I. RaHOHNYeCKAX IORASATENEH TPU PABIOKERAN TIOTHHOME
fi(r) B2 MEomuUTENm HAJN TOTMEM PATMOBATEHME. THCEI (0= ;,n < n), OpA-
geM monaraem d; = 0, ecam f; = const;

OOUYCTHUMAA CHCTEMA a = (ffy, ..., 4} — DT0 CHCTEMA PATHOHATE-
HEIX YHCEIL dp, ..., ¢, YEOBISTBOPAKIINX YCIOBUAM:
n
(3) 0<e<l, mye=0(modl), > a5 =0(modl);

=1
n

F, = (aldl, R A N 50:’_5; aj), T.€.

@) o= []qa2, tme yolra) = Min{y (@ 8), .y 7ylon 8), 7480 )}
r 7
Dyner morazada

- Teoreva. ITpednoaodsciisg WMo  6biNOAHEHb  YCAOBUS;
1) Hoaunomut fo(®), ..., f.(#) nonapro ssaumHO npocmst;
© 2) Han scex donygomummy cucmem o (ecan OHU cljujecmayiom)

(5) ¥, & 0-(mod1).
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Toeda npu p -+ oo
(6) Np(p) = p"+0(p™).

Tar max TpefoBagme 2) BeChMA CIHOHKHO XOThb OHO, NOBMAUMOMY,
ApisercAd wambonxee ofumm TpefopBamHMeM, TMPH KOTOPOM TeOPEMA MOMET
ObITH OKARAHA), TO MBl IPHBEJIEM ABA IPYTHEX YCIOBHA, HAMKEOC U3 KOTO-
pex Baewer (5). Ilomommm my = MMy ... %, U BEIBEIEM

Carpersur. Teopemu cnpasedauea npu yeavsuu 1) u awbom uz mpebo-
BAHLITL ‘ .

2)" Cywecmeyem makoli undexc j,, 0<Cj,<<n, wno das HEROMopozo
KOHOHUMECKO20 noRdAsumeds A noauroma f; umeem (1, my; ) = 1.

23" Cywecmeyem maroll underc jy, 0K jy << n, umo (degf;,, my) = 1.

Horazarearcrso. B caysae 2) HeHOCPEACTBEHHO ACHO, 4TO

(65, my)) = 1. B cmyqae 2)" momommM f; —Pn... P, rme Py, .., P,
nenpuBoauMel.. Torma degf; = A;degPi+...+ A, degP, = 0 (modée) "
cooBa. (&, my ) = 1. Ms (3) mpu j + 0 mmeem ;) d;, 7 0 (mod1) n mpm

Jo =10 6§, S‘a:, # 0(modl); B moboM cry4ae IIOJIY‘IB.EM 7, == 0 (mod 1).

Samer{amm. Vemorme 2) B ONPENCIEHHOM CMBICIE He0 6X0 HMO.
Harmpumep, ypasmenue x°+ o) -+a2; 423 = 0 nmeer p* 4 p°—p pemenmuii.
dneck f, = 2,

fi=fi=fa=1, m=my=my =2, 8 =2, 0, =0, =8, =0.
LI eNHHCTBEHHO BOSMOKEON TOIIYCTHMON CHETCMBL a = (%, %, %) vemo-
BEe (B) He BHITOJIHAETCH.

Has ypoGersa BCOKY B fmambHeffmeM MEL OyNeM PACCMATPHBATEH
fi m ¥ raw mmorowiiensl Han nodem k = [p), a cpanmenne (2) — nax YpasB-
nemne Ha) k. [l BeeX MOCTATOYHO GOMBIIMX P YCHOBHE 1) TEOPEMBI BH-
HOIHACTCH, OMEBUMIHO, W HAX k; TOYHO TamHe, eCiM Ul f; OIpPemesnrD
8;(p) rar H O. . wanonmveckux mokasarenel upn pasiwomennn f; nan k,
TO 6;(p) = d; muA BeeX pocraTowHo OGONLIUNX P, HECMOTDS HA TO, UTO
chpmommmﬁ B Xapartepueruke 0 menmrens f(z) momer OHTL pamio-
UM 00 MOTYM0 p. Be3 CHeNMAILHLIX OrOBOPOI MBI OYJEM CUETATH P
IcocTaTo'mo Goarnmmy. Brepem eme exemyloumme o6osmatemmm.

‘ ‘;, T’ g — CYMMHDOBAHHE M0 BCGM OILCMCHTAM U3 F;

> — CYMMUPOBAHMC TO BCEM MCHYIEBBIM DICMEHTAM M3 ks
i

‘?m'
¢ — ANTUTHBHBIN Xapaurep, Tounee ¢(f) = e“{p( E) Eek;
p

¥ — MYIbTHIIMKATHRI B mpamep rpymosl kY = kN {0}, mpuuem
roonpeneisien x(0) = 0, ecmwt y-5% z,, 1,(0) = 1, y, — rEABHENL Xapak-
TEP; momaraeM Beerpa x' = g,y — COTIPAMICHNLIA  XApAaxTep;
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glx) = T 2, #(&)e(£)— rayccopa cymma muma y;
d; = (mj-, p—-1), §=1,2,..., 13 Xa; — XAParTED mOPATKE d;.
Huixecnenymolngme IeMMEl XOpOmWo H3BECTHEHL

Hmara 1. lgix)| = Vp, ecau 3 # 5i gl = 0.
Jlemis 2. Jaa aek

ecall x =y, it @ = 0
D x(&)e(ad) = l’ ° ’
T Vala)g(x), & ocmassumy cayuase.
Hemva 3.
[p, ecair a = 0,
' alar™ =1
); | D Zi@)g(xh),  ecaw a0,
k=0
ele d = (m,p—1), 7, — vaparmep nopsdra d.
Hentpatenylo pois urpaer
Ocnoprar  mmxws. B geacsusr  meopeast npednogoxcum  donoanu-
me. szo, umo 4 = (m;,p—1)22 das j =1,2,...,n Toeda, ecau
P yd;; =y, Dast Hehomopmo natopa 1< k< d;—1, mo
(7) Zxd (Fule)) - el (el it oo e (fola) = 0 ),

ede nocmosnnan ¢ eumsoae O He sasucum om p.
JorasareascTro. Bocuonnayemes TepMHHOIOTHEN 1 Me'ronmi pabo-

S[R + (o0},
i= D
rae 3t mMeer CRONMI HOMIIOHEHTAMH BCE HYZH [ONNHOMA fj, BaATHe

¢ wparnocTamir 1. Crenexs I sawucur or f,,...,f,, Ho e ot p. [TocTpomm
xaparrep X rpyrmm AMBU30pOB TpAMoel P’ cienyonnm ofpaso.
Ecmn U = }'n,(a) — MOT0RUTEIBHEI PAGIOHAILHEN wWam % OHBH-

ThI [2]. Paccnm'rpnﬂ NPOSKTHEAYI0 IpaMyw P! o muenszop M —

ri

30P, He UMMM ofumx HOMIOHENT ¢ EUE, T0 momnHoM fy = [] (z— a)*a

a

B3alMno IIPOCT ¢ ha}I{JIbI‘\i fJ 1 DJIHOSHEI.‘lHO OIPENENAeTCA YCINoBHeM

Ju =" —degW (oo}, Iomommm

(8) X = /(df{ifnufl/ ”(<fs:-ufn xdn«fmf@)}

rae {fy, ;> = [[fi=(a) — peayaerant. X ABNAETCH XAPAKTEPOM MO YA

MeS= 3 xP). Ouenxa (7) momyudercs Torna us HepaBeHCTBA (4)
deg P=1

paborsr [2], Ho mpu aTOM cHETyeT IIOKA34Th, 410 X — HeocoGeHHLI Xapa-
RTEP, A 4Ero NOCTATOYHO HAHTH PAHOHAILHYIO GVHKITINIO @ ¢ VCIOBHEM

(9)° (@), M =1, X(p) =1
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Ecnn soobme ((p), M) = L1 (p} = A—B, To deg¥ = degB u moatomy
(?[‘) -: (fay — (fu) = Qi—deg%(m)—(ﬁ—deg%(oo)) =UA—-B = (p).
E

Ju
CIleoBaTeIbHO, MOKHO CUATATE @ = T 1.6, BLIOMPAEM ¢ ¢ YCIOBHEM
B

" HOpMHPOBRE @(co) = 1. M3 (&) nomywaen

n

| X 'ﬂky.(<fac:-f;'> b ()
a0 Xl = gy = | [ 7 o) (e )

Ho, ®aK JerRo BUIETH, g—g}% = < Tis %> = {f;, py. FIa (10) momygaew,
TAKEM 06pason,
(11) X(w) = [ [ 75 o)1t - (s )

upn yemosmax (), M) =1, gloo) =1, e (fj, > = o8 mn
J
Jj=0,1,...,n w nponssenenne Geperca X0 BeeM HyIAM & IOIMHOMA fi

—é’i, MOMKHO NPH QUECHDOBAHHOM II0-
A
pompaomen smemMente § rpymnst k¥ camrate, Uro

(12) 2i(0) = exp (2nia).

¢ X KparHocramu. [lomaras o; =

Torpa w3 ycmoBma JeMMBI WOLYIEM, UTO o = (G, ..., ) — ZOITYCTHMAA
cucrema. [lamee, momosmm

. A
(13) =P P,

rme Py wenpusopmmbl mam k, 0<j<{n, 1< s< N, TIpw nexoropex
Lensrx by, mMeeM

(14) ‘ ' "Sj = (Aa'l! ceey }“J'N,-) ='Z}“'Jsbjs‘
a=1

C IIPYI‘OE. CTOPOHI)I, npu HEHOTOPBIX LECIELX Bgy vney iy
%
ro = (aidy, ..., a6y, 80 ) &) = @y 8y 2,0, 800 8 Y.
i j=1

Orcoma, 13 (14) u (5) IOAYYaeH, 9T0 UPH MEINE 0y = 'mjbja
N

. n ;
{15) ) o = Zaj(jljsa'js’*z Aﬂs%s) g 0 (mod1).

F=1 §=1 g=1
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CyimecIRyoT IOMMHOMEL Pie€k(2), ONA KOTOpHIX
{16) PBisr ey = 07%, 0K n, 1<s N,

B camom neme, ecmi sooGme P — HEOPUBOTEMEE HAL % TONHHOM,
TO WA fek[#] Ha (P, f> MomRHO cMOTperh Ham HA HOpMy sieMenra f us
moua k&' = k[z]/(p) » k, no HopMeHHOE otobpamernne N: &' — k gBEaerca
oToSpasrenuem Ha %. OHpefiens™ Temeps Raroii-HuOy b HOMMHOM ¢, U3
CUCTCMEL CPABHEHHH

(17) @0 = gjs(mod L), 0<j<<n, 0<Ks<N,.

JTa cucTeMa paspemruyma, uGo B CIIY YCIOBHS 1) Teopensr Py, cyre nomapHo

PAsTEYHEE HEUPHBOMUMbE MHOTOWIEHH. Hakomen, eufepeM wumemo N -

crone Gombuimy, arodur deg(f, ... [ )" > degp,, m womommM
+elfy... L)Y

(18) _ % (Jo- fo)"

T+e(fy- )7
TAe KOHCTANTA ¢k BHIOHPAEICA TaK, 4ToOH crapmuii rospdunment HoTm-
Homa ¢(fy ... f,)" Geut pasen 1. Torma B cumy (17) ¢ me CONEPHHUT B RATO-
HEI6CKOM  pasmomenmn wmuomurenel Py, CIemosaTeimsHo, ¢ ymoBmer-
BOpReT NEPBOMY U3 TpeGoBanmit (9), o MocTpoeHmo g(cc) = 1L i OSTOMY
X ({¢)) momo BermemuTs mo fopmyme (11). U3 (18) myeem <f;, ¢y =
= {f;; gop- Hcnonesys mocaeroraTensmo (13), (17) m (16) momywaen

Ny

= F s
(19) Jpoy=6 " s Ui, T<s< Ny
s (19), (12) m (11) maxommu
n Ny Ny
() = exp (2] Yy Sty — 3t )]} = expi2riny).
j=1 =1 a=1

Qopuyna (16) rokaseBaer, uro X ((cp)) % 1 BBHIIQIHEHO BTOPOE M3 YCIOBHMA
(9). Jlemwa momdoerso morasama. :

Hoxasatexrcrso Teopems.

) .
(20} Ng(p) ZZE--.Z—P—ZG(tF(m, Ty eony By} = PP+ R,

rape
R zizlzz...z\e(tﬁ‘(m, Byy oury B,))
P i x  xp T

Wz (1) maxommm

R = % Z’; e(tfn(w))Ze(tfl(m)m;”ﬂ) 2 e(tf, (z)alin) .

&y Ty
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OGosnaumyM uepes )™ cyMMupoBaHHe 110 TE€M @, NI KOTOPEX f,(#) # ¢
b
opr § = 0,1, ..., n 0 uepes 3 ;, CyMMEPOBANKe 10 Hynam ymuumn f;(z),
]

gemanmy B k. Torga B cHIy yenosna (1) MoXyunM

n

(21) R
J=t
RY prrmeaEM, HOmB3YACH TeMMOH 3.
a-1 ' .}
B —— ? Z“ i) ) talr@g(hy . > Tl @)ty =
ky=0 Jopy =0

= %2 ---Z'g(xﬁl) g(x’“ﬂ)z T @) - 2 {fdm) x

ey =0 k= T
r
—k
x SV

t

\

zar(6) elifo (2)) -

(naraewoe, oTpevammee Habopy ky,..., k,, B KOTOPOM XOTL OFTHO =0,
paBHG 0 o semme 1. CHEQOBATENLHO, MBI MOMEM IPENILONATATS, YTO BCE
d; 2 2uk; > 1. Eenn pra saaTore nabopa y(’% ydn = 5y, TO Briyrpemmﬂ
cymma rro t papua —1 W B criay JemMH 1 wmopyis ciaraemoro < pti.

R
Ecnu % i & ;f« %oy TO O Iemme 2 ¢yMMa 1o ¢ paBHA
P . ey
- g (o) o (it - ).
Paccwarpueaemoe craracMoe PaBHO TOITA

1 —_
=gk - gUdmg (s - ) D T ) 2 -

YA e (fo(@);

10 OCHOBHOH JleMMe cyMMa mo z pasma O(Vp), a BCe IpOUSBEAEHHE —
O{p™*). CremoBaTenLHO

(22)  RM =0

d1~1 dy—-1

B g ) Do oot . )
=0
Zd“ 2’

(rifn,( N (i) =

A1 dn——l

= %Z Vg(x

kp=0

wlh)- i fule Z 74
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M= croBa MO}HBMLC‘IHT&TI: ;= 2 1 k= 1, UpUveM HYHHO pPaccMarpu-
- I e
BaTH JUMIb CHywail ygl...zgt=yx,. Tak KAk B cyMue %’(0} # mpoberaer

(1) sHaueHmil, Jerxo momydaeM R, = O(p™?), Rl,v...
opunaroso. Onemmy B,

, R, CHEHHBAIOTCH

dg—1 Tl
__Z L ol )PZ 2 (o) g () -Ziﬁz(fﬂu(m))g(xﬁm =
ky=0 fip=0
-] d -1
Z D o et ) Bl - Tl o) %
k=1 Ep= * .

x 37 B el
|4 .

/dn = %y TO rroawqaeu 0(p"Y2); B TPOTHBHOM CcIyUae cHOBA
.- Z5) W IonydaenM O(p"’z)
., 1t ITD BMeCTe ¢ (22),

Ecmm 73 ..
BHHOCUM MHOMKUTEb g{yk Xdl
Taxem oOpasom, B; — 0( e ’) g j =0, 1,
(21) u (20) sapepmaer HOKAZATETBLCTEOD.
B sarmouenne coeTaeM qBa 3amMedaHis 0THOCHTENLHO RO3MORHOCTEH
meroma paboTnr [2].

1) K ypasdenuo

(23) fole)+film)al .. 4 fu (B = 0

MOFyT ObITh OPHBEIEHE IIOCPEACTROM OHDANMOHANBHBIX IIPeoipasoBaHui
HEKOTODEIC [PYIHE THOH Ypaseemuit, dre maer HEQOPMANMIC 0 KOJM-
YeCTRe PEMeHuil IMocleIHEX. PaccMoTpHM HaOpuMep ypaBHeHMe

¥ = ft—ay @)+ aa(@)+ ay(o),

dg(#} — DONHHOMEL SaMeHA IepeMeHHBIX

e ¢ (@), ax{®),

L Y
= T Ly =
S IR R S

TIe o4 (®) HeKOTOpAA PAUMOHAILEAA (YHKUNA, ¢ HONYCTAMON IIOTpEIIHO-
cTbl0 O{p) OPHBOOUT YPABHCHHE K BUAY

Fol@)+fr (@)t

2) OGparnM BHMMAHFE HA TO, WI0 ¢ TIOMODILI0 OLUEHOK CYyMM Xapawk-
TGPOB EBIOAEL EpHBOH B pabore Moppenma [1] TpaxTyered ypaBHEHHE

—fi{@yay = 0.

wy—aifi () —m fulz) = 0.
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Two combinatorial problems in group theory
by

k. B. Eeéareron and P. ERDUS (Calgary, Alberta)

Abstract. Sequences of elements from (additive) abelian groups are
studied. Conditions under which a nonempty subsequence hag sum equal
to the group identity 0 are established. For example, an n-sequence with
exactly % distinet terms represents 0 if the group has order g=<n (2)
and n =k (g) .

‘The least number f(k) of distinet partial sums is also considered,
for the case of k-sequences of distinet elements such that no nonempty
partial sum is equal to 0. For example, 2k —1 <{ f(k) < [$k2]-1.

In this paper a sequence is a seleetion of members of a get, possibly
with repetitions, in which order is not important; elements are members
of sets, and ferms are membery of sequences.

Dewxrrion. Let * be a binary operation on a set A, and lef;
8 = (a;)i~, be a sequence of elements from 4. § will be said to represent
the element zed if

(1) » is a term in 8, ar

(il) there exist y,z<4 such that o= J*z, and y and 2 are represent-

ed by disjoint subsequences of 3.
(Clearly this notion extends to general algebras.)

In particular, if (¢, +) is an abelian group and § = (a;)?., it a se-
quence of elements from &, then § represents meG just if there exists
a sequence K = (g)l., of elements from {0, 1}, not all 0, such that

N ;

2 &0 = . ' ’
i=1 .
We resolve here some aspects of the following two related problems.
(1) Under what circumstances does an #- sequence of elements from
an abelian group represent the zero. element?

(2) If an n-sequence of distinet elements from an abellan _group does
not represent the zero elemént, how many elements does it represent?



