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ACTA ARITHMETICA
XXI (1872)

Primes of the type ¢(z,y)+4 where ¢ is a quadratic form
by
H. Iwinmc (Warszawa)

In memory of W. Sierpiviski

§ 1. Introduction. According to the classical theorem formulated
by Dirichlet and proved by E. Schering [10] and H. Weber [12] every
primitive binary gquadratic form (positive if definite) with the diseri-
minant ditferent from a perfect square represents infinitely many primes.
B. M. Bredihin [2] proved in 1965 that if aform ¢ (&, #) satisfies the assump-
tions of the quoted theorem then for every integer A =+ 0 there exist
infinitely many primes of the type ¢ (£, )+ .4. Then Bredihin and Linnik
[3]introduced a method of deriving the agymptotic formula for the number
of solutions of the equation ¢(&, 5)+.4 =p, where p runs over primes
< N and where, in the case of an indefinite form, one identifies solutions
obtainable one from another by an automorphism of ¢. The obtained
asymptotic formula does not give any direct information about the number
S(p, 4, N) of the primes p < ¥ representable as ¢(&, )+ A and even
does not allow one tc determine the order of magnitude of S(p, 4, N¥).
Recently Y. Molohashi [8] investigated the simplest ease ¢ (&, 4) = £+
+9%% A =1 and obtained the estimation S§(&+4*,1, N)> Nlog™2N.
He put forward the conjecture

7
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p=-1(mod4)

" The aim of this paper is to prove the following theorem:

ToworeM 1. Let @ (&, 1) = af2+bin+en®,a>0,(a,b,0) =1, let
D =b*—4ac be not a perfect square, B=1, 4 #0,(4,B) =1, B,
the genus of @, '

BN, ¢y, B, Ay = 2, 1, SN, 00, B, 4) = _5_ 1,
PEN PELNV.
p=DBp(E,y+4 L D= BeEm)+ A

£n=1, f.veR.po ’ pely
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Then the following estimations hold:

N i
(1.1) GWA,B,D‘QA,B,DW(1+0(1))+0('ﬂrlogﬁs”m)

>

< 8y (N, 9, B, A) < 2%, 52450 (1-+0(1))+0(Nlog *¥),

(log ¥)**
(1.2) . A +O(Nlog™*N) € 8. (N, 9, B,4) <L S —
(B (log N R ¢(B)(log Ny’
N | N
(1.3} - +O{Nlog™*N) € 85(N, ¢, B, 4) £

@(B)(log N)*? w(B)(log Ny

the constant 2 4 g 5, 18 defined in § 4. The constants implicit inthe symbols O,
£, depend only on @ and 4. Also 0(1) is uniform with rvespect to B.

Theorem 1 implies an estimation for the function S(£241x2, 1, N)
investigated by Y. Motohashi. We shall prove the following

COROTLLARY.

o) o

pe—1(moil 4}

B 1 N , ' ) )
(1_132) (1_ 23(]9—1}) (IOgN)S'E (1—2_0(1))< 6(§2+77 ) 15 J-‘-\‘)

1y 1 N
< H .(_1_7) _ (1— ) (L +o(1))-

| . SURU & p(p—1)/ (logh )3“( }

The upper bound for the funetion S(£%-4-#%2%,1, N) is less than its
asymptotic value conjectured by Motohaghi. An analysis of his heuristie
argument shows that the factor 3/2 ocenrring in the asymptotic formula
should be replaced by 1/V2. o

Apart from few examples, sequences of integers defined in a natural

-

~way and known to contain infinitely many primes, contain GW
B4

primes < &, where ¢ is a positive constant. In particular §;(N, ¢, 1, 0)
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is of order N/logXN. Theorem 1 implies that for 4 £ 0, (4, B) =1 the
order of magnitude of S,(N, @, B, 4) (6 =1, ,2) is N/Gog NP
The sequence of numbers By, (&, n)+ A4 is thus a new exception to the
afore-said rule,

I wish fo express here my best thanks to Professor A. Schinzel for
hig valuable suggestions and the assistance in the preparation of this
paper. 1 owe to him in particnlar an essential simyplification of the proof
of Fheorem 4 and the indication of the method of computing the
constant 24 p 5.

§ 2. Lemmas from the theory of quadratic forms. In this section
we derive necessary and sufficient conditions for the existence of a proper
representation of a given positive infeger n by & genuy of primitive binary
quadratic forms of diseriminant D £ 0 (n need not be prime to D). The
conditions determine the regidue class of # mod 87 and the multiplicative
structure of »; its prime factors are to belong with some exceptions to
a certain subgroup of index 2 of the multiplicative group of residue classes
prime to a switable modulus. We have

Iranra 21, If @(&,n) is a primitive non-singular quadratic form
posilive if definite. and n is a positive tnteger, then n is representable properly
by R, if and only if for every prime power p¥ the congruence
(2.1) _ : n = @£, %) (mod p”)
has a solution (&,%) = (0, 0) (mod p) (called primitive in the sequel).

Proof. The lemma follows at once from Theorem 51 (i) of [11]
and from the Chinese Remainder Theorem.

Lunra 2.2, Let f(£,7n) be a polynomial with integer coefficients.
of of
If fl&, n) =0 {modp} and ?E‘(fos 7y) 7= 0 (mod p) or _a?('fn:_ 70) 0

(mod p) then for every integer v > 0 the congruence f(&,%) = 0 {mod p")
has a solution £, % such thal (£, %) = (&, %) (mod p).
Proof, See [1], p. 62.

' (%) will denote the Kronecker symbol. For fixed ¢ # 0 the symbol

(%) = #nx(b) i5 a quadratic character with the conductor f(a), where
kE(a) # k(e) =1 (mod 4),
flay = [4k(a) i k(e) = 1 (mod 4)
and k(a) is the square-free kernel of a. '

LevmMa 2.3. If a is different from & perfect square and % is the"r.'ra,ulti-
plicative group of residue classes prime to f(a) then the condition x;,(b') = 1,
b « & determines o subgroup & of indew 2 in 3.
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Let & De the largest odd factor of d. Leb ¢(&, n) = a&+bén +en?y

(¢,b,8) =1, a> 0, and let D = b*—4ac be different from a perfect square.
Without loss of generality we may assume that (a,2D) = 1. Let

D= izl’gpfﬂl“-p‘:prs Dp =p~ 7D,

B £ _
n o= 2% pPrm o= dm, 4, =p ’rd,

where (m,2D) =1, 9, =1, &, =0 for 1.
Thus

D, = +D% d,=ad".

THEOREM 2. A number n is represented properly by the genus of ¢
if and only if the conditions given in T'ables 1 and 2 are safisfied.

Remark. The conditions (1), (3}, (4), (8), (9), (10), (11), (13), (14),
(15}, (16), (17) and (18) given in Tables 1 and 2 (see p. 207) can be written
in the form of congruences. Seb '

omocronfl)- (28]

( -—ak(dp)k(l)p))}
p ?
({I; 0<l<4, I=0ad (mod4)orl=

' !
Zy, :{I; 0<Z<p,(}-)=

— ad" D" (mod 4)}

if =0, & =2,
{I; 0<1<8, 1 =ad (mod8) or | =uad"(1—2D%) (mod 8)}
' if &g =9, &, =3,
if gy =0, §, =4,
if 5, =0, $25,

{I; 0<1<4, 1= ad (mod 4)}
{I; 0< 1< 8, I =ad (mod 8)}
{1; 0 <1< 8,1 =ad (mod 8)} it 1oy < Pa—b, 2|ey,
. {I; 0<1<8, 1 =5ad" (mod 8)} if 1<Cey="=>,—4, 2|e,
Fleay Bp) = {I; 0 < 1< 8, 1= ad'(1—-2D% (mod 8)}

i I<e =8—3, 2{s,,
{1; 0<l<4, I=—od" D" (mod 4)} if L<Ce,=3,—2,2]e,
{1; 0<1<8, 1= —ad D*(mod 8) or | = ad* (2 — D*)(mod 8)}

ifl<e =72, 26,
*

. DF—1
L 0<l<d, 1= —ad" (mod 4)

i 1y = By—1, 2 tey, 41D 41,
{0}  otherwise (i.e. s = 03).

icm

2|, D* = 1 (mod 8)
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Table 1
he relat .
betwriez 2;;;;’;;3 i . The conditions The conditions on
i on the number the numbers d and D
pi—1 i adp;
1 1 none oy > 3orpy=3and 3|1+D, (2)
2] ep,
¢ 1 '3 == —ad, (mod 3) Py =3, T = 1{mod 8) | (3)
oy = Py . 2D
i— 1 " —a
ﬁ{spi Pi ng (——) = (———pt——ﬁ) none (4)
2 Pi P
& R '
&p; > Pp, 1 I nons 2]1'}1,,:, =1 (5)
- P
plm, By = 1 1 none ('—2) =1 (6)
E 2
Table 2
! $y =0 1 1 none D =1 {mod 4) (7)
1 m = qd® (mod 4) D* = —1 (mod 4)
By = 2 or 4 | oT or (8)
2 = —ad*D¥*{mod 4) D¥ =1 (mod 4)
g =10 m = ad* (mod 8) .
¥y = 32 81lor ~ none (9
m = ad* (1 — 2D*) (mod 8)
By =4 1 4| m = ad* (mod 4) none (10
Py 3 1 8 | m = ad® (mod 8) none {11}
g =1, By = G Pl none D =1 (mod 8) (12)
< By— 5 1 (8| m = ad” {mod &) 2le, (13)
&y =Hy—4 1 | 8| m = 5ad* (mod 8) 2| g (14)
& ==y B 1 | 8| m =ad*(1— 2D%)(mod 8) 21g, (15)
ey =Hy— 2| 1 4 = —ad*D* (mod 4) none (16)
51, . m = —ad*D¥* {mod 8)
Ho 1 2fey =fy—2] 2 8| or none (17)
- |m= ad* (2 — D*) (mod 8) »
—D*
gy = Fy— 1 L | 4| mo=ad*———(mod4) | 2[d,, D* = —1(modd) |(18)
£y = By 1 1 none 2|dy, D* = 5 (mod 8) (19)
&g > 19‘2 1 1 none .

{20)
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The sets %, and &, have each (p —1)/2 clements. The seb #(e,, 9,
has x elements and equals {0} if and only it = = 1. The conditions (1}, (3)
and (4) are equivalent to the congruence
i =1 (mod p,),
where [ belongs to &, or &, , respectively. The conditions (7)—(20) are

equivalent to the congruence

w =L (mod 1),
where [e%(e,, Pa).

Proof. It suffices to verify that the conditions given in Tables 1
and 2 are necessary and sufficient for the existence of primitive solutions

of the congruence

(2.2) n = (&, 7o) (mod p?)
for an arbifrary integer v > 0 and an arbitrary prime p.
Let p12D, s, =1, p%|la. Congruence (2.2) is equivalent to the

congruence
= (208 +bn)*

dap'en, D? {(mod p¥t%e).

‘ D
If pte then ptn because p¥ (&, 5); hence (59_) = 1.
D
I pla then D = b*—4ac = b? (mod p); hence (?) = 1.

D ,
Conversely, if (—P—) =1, then (2.2} has a primitive solution for an

alblimary integer y > 0. Indeed, there exists an integer X satisfying
X* = D (mod p). If pta then there exists £, satisfying the congruence
‘2af,+b =X (mod p), hence

4aprn, = (265, +5)2—D (mod p)

and if p|a then D = b? (mod p) and the precedmg congruence also holds.
It follows from Lemma 2.2 that there exist integers &, such that (£, #)
= (£,1) (mod p),

fap'on, = (28 +by)'— D (mod 57+%),

thus the eongruence (2.2) has a primitive solution.

Let p|D*. Then p+4a and the cono'ruence (2.2} i3 equwalent to the
congruence

dom = (2a& +bn)* — Dy® (mod 2",

icm
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which on setting #, = p~*n, D,
{2.3)

=p "»D takes the form
(206 -+ by)?

Congider the following cases:
(i) & < 9,. Then 2|e,, 2af-+by = p*» X,

dan, = X*
hence ( jjl“" ) =1 or ( :S%)) = (“;L) provided 3 > ¢,. Conversely, if

( ;L}) _ ( %) then the congruence (2.3) has a primitive solution for

an arbitrary positive integer y. Indeed, thele exists an integer X, satls-
tying

dap'rn = —.Dq? (mod p*).

_?apiepb_p"]z (mod p*~°r),

x3 _p'91)“£131)p = 4an, {mod p).

It follows from Lemma 2.2 that there exist integers X
7 =1 (mod p) sabisfying the congruence

*"% D%® (mod p~*»).

= X, (mod p),

dan, = X' —p

Since pt'2a, 50 2af+by = p*» X (mod p*) for a suitable integer £.
It hence follows that the congmence (2.3) has a primitive solntion, in
fact pin.

(i) &y = ¥, =1 (mod 2). Then 2af--by = pt+2¥ angd

tan, = pX°— Dyn' (mod p*~ 2},

Hence (4%’) = ( — Dy ) :
b

—aD
or (“_p) _ (hi_f_) provided y > s,. The

» r »
L IiIlp - ar'Dp * 4 - = - l -
condition —E;- = 7 ) like in the case (i), is sufficient for the exis-

tence of a primitive solution of (2.3) for an arbitrary integer y. The proof
is analogous and will be omitted. Tn most of the remaining cases we also
prove only the necessity of the conditions. The proofs of sufficiency can
easily be obtained by an adroit application of Lemma 2.2.

(iii) &, = &, =0 (mod 2). Then 2aé--by = p*»X and

dan, = X'—D.y* (mod p? ).

Sinee p{2a, p|2af+by and 1 (&, %) we have pfy Hp =3 then 2 = 1
(mod 3), X* % 2 (mod 3) and an,+ D, # 2 (mod 3) hence either D, =—1
(mod 3) or n, = —a (mod 3). We prove that for » > 3 the congruence
(2.3) has in any case a prmntwe solntion. It ig enough to verify that

-the congruence

dan, = X*— Dyx? (mod p)

14 — Acta Arithmetica XXT,
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has a solution X, with p45. For p = 5 one can check this considering
all possible systems dan, and D, mod 5. Therefore assume that p = 7.
It follows from Theorem 3.2.1 of [1] that the number ¥ (p) of the solutions

of the congruence
XDy’ —dan,Z° = 0 (mod p)

satisfies the inequalifty |¥ (p)—p% < (pﬁl)l/}?-, and that for the congru-

ences

XD =0(modp), X —4an,Z" =0 (modp)

the respective numbers of solutions satisfy | ¥ {p)—p[<p—1fori =1,82.
N{p)—N.(p)— Ny(p)+1is the number of these sclutions of the congruence

X — Dyt —4don, 72" = 0 (mod p),
for which p44XZ. This completes the proof since
Nip)—~Nup)—Na(p)+12 02 —Vp(p—1)—2(2p—1)+1> 0.

(iv) & > &,. Then 2|9, 2af+ by = p*»X and

Adaps~on, = X’ —D,n* (mod p7~%»),

D
Bince p|2a&+by, pt2e, pf (&, n) we have p1{y and (»f—») =1.

Let p = 2. The congruence {2.2) is equivalent fto the congruence
= (2af-+by)*

(v) &g = 0 = &,. The congruence (2.4) is solvable. Indeed, if an”
=1 (mod 4) then, by Lemma 2.2, there exist integers X and %, such
that 24X and

(2.4) 2% gy —2% D*p* (mod 277%).

an* —1

. 4
Setting 1 = 4y, 2af+by = 2(2X +1) we have 24 & and

= X(X4+1)— D" (mod 273,

dan* = (2a& -+ by — D™ (mod 272).

I an* = —1 (mod 4) then en* +D* = 0 (mod 4). By Lemma 2.2 there
exist integers #, and X such that
- a’n*‘l—.D*
T = —’71(7?1+1)D (mod 2*%).

Setting » = 2(2m, 1), 4X = 2at+by we have 21£ and
dan* = (2a&+by)? — D7 (mod 2v+2),

icm
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(Vi) & =0, &, =
(2.4") an”

2. Then b — 2, and
= (af +bm)’ — 2272 D* 5 (mod 27).

If #; = 2 then either 2|y and 2taf-+byn or 217 and 2|aft by,
hence either an® =1 (mod 4) or an* = — D (mod 4).
It #; =3 then af+bnp =2X 41 and
an® —1 *
—— = (X+1) D7 (mod 2¥7Y),
thus either
an® —1 an”—1
—— = —Dz*(med 4), ——— = —D" (mod 4)
or
an®—1
= 0 (mod 4).
2 N
If 9, = 4 then aé+by = 2X+1 and
an*—1 * 9
=2X(X+1)— 2D (mod 2Y),

2

hence an® =1 (mod 4). If 9,5 then aé+byp = 2X+1 and

an® —1

P X+ 1)— 2% D% (mod 277,

=2X(

hence an® = 1 (mod 8).
1,9; = 0. Then
40220% = (2af+bn)*—

(vil) &, = .
Dy (mod 27+
and a fortiors

(2aé+by)* = Dy’ (mod 8) and  af® | biy+on® = 0 (mod 2).

Sinee 24 a(£, n) it hence follows 24y, thus D =1 (mod 8).
(viil) e, 1,9, 2 2. Then b = 25, and

= (af+byn) — 2% D*? (mod 27).
I & < #,—2 then 2ie,, af 4 by = 212X, 249, 21X and
T =X 2% DR y? (mod 2777).
Consider three cases:
{a) &< #;—5. Then an” = X* = 1 (mod 8).
(b) e, = #—4. Then an* = X* = 1 (mod 4).
(¢} & = 9,—3. Thengn" = X*—2D" = 120" (mod 8).

2%an™

If ey = 9,—2 = 0 (mod 2) then a&é-+by = 22X, 24y and
' * = X — D'y (mod 29%).
Hence 2|X and an® = —D* (mod 4).
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If g = $—2 =1{mod 2) then af-t+bn = 9T ¥ 24y and
an® = 2X° = D"y (1nod. 277%).
Henee either an® = — D* (mod 8) or an® = 2— D" (1od 8).

Tf 6,3 #,—1 then 247 and 2|8,. Indeed, 2|7 implies, in view of
24 (&, n), that 24 &, 21 aé+ by and

o2 g0’ = (a4 byn) =1 (mod 2),
what is incompatible with the assumption &, > 1. If, on the other hand,
214, then
Py—1
(a64byg) =2 ° X and  2an* =2X D'y = 1{mod 2),

which is impossible.
Fo—32

Thus we have 2|y, af+b,np =2 2 X,21X and
ga~htign* = X' — D*y® (mod 2",

hence a fortiori
C9uTh R an® =1 — D" (mod 8).

£

The last congruence for s, = #,—1 gives an’ = (mod 4} and

e

D* = —1 (mod 4), for s, = #, we have D* =3 (mod 8) and for &> @,
we get D =1 (mod 8).
Set
k(D
Q = ”r(ap,ﬁp)r(sg,az) and P z{p;( ( )) = 1}.
plp* P

In virtue of the last remark and. of the Chinese Remainder Theorem
we can formulate the following theorem. :

TrmorEM 3. The number n = dm is represeniable properly by the
genus B, if and only if 4 satisfies the conditions given in Tables 2 and 1,
all the primes factors of m belong to P and

m = L (mod ¢),
where L is any positive integer salisfying the four econdifions
(0 < L <@, .
L =1 (mod 1) for some 1 {e,, ?y),
for each p;1Q* such thai e, <y, there emisis Ze&f’_;,i suech that
| | I =1(mod p,),
for each p;|Q* such that &, = o, there exisis lsff;;i swch  that .

L =1 (mod p;).
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The numbers L are p1ime to Q The set & cf the numbers L gatisfying
the conditions (2.5) has f [ =(&,, 9,) elements.

LEMMA 2.4, For each L e the following conditions hold:

(2.6) k(D)|Q,
@n (L, B(D)) =
(2.8) 2L = k(D) =1 (mod 4).
Proof. Clearly @ = 1{e;, &) np@ sz [13 , thus KD*)\Q.
Doy ki Ben b D;_I?(:ni?ds) '

Since 2| k(D) xh?g —ug(sz, Ba) 7= {0} N Ee 219, (2.6} is proved. (2.7)

follows from (2.6). S8ince 2|L = 27 = z(ey, Do) = 1 = L (e, ;) = {0}

= k(D) = k(D¥*) = D™ =1 (mod 4), the proof of Lemma 2.4 is complete.
o ' E(D

TEZOREM 4. For each number Le¥ the symbol (—%}l) is defined

and

B D)\
(2.9) ( ;)) 1.

Proof. The first part of the assertion follows from (2.8). In order
to prove (2.9) consider the number d(L+@ 4+ LQ), where L satisfies (2.5).

In virtue of Theorems 2 and 3 for ev ery prime p and every positive
integer » the congruence

@@, y) = d(L+Q+ L) (mod p")

has a primitive solution (r,y). Henee by the Chinese Remainder TFhe-
orem there exist integers £, 7, such that (£, 7, ¢) =1 and

0 << M = (ki m) = A(L+Q+LQ) (mod 24Q).

Wehave M = dm, wherem = L (mod @), m =1 (mod 2) and (M) = 1.
m

k(D k(D)
Thus (—(L—)-) = (MLm“)_) =1, sinee the conductor of the cha,ra.cter(k(l)))
a

 divides Q.

Theorem 4 plays the principal rfle in deriving the lower estimates
for 8;(N,p, B, 4) (6 =1, oo, 2). It implies the following

Cororrary. If m = L {mod k(D)), L, then the number of prime
Jactors of m not belonging to P is even. In particular, if m = I (mod @), m
cannot have ezactly one prime factor off P.
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Let Let#, (BAL-+-A,QBd) =1, ¥ ={p; [Ad|<p< N, p = BiL+
— A4
+4 (mod @B4A)}, A = %m’; m = pB ,pe%”} and A& = {m; me .,

{m, 2D} = 1}.
I e A and me .4 then

(2.10) m' =L = m (mod ),
(2'11) ('m'lﬁQA) =1,
(2.12) (m,2DA) =

. Let D, be the greatest divisor of 2D prime to Q4. Then the set .#
can be written as 4 = {m; mesd’, (m, D;) =1}. Let (o,Q4) =1, 4,
= fm'; m'e #', o|m’} and H, = {m; me 4, o|m}. There exists an integer
g, such that gy} + L = 0 (mod ¢} and

—4
A = {m; m = L% p = A+ Bl +QBdo, (mod QBdo), |AJ<p<N}.

Bd
It can easily be verified that
(2.13) ; (4 + BdL 4 QBdo,, @Bdo) = 1.
Let {¢,2DA) =1 and g,/ Dy, Thus (g, 1) =1, (¢0,,@4) =1 and,
(2.14) P A MPICAY '
QliDI
Since

L = n(N, GQBds, A+ BdL-+QBda,)—
we get from (2.13)

Linv
| vy )

w(|4|, @Bdo, A+ BAL-+QBdo,),

LiN

.’J’.‘:(_N, QBdO‘, 1) — W

‘ < max ’—g— |41.
V(I,QJS'E?,U)=1 _
Gomparing the last inequality with the formula (2.14) where (p, 2D.4)
== 1 we obtain

' . #ley)
2.15 M| —TiN R e
ARl ;%29493d9m>!
. Liv
<2/D| max | w@(¥,QBds,l)— 0B )‘+2[DA1.

Lz .
le|sxs|2Deg|
(LR Bdx) =1

The function gg(n) is multiplicative (see §3), thus

' -1 f 1 1
2.16 = —= - :
"% wwlljﬁp”ﬂlwqﬂwwmm@

Dy plD;
p1BE
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Theorem 3 gives

217 —
(2.17) > 1= > 1
A< Bel§, )+ 4=p<N d L Nzp BdL—}-A(mleBd)
(5n)=1,gellg,

B = =P

14
( BdA’ 2 ) =1, p>>|4]

i PP YR I

I: Le# et
2 4ABd {BiL+4,QBd)=1 g\m=-gP

The summation in (2.17} runs over all pogitive integery satisfying the
conditions given in Tables 1 and 2. For 3" we have an obvious estimation
0 ¥ 521D

It follows from the theorem of Bombieri on primes in arithmetieal
progressions that elements of the set .# are well distributed in such pro-
gressions. For sets with this property the lagt sum in formala (2.17) can
be estimated by the sieve mefhod provided primes belonging to P are
well distributed in the sense that

(2.18) Y logp = hloga+0(1).

p-g:t )
<P

In the considered case (2.18) follows from Lemma 2.3 and from Theorem
321 of [5] for B =1/2.

§3. A }-dimensional sieve. This section iz written with the purpose
of applying the results to the proof of Theorem I, hence it is concerned
with a special ease of a }-dimensional sieve, but small changes in the
proofs of the lemmas can lead to general results.

We shall use the following notation independent of that nsed in the
remainder of the paper. '

# i3 a set of primes, # is a positive integer,

R(z) = H(lm

<z
_‘p59

1 ) _ o (Hn)

) _
))Where o5 (n) =g(n) H(1+P_1 T

oe{p 2I(&;n)

A is & finite set of positive integers,

M; = {me M; m =0 (med 4)},
M4l is the number of elements of M,
¥
p — M —
By (M) = | My 2 (@0
A(M;2) = |{me M; /\m——()(modp)}L
psa’
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Let y > 1. T the range of primes 9y, Pa, ..., p; i8 clear from the con-
¥ .

B1Ps oo B

TEvwma 3.1, Let v =1 For s> 2 and s =1 we have the estimaiions

text we ghall nse the notation y; =

1 ool _
o oalfe - —— e
A(M; 97 < Y{w(E) p;....d o(p ) + Z (2. E) -

<ylie py<py<yll®

1
S R, (M
g -Z w(pl---per)}+ Z (I

Popc. <my<ylfe d<y

By p1<Vig; pld=>peF
dm=l, .., r—1
Y
= ﬁwj]_'Gr,u(s)“[" 2 [Bg{ M}
@ (&) £~
pld=pe?
and
1 1 1
A(M;yl’s);y{___ yoi_ooy ot
@(E) R p{p B) pz<?1<y1,sqo(p1ﬁaE)
pa<Vy
2 L 3 man)
— I ’
Dap 1< s <Pyt ¢(py .- 172r—1E)‘ E;-;’
Py <V¥g51 Dld=pe
i=l,...,—1
¥
= o) D)= [Ba(H0)],
o (&) L
pld=-peF

respectively, whers pi, ..., Dy eP.
Let us define the following funetions:

E(p,)

dy, ) (8) = (s3> 1)
e _ ep(ppy)
Vinspy<p <ylls
' E(Ponts)

B Fats o i)
Vilap 1509y 422 <y M8 EAL s Sanae2
Prp<Vigi_ 1, t=L...,0

R
Bopry(8) = {(Pani1) (3> 2),

?’E (01 Panr1)

Vllay=<bop 41 <z <t}s
Dogr1<Vgg.i=1,...,n—1

d2n+1,y(3) = d2n+1,'y(2) (1 \<-. & '-<-. 2)7 .
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Where Py, ...y Popaae? and

Q2-r+1,'y(g) = Zd‘zk—;—l,y(s)r er,y (8) = Zdik,y (3),
A=1 k=1

Lenva 3.2, We have the following identities

B(Psri1)

Gry(8) = B{Y) 4 Qgpyy (8) —t L (5= 2
Ly 2r1,y ?2r+1<:éﬂl<ylfs Cu{Pr o Parga) (s = 2),
1222‘4‘1'(]21@ A=k,
R{p,,
Dy y(8) = B(y")—~Qa,,(8)— _ BPa) (s=1),

Pu(PL - Pay)

Py, <py<ylis
o<V U gri=1yee.,r
Where Pry ..oy Popy e
. LEMMA' 3.3. The functions Q. ,(s) can be ewpressed in terms of Q:,(8)
by the following formulae

Qanir($) = ) (s> 2),
Yy EnE2) cp o lis [;DE(P)
ne#
logy .
\ Qani1, yln (@ ——l) .
Qonsrn(8) = o ~+ y y(8) (s 22 1).
’ SVEA 2 ey eyl Pe(?)

P

The proofs of these lemmas are analogous to the proofs of the corre-
sponding lemmas in [6].

Let w(s) be the continuouns function satisfying the following diffe-
rential equation with shifted argument:

0l = (0<s<1),
. :
sw'(s)= tw(s—1)~w(s)} (s>1).
For s> 1 we have
sw(s) = — % fw’{m)dm,
thus e
, 1 1
w(3)=0(]/§es) and w(s):w(oo)+0(l/_'s).
_ sé® |
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From Lemms 1.3.2 of [4] we geb w{cc) = Vme 7™ Set

3

Wis) = 1/;(1,, F:__w(s)) = 0(e™?).
* Hence
_ =2
Wi(s) = Vs— z for 0<ws<1,
™
—1
W’(s)miLL for s>1,
3 Vs(s—1)

- Je 1 @ N .
W(S‘)=V3—E/:T—(l+-2“i{7ﬁ) for 188,

"Let M(s) be the continucus funection satistying the following diffe-

rential equation with shifted argument:

_ Y1 @ o
M (s) :]/_6_ (1__f————) for 1?2,
= 24 Vie—1)

M{s—1
Mgy = — LD for 5> 2.
_ 2 Va(s—1)
For s > 2 we have
' - 1{58(s) Ms—1)
VsM(s)) =-—( -
: ( ) 2\ Vs Vs—1

thus

¢ = congtant.

yl SM()

51

Sefting s =2 we infer from the continuity of M(s) that ¢ =0, hence

0< M(s) =0(e”

8, We introduce the functions:
L (s)+ W ()

M ()~ T (s)

f(3)=——:,3——‘°_'— for =1, (s) = —————— for sz

2
& V2

e —ee for 0

F(s)=F@) =] =- 5

LN

AN

It is easy to show that

e 1, 1./ f  a
(3'1). o f(3)="§]/5‘““5]/“ﬁ—!m

icm
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for 1< s << 3. It follows from the definition of M (s), W(s) and F(s) that

fors > 2
) = 3 (s)—W'(s) _ _i M"'{s——:}[)—{—W(s—l)
2 2 2Vs(s—1)
§—1
:_E%?%TZOW“
thus
(3.2) Fls =;fm3:t—1)
“ tHi—1)
Similarly
f(8)=;fM for s>3.
24 vig—1)

It 1 <53, we get from (3.1)

1 F R@E—1) Vs—V3 }/? Y@
Qaf Vi(i—1) 2 V= Jl/t(t—l)

=£ F f Vo —} t—1
2, 1/1:(1‘—1) T4
Setting
V2—Vi—1
If—/_-::__—dt for 183,
g:(8) =17 Vigg—1)
0 for &=3,
1
ga(8) = ————/( ) dt for s22
J Vie—1)
we can write f(s) in the form
(3.3) 1) =9 s)——f TOD 0 tor s
Vi(t—1)

Leyma 3.4. For ¢ = 1 the following mequalzt Y holds

i 0.6
-8
8+Je.

—max{f—2,1)

.
< 4(3—:—1)(1—

| e
=
t
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Proof of this lemma is elementary but tedious. One has to decompose
the integral into two parts and estimate them separately, the ranges of
integration being {s, 3> and (3, o).

All the eonstants 1 < (h+1 < 0, < 0, <
¢; does not depend on C; for 1< 4 < J.

The condition

... depend only on the set &,

1
(%) Z logp - loga | < 0y for @21
= ep(p) 2
DeF

characterizes a }-dimensional sieve. We shall assume il the end of the
present section that this eondition is fulfilled.
Levwa 3.5. For e = 1 and for a suitable constant O, we have
0y
Jog3z

| T
| B (2) ~ —mme
| Viog3z

TexmA 3.6, If Blz) is a wmon-negative function, moncionous in an
interval B< o < A, B2 1, we have

C blp) 1 F b . b(4)+5(B)
> s = f do| <0, Y I
Bs‘?éfl pr(p) 2 2 xzlogx log3
e
3—(—1)
CorROLTARY 1. For B = a:;—-2~—~ we have
logy ‘ _ |
H’g(logp - ) 1 P Hyi—1) | eV
— e
L 11 2V1og3 Vigg—1 log3y -
Ul.’ﬁgp_-f;ylf QQE (p) ‘l/logg_@i g y o ( ) t
i P
where
L f(8) for & = 0{(mod2),
Hy(s) = _
F(s) for & =1 (mod 2).
CoROLLARY 2. For f=az=1 we have
(logy _1)0.6(10gy )0.4 e_(llii-i ml) | ;
logp logp L 1 f Y
L ' y\"* 2(log3y)™*
HSpz #u(P) (log3 };) | : |
ﬁg—(aﬁl)

< U
¥ log 3y

icm
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COROLLARY 8. For f=za>= 1 we have

logy

—max (Iugj: 2 1) 4

|
{ Wl é
|

e—mux(i« 2.1)

fe~ (e—1)

wncd

ISR g (p) @

1
(logS v )"~° " 2(log3y)* f
p r

COROLLARY 4, For S22 ez 1 we have

1 i

=

dt

0.6 ) < Gy

log3y -~

B

| Yyt
| neP

y
op(p) !/logS—-
7 P

Lemya 3.7. For a=b>=1 we have

8
_2]/10g3y f Vi(

< .
i—1) " log3y

| 1 1 1 l - 1
- + .
lbg;-;ga g(pWiogp  Viegdh  Vieg3a | log3b
e
COROLLARY.
C.q,
dz,y(s)‘—‘ {)gZ(S) 1‘{: 09 fO?" s 2 1.,
2Viogsy | logdy
ga{s) | G,
dy . (8)— 0 < or  §=2.
o 4V1og3y [\ log3y g

The proofs of the above lemmas and corollaries are analogous o
the proofs of the corresponding lemmas and corollaries in [67.

THEOREM 5. For y = 1 we have

Fis) (s - 1)"*s%5e™%2n
34y —0.,,(8) < L P szl
B g P S gy T gy 1T 2
o1 F(s) ALy, 1 1) :
3.5) ——0,.. —¥_ 0 >0.
(3.3) 20, ansays) < Viog3y T 5 log 3y 520 + 2) for s

Proof. There exists a constant ¢y, satisfying the conditions

260
(@) O > e, : ’

10

log 3y 1
=

vac,

|

10loglog10y \2™+?
2m -+ 1.

—a
e am+l

2 \2m+4-2

- 2m

Cw (2m+1 2m—1)
{

log3y)*¢ ’
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26%(2m +3)C, (2m+2 2m -1

— log 3y)~%¢ Fis) 2m O e~ A —~(5—1)
M y> 1 and Iog 3y 2m+3 2m -2 )( g59) =T ™ 1 _)1?_ 1 0.6 +205010§M§f___
1 {10logloglOy\™*? 9+ 2 2m | e~ Vlegdy ~ 2m+1 2 (log3y) log3y
T ( 2m -+ 2 ) 10(2%—!—3 ~ 2m+1/ (log3y)™* < T 2m+1 Oy 607D
By the Corollary to Lemma 3.7 we obtain

Viegdy  2m-+32 e (log3y)™¢ "

__l_ﬁQ (3)% g2(5) Gs < f(s) Cppe™® ) I 5> 2m-3 then
20, " 41/10%3?/ 20C,log3y l/logSy tlog3y ’ Oynyoy(8) =0 and  Qupiq ,(8) = Qem,u(8) -
1 gs(%) Oy F(s) (e o1 Let sC2m 3. IF

@2,y (8) < ——— 3 < == T .

26 87 logdy 2hloz3y — Viegsy Hlog3y 26* (2 +-3)0, Im4-2  YmL1 ]
Thus the inequalites (3.4) and (3.5) are true for n = 1. Assume that (3.4) Tog3y L (2m¢3 —= To) ] 310 -
is true for n = m and (3.5) for n = m —1. We shall show that (3.4) is then ' 2m-+-2] (log3y)
troe for n = m+1 and (3.5} for »n = m. 1 (e

I s> 2m—4+2 then dyyy,(8) =0 and Quuyry(8) = Qam—i,y(8). Teb (E ) |
Viogs ) < 21 (1010g10g10y )2’“”
s<om42 I 2m4+2 > “:o_gi then ' 20, 20, 2m+2) 20, | 2m+2
1/55; (2?’.‘1-{-2 B 2m g (@m+3)
( : )2’”“ h "\2mbs 2mt1) (logsy)™t

= T P 1 1 (1010g10g10y )"‘”‘“ o 1

20, -1y 20, (2m+1)! 20, 2m+1 —-200 Q2m+2,y(3) =-9_6_Q2m5y(8)+“6'b“d2m+2,y(s)

Cio (2m+1 2m——1) g1 f“( ) =Uy .
k11 _ 4 )
2 \2m+4-2 2 log 3g)*¢’ :

hence m (log3y)

- (8+1)U.4g0.66ks ) 2m+2
VlogSy 1 {log3y)™ 9m 43

1 1 1 ~
3G, Qemray(®) = G Gan s (8 5 G o ) M 1<s<2m+3 and

Fls) | Ope®d gmed o (ZMmA3)E (2m+z 2m+1) Cao
e A ia . - Yy -
Viegdy  2(log3y)™* 2m-+2 log3y Zm+3  2m+2) (log3y)™°
;D/_ then :
log3 ;
I 2<s<ImA2 < oL then X ) F(iogy _1)
. l/é—é—; ) o Qi’m-&-‘l,y(s) < ——ng -+
1]
[z _y) e 5t} ogs .
1 1 lo |
‘_SG_QZWH-LU(S) < Y4 f- _ (Iogﬂ _2.1)
b ] y1,(27n+2]€p<y1‘,s logs Yy _l'ﬁo_.;‘).ﬂn_,_l [ logyp
peF pg(p) og 35 "9 9ma19 y |58 + sy (5)
' YRt S)p<ylie g (D) (log 3 —)
: . 0,4 L 6. 1 I : I4
logy) logy L\ ) | " p
+_Am b3 logp | \logp - =
o9mL1 X

0.6 ) f(s) N Ci 2m+1 f gz (=21 dt(log3 —0.6 .
D g1/ ex(p) (10g3-—) . VlogSy "4 9mL? ; ( 1 )0.5 0g 3y} +
ned P .
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g2(5) Lag (2m+3)gD o 2
4¥log 3y ’ log3y 7 log3y

fis) 2m+1

log3y Y 2m -2

where &(s) =1 for 1<{s<{3 and ¢ for s > 3.
CoroLrARY 1.

Qﬂ,yfts) <

1 0.6 0
< (s+1) (1_?:5) ¢ (log3y)™**,

20,H,(s)

Vioas (1+011(10g3y)-1"m)'
gy

COROLLARY 2. If the condition (+) i8 satisfied and y =1 then for
=2 and =1 we have the estimations

Yo, ~ U -l
Ay {l/s +28(s)+ ———} + [Ba ()],
(M5 (E)Vlog3y ) (log3y)*"* 4:121.' ’
pld=peP
. YO — i
A5y > ——2—— {l/s —2f(s) — --—~+-—} — Ba (M}
( 3y ) ¢(E)1/10g3y (lOgS:lj)”m d%‘ga ?
M=
respectively.

Proof. It follows from Corollary 1 to Theorem 5 and from Lemmas 3.2
and 3.b that for » > lop3y

. CVs  2C,F(s) Cas
3 — .R Ifs o S8 \{ o
Gr,!.'(s) {y )+Q_ +1,J( ) l/logSy }/logSy (Ioggy)ﬂ.ﬁ !
Os _ 20ofls)  Cu

' . 1ig
D.w(s)— )= Cary (5) 2 Viog3y 1/10g3y (log 3y)"*

‘which proves the assertion.
In particular we get

COROLLARY 3. If the condition (x) is sotisfied and 1< 823 then

(3.6)  A(M;y")

L GY {1+ O }+ N imygan),

A
o

T @(BWlogdy (log 3y )7 2
V pld=ped
(3.7 A(M; ,ylfs)
e o }
e f - By (M)
i T E)I/IOD‘?)J { 1/t (t—1) (10g3y)1f10 g 3
pla=sped?

Remark. The constant ,, depends only on the constants y O
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§4. Proof of Theorern 1. We shall use the following lemmas:
Lemva 4.1 (Bombieri). There exists an absolute constant U such that

L1m}<

max ’ (i, k, 1)-— o7 | l Toza)®

i
P .
b ¥E {@,r=1
(nz) 7
{see eg. [T]).
Levma 4.2, If f(n) is a multq.plwatwe Sfunetion,

H

fln) >0, f(pﬂ)gy;?f. n<a<o

and
(4.1) Zf(p)legp ~ tlogx
<z

then

. | 1 1\
(2 D)~ H L7 @) +w3+ -.) (1—;) (loge)"

{see e.g. [137).

Levva 4.3. Let (a, ) =1, a>1, 2]af, (I, %) =1, (A48, %) = 1,
204+ < N, k< logh N, Then

Vo1 8 1 1
L \ago(z;)n ST P [l Ry b
ap)+f=po N P>2 2<plefk
JJl*l(mod.’.J )
. loglogN_ﬂ
SRR Ll P — % o)
].ongm;9 : logN_ﬁ
a a

The constant in the symbol O(1) is absolute.
The proof of this lemma can be obtained with use of Iremma 4.1
and the linear sieve {see [9]).

. (1)
Let # be the set of primes not dividing 2DA such that (H )) = —1.

»
Tt follows from (2.18) that the condition (*) is fulfilled. The constant C,
depends only on D and 4. Let B =~ QBd, ¥ = A

. B = - ' ' == AT D
Y —g(l——)ﬂ(l— (p_l)z)L@_N,_ v = V¥ [10BdD| (logN)T,
ptBd .

15 — Acta Arithmetica X¥T.
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|QBd| < log" N and 1< s < 3. If ¥ is large enough (VNlog VBN > &4,
the assumptions of Theorem b are satisfied and we get the estimate

2}/;";00 1 1
2(QBd) "g(l_}?)n(l* (pﬁl)ﬁ) X

(4.3)  A(A; 47 <

»|Dy
v{Bd

57 (1+o(1) +0(¥log™™XN),

1/2%?% 1 1
“wana [0 [P

DLy
PiB2

N ) di —20 A1
X T { if iy +o(1)}+0(mog ).

The constants implicit in the symbols O(Nlog™N) depend oiﬂy
cen D, A and C,. Also o(1) iz nniform with regpect to B, The estimation
of the remainder term follows from (2.15) and Lemma 4.1. Note that

o=t [ g e =t ] (5 [T (- 55
' ez ' QBd

‘ 0
= ( _ 12)11m H (1—m)l/log

pt2DBA (p - ) grco p<g "p

D)\ piEDA

() = (MD)__,

7
1. (kD)
Sy g
" L e LS L o
CpfeDB4 _(P -1 plaDa | P piebA P :

Lo

In particular, hence follows the estimation 1 <€ €, <€ 1, where the constants
implieit in the symbol <€ depend only on D and, A.

Thus the constants implicit in the symbols O(Nlog™XN) oceurring
in the formulae (4.8) and (4.4) depend algo enly on D and 4, also o{1)
is uniform with respect to B.

icm
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The inequalities (4.3} and (4.4) allow us to estimate ¥ 1. By {2.12)
v

and the definition of 4 (II; 5"} we obtain gt
Aty = 31,
me#
A

whence, in virtue of the Corollary to Theorem 4, it follows that for 1 < s <3
and suiﬁelently large N (such that (N""log‘“‘v N)He = N3

. g llsy S ! S :
(4.5) A(a{{:'y S) = 1-1— 1.
L DyTgmest
qlm=qeP gi=-gel

vy, Doe P

Levwa 4.4. Let ]QBd‘I < (log ¥y® and 5 > 1. Then

< 16720,V's 1 log(2s —1) il (140(1))
e / ATABZ ¢ ?
il Vap(QB)Vs (log &)
qim=-gel®
W1)S~§,1?1:P2‘9
where o(1) s wniform with respect to B,
Proof. Applying Lemma 4.8 we obtain
1 = \' 1< M Ny
/ . =
Lod S
PyBymest mppy B+ oA —p=TdL (mod QBd) N V8 Dy
q‘slmaqu ghn=-qel, ylf"‘(pl Doe . s N m<Bd 258 My paBdt+ A=p<N
i V1. DeeF q]m:geP e a
(D djw1 Filp=g(00dQ)
< y E T 1
.- -f r ﬁ
Y Yspy =" 1o < N
M= degl,s ¥t deyIjs YA de
alni=geP P ﬂtpll‘))Bd«»ﬁ—p<:\7

(2D A)—1 z
. Iﬂ) TRIJ]_ (mo’l Q)

\ | T
< X
pra, . i
25—~1
N 2 108Uy
Bdm

m<N 8 logiUn
Qlinz-ge
{m,2Dd)=1

1
W 1pg—TU— g g 2
&

1
-2 I 5l
g (p—1) :u>2,pItQYBdAm p—2
Bdp,p () mlog? N /mp,Bd
If m is prime to 2D A then

1 1 ' 1
H (1+p 2)= H (1+p—2)n(1+3p——.2)'.
2<plgRddm 1< plQRdA _ mo

(1-+0(1)).



228 H. I'waniee

The function A(m) defined by the formula

x [ (1+ 12) it (m,2DA) =1, qim = qeP,
(m) m plm,pt B P
0  otherwise

is multiplicative. Moreover,

i . k(D
[~ (1+—-m«~) it p‘szl)A,( ( ))=1,
i i i
- k(D
2~ if plB,erzDA,(”;))zl,
l otherwise,

thus

g(1+z(p)+z(p2)+ ...)(1_%)”2 l
B (1_%)”2}7(“%) _E'T Il (1+W;:'5)'

a4 nyzDA w2 DBA
(£2)_,
B

Applying now Lemma 4.2 we get the estimation

P! (1+ ! )10 s—1) 2
I TT RN W ) e P
- w

v <P, Dok .
x D amyiro()

25—1
m<N 28 logUn

1\ 48N l/Zs—l —"
—_— log(2s —1
(1—!—}j )logZN og (28 ) .

1
1o ——
4,,12( (9—1)2)

< log ¥ x
T(;)(P(Q)Bd 2<pl@Bdd
”(' =1 H - H 12 h%@)(u (1)
X 1——-) (1+-——) ( r_) 0
DA p (1’%1))) plp—2) praid P
1\~ ' 1
103 L g
p!l;l . P ga-rzDBA (p_l)
A
k2
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o) V log{2s—1)

1o
g H( p) Vrp(QBd)

prEDd

48*N
(log )"

(1 +o(1)),

and the proof of the lemma is complete.
Putting together the results of Lemina 4.4, the identity (4.5) and the
estimates (4.3) and (4.4} we get for 1 < s < {, |QBd} < log®® N,

“)ef' Cro 1 1 1
(4.6) <2 (1_—) [ E (1_m) %
mm’ " ¢(QBd) o FEE (p—1)*
gim=>geP DRI
N -?u ___00
X‘W (1+0(1))+ O (Nlog™™ ¥),
' 207 1
SO 143/7: QBd)n( )n(l_@—l)g)x
me.d
Qli=-geP -de

log(2s—1)+o (1)} +~ G (Nlog * N).

y x {f dt q l/" s—
4 —_— 3“ “
(log My V) Vigg—1)

The constants implieit in the symbol O(Nlog™*'N) depend only on .D
and 4, also o{1) is uniform with respect o B,
Proof of Theorem 1. Set

(48 Lomp= Z 2 QBd H(l‘%)n(l_.@%’fﬁ)’

210y bl Dy
"AB:I (BAL-+4 QB[I) 1 B

where & runs over all positive integers satisfying the conditions given in

Tables 1 and 2 and % - #(d) for fixed 4 and D.
Define further

) ( ) ! 1 piDl (.p - )2
C1QEBd: 4I<Ioo‘§5'v'( LA QBd) 1 P 1 »i |
whence

g ¢ 8D - 1 |8 D
“az0—2 < <
Mz p—14 50l 2 HOBH < Tog ¥ y g Iog g
QB&>]§ 15 pld=ppen ''F
pld»pfm' _
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By (4.7) and (2.17) we get

.Jey jod —Z\T |
i/—— 2 ABD( g NE (1+0(l))+

Sp(N J(FBB 4}z
— 20 AT .
FOWlog™N) D' Q@) — 14|
d<loglsy

i N
=60¥, 548D w (1 +o (1)] +0O(Nlog™*N)

and

¥ o+

2¢ ~ N '
81(¥,q, B, A)§2]/ - GOQA,B,DW(1+O(1))+

\! —5
+ 2 _SJ ) 1+ O0(¥log )
Qmﬁﬁd - (sz,sm Bri—1 g
<, 5 0 Y e Y 1+ 0(Nlog™ )
<2 anunn oo +o(1) s f g
QBd>ﬁ,g15NL€$ mé%tjfﬂ
plE=-p|2D -
N ' QN -+ |4]) _
<2WA,B,DQA,B,DW(1+O(1))+ ? __‘_“B‘C“l‘“—"— (NIOg 5N)
QEd>1ogt5 N
pld=pi2D
y - (8D)' (N +14)) -
<2%, 202450 W(l +o(1))+ BT +O(Nlog™*N).
Thus the proof of (1.1) it complete.
It follows from (4.8) that
1 1
<0 <4 3
p(B) B2 (B
thus we get
Sal¥,0, B, A) < D) S(F, 0, BB, )= >
- .]A=)1= . By<slog?N By>logwN
N - 14
<& { +O(Nlog’5N)} -+ ———
qa(1332 IogN)m s BE:

<_ qv(B)(logN )
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Since
- N
Sl N IR -B: A)

= 8N B —
(N, 9, B, 4) > #(B) (logl\r)m‘z

+0(Nlog™*N),

{1.2) is proved. :
It remains to prove (1.3). Let @, = gy, @, .., ¢; Tepresent all classes
of the genus R, . There exists an integer r prime to A and integer matrices

T, {i=1,...,t such that
T a; fy ' : .
G0 = g8, 5 m7= (‘}" g), det §; =1 (L=<it).

It m = ¢;(£, n) for some { and some integers £, % then
mo=gola; &+ Bim, yi &+ dym).

= gl Er+Bymr, y; Er -+ O;mr) is representable by g,.
1 Ghen (a; &r -+ Bymr, y; &r + dmr) 7% thus

The number mr?
Moreover, if (. 9) =
Se{V,9,B,4) =

SN, ¢, B3 4) > (Nlog™N).

e e ()
P (Br) (log N7

The proof of Theorem 1 is complete. : :

Proof of the Coroliary. Set ¢, = &+ %2 4 = 1. The genus of ¢,
contains only one class, besides, there for every value ¢, is represen-
table uniquely in the form B*n, where # .is representable properly by
¢, and B has no prime factora = 1 (mod 4}

[e=]

SEdny L, M= Y S, ey B ).
2= 52 {mod )
Since D = —4,
gf{ B, D )
1
oI R = =)
Vs ﬂ ) pj—g(mjo‘dél ]7 p 1

p——limoddf)

It follows from the représentation- of L-geries in a product form and from
Divichlet’s class nwmmber formula that

10~ =

P2

“Thence

w1 b-gmmlt-w 1] gt

p=—1(mod4) ]
p=—1(mod 4)
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-Let us compute the constant £, 5 . Since D = —4, we have &, =2, &(D, B)
d == 2% Table 2 gives 2, =0, 7 =4, =1 0r e =1, 1 =4, » =1, ; )
thus @ = v{es, v5) =4, D, =1 and ;M i &4, =0,
ard 3B
y > 2 : L) : Z%(O’z) + “1,2) =[]q : it ¢4, =2, D" =1(mod4),
4LED = 4 = ) — ! 1 . B . _ o L
5 = ¢B) #= ¢BB) & ¢lB) (8B GF- i 9, =2, D* = —1(med4) or 8, =3 or &, = 4,
(BL+1L,4B)=1 (2BL+1,8B)=1 % i 19‘2 > 5.
M{ N7 1 1 & o . .
&t p(4B) + p(8B)  4gp(B)’ Using this notation we can write the constant 2, pp in the following
5B compact form '
where we have set e — 1 if 24 B and 3/2 if 2|B. 4B
The frunction ' ;(——) -’r( : )
. Qunp= ¢(D, B) 1\ P w

(p 1)

A(B) = - B [1(x-2) ]2 2% p—1
o) ] (1_' ! ) o ;g pﬂ; #HE -
‘ nlB
—5, T
19 _:_(14,(]".{1))))1,_% }

p=—1{mod4}
is multiplicative, thus

: ' ‘ e el
v ]
Z A(BY) = H (1+A(P2)+A(p4) +) pD 2, pr2d ) (ﬂ) i ( —AB )] X
B ® p3 or k(Dj=1(moas) | 7 13
PIB = pEl(mod4) l (p——l)” 1_ — ]
»TE |

—9 n | (1+—~~~%1
- r—2)(p+1) 1+15-37%
p=-—1(mod4) . 1
. x Q + ay | —AB
Therefore D E(DIC1 o) 3] 3
gffi1—
pHOPOPRE Y y OB 2
2 T4 PR e l‘—-——' 1'--—”'—"*- .
£ RSSO T ¥ SR ST ( p(p—l)) | 1—p™%
HB=> petElfmod ) . I — ] -ﬂp ]
. % 1 p2—1 l X
The corollary follows easily from this and from (1.1). - np i —AB
Set: i P P | '
. : Hop [T : -1
0 i §,=0, _ | w13 v
: i 9 =2, D' = 1 (mod4) oz ¥, =3, 1 it 2]4,
1 i = * = . . .
J(Dy =1, lf dy=2, D" =1 (mod 4), _ 1+,_Y:z if 2+4,D* =1(mod8) and &, =0,
2 i Oy =4, - X 3 ZE 4B .
1, 552-4 ia
s BT 0,25, 214, D 14+J(D)  #H 244, D" =1 (mod 8) or d; 0.
%+%24_ﬂ2 l:E ’92,—>’ 5; 24]/"9'2’ ‘2-[__éi .
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KommaecTeennan opma 3anam bopenas

JI. II. TloerumwoBa (Mocusa)

TlomATHe HOPMANBHOTO WiCiHa B ¢-M49E0H IIRANE, T.6. BEUIIECYBEH-
HOTO WICEA &, DA RoToporo mgpobHee monw {ag™}, o ==1,2,..., paBmo-
MepHO pacTpemellensl Ha orpeske [0, 1], Obuto Bmepssie BBemexo 5. Bope-
meM [2], cTp. 197-199. BynmeMm TOBOPHTEH, YTO HEROTOPOE THUCIO a ABHO
KOHCIMPYUPYEMea, ecld YKA3AN0 DASI0KeHNe YACTA a B g-HYAYIH ApOodE.
9. Bopems [2], crp. 198-199, gax HalpocoR ABHOH HKOHCTPYROHMH HOD-
MANBHBIX 9HCelX., Tawuy 00pasoM, 3ajada o IIOCTPOCHME HOPMAJBHEIX
qces RBOCX0ANT K 9. Bopenw. Haunnas ¢ pabor Murseca [8]u Yemmepuyona
[13], 6wure TPeRTOREeH0 MHOHECTBO HOHCTPYRUHMH HOPMATBHEIX YHCeT
u Gonee ofmux koHeTpyrumil, Gubamorpapmaecxue CReTeHUWA IO 3ITOMY
Bonrpocy Mo3kHo malith B wuure A. I'. Hocramkosa [9].

OBosnammt uepes N, (P) xoawuecTB0 ApPOOHBIN momelt QyHROUE af”,
mONANAIIEX HA ToxyEmTepRam [0, y), 0 < ¢ <1, korga x mnpoGeraer
spadenusa & =1, 2, ..., P. CBoficTBO DaBHOMEPHOIC PAaCHpefelendd 03Ha-
gaeT, 9To IpE J06oM p

(1) N, (P} = yP +o(P).

EcTecTBERHO NUpUmAaTh mnpobieme 0Oolee ONPeASNBHHBIN XapanTep:
ION 5THM MB IOEHMAEM 3%y 0 TOCTPOCHHN TAKNX MHCEN o, KA KOTO-
PHEX NOBHMMEHNE B OCTATOIHOM dieHe HopMyIEr (1) mMemo OBl Haw MOFRHO
MeHbIZEH TOPSI0K. LHMIMATOpoM TAKOH IOCTAHOBKE BOIPOCA ABMICA
H. M. HKopofos; & pabore [8] H. M. HopoGos ABHO CHOHCTPYHPOBAI
QHCIA @, [FIA KOTOPBIX IIPH 0603 32HAMHOM y BEITOTHALTCA COOTHOMEHHE

(@) N, (P) = yP 4 0(P).

B padorax A. I'. loctanrosa [10] z M. ©, Kynnxosoii [7] G6ULHK HOCTPOSKEL
uncaa @, MER KOTOPEX B COCTHOIMERHH (2) OCTATOWHBIH YileH YIOHWHAETCH
HA HEKOTOPVI cremenb morapndma P, mverno B pafore [7] anA ioboroe
NETOro g->> 2 CTPOMTCA UHENO a TAKOS, YTO IPH T060M £ > 0

1
l\'y(P) = YP+ O((]_U.P)lu_e).



