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Dis Determinante dieses Gleichungssystems in s, ..., s, ist D. Nach
Voraussetzung ist D # 0 mod p, also hat dag System (6) eine eindeutige
Losung (s, ..., 8,) mod p. Daraus Lolgt, daB das System (2) eine eindeutige
Lésung k hat. Also ist der Satz in der einen Richtung gexeigt.

Sei nun umgekehrt § ein Permutationsfunktionavektor mod p°. Dann
ist T aueh einer mod p. Angenommen es sei D = 0 mod p fiir das Argument
(Pyy ooy ). Man setzt &y == fi(r, ..., %) /g (ry, .., 1) mod 2° ein in die
Kongruenz ‘

(7) (fl('rn e P B (T ey T

. Wf’n(rl’ ey Tﬂ)"“k:Lgn(Tl! tery Tn))

= (0,..., 0) mod »°.

Nach Voraussetzung ist § ein Permutationsfunktionsvelktor mod p°
also auch einer mod p*~
genan eine Lisung (ry, ..., #,). Alle Lisungen von (7) mod p¢ bekommt
man durch das Verfahren im Hinreichend-Beweis, Dort kommt man auf
das System (6). Die Determinante dieses Systems ist aber jetzt == 0 mod p.
Daraus folgh: Es gibt mod p mehr als eine oder iiberhaupt keine Liésung
{81y +.v5 8,). Daher ist (7) nicht eindentig losbar, im Widerspruch zur
Voraussetzung. Also gilt D = 0 mod p und Satz 2 igt vollstiindig bewiesen.
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Y, &h. (7) hat sowohl mod p® als auch mod p*~'
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An application of Zassenhaus’ unit theorem
by

Hiroinp Browx (Ohio)

In this note we present o divect application of Zaszenhaus® generalized
Dirichlet unit theorern [2] to the proof of an interesting result on orders
with finite unit groups. This result iz useful, e.g., in the de‘remuuatlon of
normatizers of finite unimodelar groups [l]

TosorEM. Let D be a finite dimensional dwz-sirm algebra over ), and
let @ be a maximal Z-order in D. Then U(8), the unil group of 0, is finite
if and only of D 45 Q-isomorphic to @, an imaginary quodratic extension of

@, or a positive definite quaternion algebra over Q.

Proof. Tet R¢ denote the tensor produet of R and @. Since ¢
containg a free @-basis for D, RO ~ BR® g D. We will show that if (&)
is finite, then B@ i3 a division algebra over R.

Let 9: RO —Hom (RO, RE) be the left regular representation of
R0, and for any w<R@ and any R-Dasis B for R0, let ¢z{w) be the matrix
of () with respect to B. For z<R?, let || denote the regular norm. of
@, i.e. Jo| = detp(z).

Consider L(0) = {z<RO| |z} = J-1}. L(cf)) iz clearly closed under
multiplication, and for any s<L(0), 2] = det ¢pg(r) = 0 implies » is not
a left zero divisor in Rd@. Since RO iz finite dimensional over R, there
exists y e R such that @y = 1. Therefore, gp{y) = pg{z)~" and @B(y)r}vﬂ ()
= I,. Since the regular representation ig faithful, we have yx = 1, i.e.
y =o', Thus L(0¢) is a subgroup of the unit group of RB¢. Also, L(®)
containg U7 (@). For if we choose B as an integral basis for @, then e U (0)
implies pg(z) and gp(x ") = @p(z) * are integral matrices. Thus |] = 1.

Let t = dimpR0 = rank @, and let (@) have the topology induced
by the ususl Eunclidean topology on M, [R). L(0) iz a Lie group with
regpect to this topology('). By Zassenhans’ theorem U(0) iz a digerete
subgpace of L{0) with compact factor space. Thus,if U(0) is finite,
L{@) must be compact, 1.e. closed and bounded.

(1 Note that we could eguivalently use the topoiogy of RO as a f-dimensional
real manifold as pg is a topological isomorphism. :
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RO ig a seml gimple algebra over R. By Wedderburn’s structure
theorems, RO = @T where each T, is B- 1somorphlc to some Mn sy ( By
B; a finite dlmensmml divigion algebra over R. Choose an RB-basis B for
RO by selecting an R-bagis for each 7. Then for weRO, sy o = @m

w;¢T;, we have x<L(0) if and only if ]“[][mi]]z = +1 where |z i s the
regular norm of 2, in T,.

We claim that if U(0) is finite, then & must be 1. For if & > 1, say
dimp Ty =&, and dim g7, =%, let 2 = 2@ 27""% @ 1 ¢ ... ®1. Then
#, and thus all of its integral powers, are in L(6). But {o°| seZ} iz
unbounded, which is & contridiction. Hence if U/{0) is finite, RO = M, 0

where ¢ is a finite dimensional division algebra over R. We will show
that in this case » must be 1.

Let y: RO — M,,,(C) be an R-isomorphivm and let by,...,b, be
an R-basis for €. Then {egb,i 1<4,7<n; 1< g<s} ordered Iex1co~
graphically is an ordered R-bagis for MWR(U) Here the ew denote the
usnal matrix units. Since p is a R-lsomorphlsm B = {7 (e;b,)} is an
R-basis for BO. Let y(#) = I,+e,. Then §g(w) is of the form

10...61L0...00

01L0:...010..0
¢G. .. ... .. 01
..., 01

Now o}l = 1, i.e. #eL(0), but {#%| g<Z} is unbounded if » > 1. _

Thus we have that it T/(0) is finite, B¢ is a finite dimensional division
algebra over R. Hence, since RO ~ R @D, D must be @-isomorphic
to either @, an imaginary quadratic extension of O or a positive definite
quaternion algebra over Q. This condition iy clearly also sufficient to
asaure that U{®@) ig finite.
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Solvability of a Diophantine inequality in algebraic
number fields
by
8. RAGHAVAN and'K. G. RAMANATHAN (Bombay)

1. Introduetion. Let K De a totally real algebraic number field of
finite degree 4 over the field @ of rational numbers and K = Ko R
the tensor product of K with the field B of real numbers. Any element
a in K is represented as

a® 0
Y .

0 o
where o, ..., a®™ are the ‘conjugates’ of . Pt
(1) llaf} = max |},

. 1<hh
Let m =2 Dbe a rational integer and

(2) Fl@ory - as) = 2 a, "
o p=I
be a polynomial with coefficients a, in £,
elements of K. We say that Sfleg, ..

E1<k<h,

the group of non-singular
@) 18 tota_lly indefinite, if, for every

5
fO 21y ey ) = Y afPa =0
r=1
hag » real solution with all #,, ..., o, %0t equal to zero.
Lot © denote the ring of mtegels of K. The object of this paper
is to prove the following
TEEOREM. Let f(z, ..., #,) be a lotally indefinite polynomisl over E*
given by (2). Let

I #dpley ... m,)
where 1e K™ and ¢(x,, ..., @) 18 0 polynomial with coefficients in K. Let
mh =4 and

(3) $ > max (2™ +2, h2™ N m~1)-- K+ k).



