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where f(8), F(s), M(s) are defined in § 3 and setisfy the econditions
fls) =s—26Tlog(s—1) for 2Z2<s<4,
—2

logz

w1

&
F(g) =8—06+2¢ (1—
1

loglogs $
M{s) = exp{ms (log;s—[—loglogs 14 - igfs) E*O(w-)}

(y iy Huler’s constant).
COROLLARY. Lt y = 1 and assume (*), Then
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(1.4) A (W e = yXt (2)y1—

The main terms of the bounds for A,(M;z) given above coincide
with those of Jurkat and Richert. On the other hand the error term oe-
loglog3& loglog 3k
logy ) ( ' _.m,)
This difference has some significance in applications. It is a well known
old problem to estimate for a given » the maximal length C,{r) of the
sequence of consecutive integers each divisible by one of the first » primes,
‘Legendre-gave for (/,(r) an upper bound which turned out to be false
(¢f. [1], p. 415). Then many authors gave lower bouncN, the best at pre-
.sent dne to Rankin [5] being

enrring in their main Theorem 6 is not O (

. alog% 10;3,100 10g¢

A _J?
Colr} == ¢ (loglogr)?

" Jacobstbal (cf. [27]) has modified the problem considering the maximal
length C{r) of a sequence of consecutive integers each divigible by one
of » snitably chosen primes. He asked whether ((r) = (y{r) and whether
Cly) & re, _

Corollary implies easily
THEOREM 2. ég
0, lr) @i?rzlog‘ﬂ’?.

# exp{logr™™,

" The results of [4] imply only Oy (») <

On the error ferm dn the linewr sieve g

From Theorein 1 oune can easily deduce the following
THROREM 3., Let y =1 and assume (*). Then

(LB) Ay (M5 4™ =y13;.»(:ff”‘*){L| 0( o )‘1 Jor s<_‘,‘77_1<§;f{__
. slogs | | (loglog 3y)®’

(1.6) A, (M;2) r:y'Rk(z){ll“ (* 1—-)} for logz < -

log

logz y logr 10cr10g ltn;
210g10g3y
This iy an improvement of Theorem 3 of [4].
In the sequel gy, ¢y, ... denote absolute constants.
§ 2. The general principles of sieve.
LMmA 1. Let filwy, ... ) be @ real funclion of @ real variables. For
every v = 1 and every 2= 2 we have
@2.1) - Au(M;2)
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where pytk, 14 9,

Proof. We use the olivious identity
(2.3) | Ap(M52) = [Mp— D Ay (M5 p).
. ’ : et :
Applying (2.8} to 4, (M w3 1) and then to A ( M 0y #2) W6 obtain
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where p, + k, ¢ = 1,2, 3. 8ince 4,(M;2) =0, (2.4) implies (2.1) and (2.2)
for v = 1, For 2, <2 Ay (M;a) < A,(M;e), thus

‘ A (M5 92) < Ay( M, 5 minpy, fo (91 23]

Applying 10 Ay(M, s min(py, fy(py, po))) the imequality (23) with
Jar(Pay + ooy Potya) replaced by foye(Drs ooy Paig o) and then applying the
obtained estimation for A (3, ;p.) to the middle term of {2.4) we
get (2.1) for »+4-1. Analogously AJC(MM;%)QA;G(JVIM;:‘n?n,(;nl‘,f] (p)})-
Applying to A,ﬂ(Mm; min (g, , f; (pl))) the inequality (2.1 ). with fy(p,, ...
cosDyier) TODLACEA DY iy (P1) oy Pasga) and Chen applying the obtained
estimation for 4, (M, ;p,) to (2.3) we get (2.2) for v--1,
COROLLARY., For v = 1 we have

Rl 1 1 1 1
(2.5) A (M;2)< (1— N2 E LI \ o T
. — ’P; N Plpa ﬂafﬂz s P1P2Ps
9)';<fo(?’11.212) )
. a 1 @
A \ .......... | > 1,
—a Dr-ve Popl
PgpLye Vg <z = dongry oo pplesty
Dgj 4 1<f>z(1'1r - Pai) P PR

99“4.1-—434%1?1, ],]'nc.@-J

) -~y 1 | R 1 1 1
@6) A By(le D g M e M g
i Py s DDy L PePs
™z Pg <y <@ Pyfrgopy <&
< fy(17) wy-ii(p))
T 1 -
R — > e T V) — > 1,
P 15 <2 Pyer Bara PR O T
9.7 Fig o 1 (D5 erFOg Tt T
2 f‘fmll;(.:‘.).l,r--lpm " 1)21<;fr,L 1(231,; ,ip,L 1)
where poth, 1<<i<2. :
We write (2.5), (2.6) in fthe shorter form '
(2.7) A (M5 2) < Y k() 1+ 210 (2,
(2.8) A (M5 2) 2 gDy (2)— La(2).
- Limvwa 2. Let for v 221
' : ' o D () N Ly, ()
@9 S =Rk N ey K B
i ‘?JL<” PiPeds . gt 15
folppm)= g Dy fn(m Wn)
J'q(?)lp-v--7":1,)“«:“5
t + \7 By (Parga) | N Ry (Bypa)
. LR 3 SRR
- e Py P By e Pan.
1)3,...5“12:21)1@ Pree P Py Do) <8 Puee Darp
Dy 1 <Ly, Py} Py 1< et (Oree nag)
S TR S ) LS P

FoplDys s Dagheiigy 4.

On the ervor lerm in ihe linear sieve 5
. 7 R, :

(2.10) T8 = By — > Zellad \"’ B

s PP Pyings ,,, s P1P2PaPy
fr(myyesps e ()
T3ty mg)y
X 7 B.(p,)
D Y A 1()
TS RS by Par Hal oD Do Dy

.('?’.1;?;‘-_:-17’25.-‘-1) aptai 1(111 i)
Py -1(7' R e L
where p; 4k, 1w 22 2041,
Thewn
G (@)= 8, (=), D,y () == Ly (7).
Proof. We use the obvious identity

I)

(2.11) ) 1 ) Lalp)
' n<zpth P

Applying (2.11) to B, (p;) and then to R, (p,) we gel

Ry(e) = 1— S5 & by By (py)

Po Ty =8
' w1 1 Ry(p,
S N S NEESUNNS . 117N
<z by e < <8 1Py Dy <Py Pp<E P1PyPs

which immples Lemma 2 for ¢ = 1.
Asguming &, (2) = 8, , () we get
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1 1 1 1
P T B
e Py Papsa i e Pees Doy

Dol 1 <o <P <E
Di4-1<Fai(@1s0.sBa)
P

Py Le. <Py =
pﬂvfl"f"m(?}l fi’.at)
= W1,k {2},

- where p;tk, 1<i<2+3 and the identity G,k(z) £ éam(s) follows
for all v by induction. The proof that Tpr(2) = D,;(2) 18 analogous.

s

For ¢ <Ch we have
S A0 1 _ B
Bl =0 (rj)(zf;},é,, (1__ 1?) <Ry
»th
thus
1, (2)
(2.12) Srl®) < o o),
, By (2)
(2.13) k(&) 2 T l2)
Let; ‘
y 12
ﬁw“~um>m§mm~0 , m>0, l<i<l.
By B

If the meaning of p; is clear from the context we shall write

Y

= e : 1/3
¥i = —, ‘whence y,, = o FilBrs ey py) = Y2,
_ Py By Pigr .

We set further
Bi{p))
ty,y(8) == 28 gor s,
1 1e 1P
Uy "Rpg <y
\ £ (Papin) .
Banps,y (8} = > eI oy 8 2 2,
18 1+ Popge
S 1P <ene <y <18
Pygpls imyenon
- R
} (1’2n }«1) . for P 3,
1/3 1',q me] 1
Oy 1 (8) = { Ve SPangr<..<vy<y
1?2;+1-s‘f;,’?.1 <1yl
Bappien,y (B) for 1<8<3,

On the error ferm in the lnear sieve 7

The enipty sums arve 0. It follows

u - _Epayy)
(2.14) 8., (") = Ry¥)+ E g1, (8)+ _}.’ Dyoee Porpr
Fe=1 9;2,‘+1;...<);1<ylv’5
. Do 1<Upy =TT
’ R(pZP)
(2.15) . T, (") = Ry — 3 o ( N T
plr-::...q;qul/s
Poi<Upy. pl=li.,»r
§ 3. Functions f(s), F(s), ’f(s), Fls) We set
310g —]— s—4  if 2gLs 4
(3.1) m@)zl D
0 it sx4,
3-rin ’
[ f ngn ; - 1f 3é S,
(3.2) Hantr (8) =
szaH! (3) o 1<gs<3,
442m
‘ —1) .
(3.3) Gania (8) = g?l’f-;;l—(T ------ bas it sz,

Remark. The upper limits of integration can be replaced by oa 8ines
g:(s) = 0 for s 2> 2 4. The function. g,(s) is of elass (%, since limg, (§) = 0 :
Sl e

, . 3
T gy (s) = lim [1— ~-—-A~) =0,
L () H%(S_l
The function gy, (s) for s 22 3 and gy, ., (s) for s 2= 2 are clearly of clags O,
The functions g;(s) ave continnous, nonnega,twe, decreasing.

The following two lemmats serve to estimate g;(8) from ahove.

3
LuMmA 3. Let w(s) = 7' (l.~«H310g~.-~——1-), R Then

& —

w(8) < () = 2o-M(1+3log3).

. v 3 3

Proofl. Let ¢(s) == (9_:31)2 - (J_ +3log E,;ﬂmi')’ 2o
=t 38 (-~ 3)/(s—1)% thus ¢(s) has minimum for s =3, It follows thab
Fls) 2z p3) = q/le(l_—|—31015;(3/2‘3)) >0 and 6% (s) = —~rp(s)a“’(3~»1)s*”_

4. Then ¢’ (s)

_<< 0, hence w(s) is decreasing.

¢ 1+-3logs

LevMA 4. Lel a = gup ga(s)s™e, 4 = 5 p(2) = T S 0.72,

258K
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Then

(3.4) Hanr ((8) m; AV get for s Lmos
{3.5) Janq2(8) 5 adPse " Jor w2, om0,

Proof. For n = 0, (3.8) follows from the definition of e, Assumoe
{(3.6) dor == 1. If ¢ 22 3, {hen

00

Yo (B 1) 2
gEmiJ("") [‘ L”;f__,l ) i < .l [ f# [t'ml)d‘&

.
& i

[&]

ma g™ g N g 3 A™ Tyg m,

if 1«83, then
. 4 - e e -1 5
Hom ]-1{'5) el f/2m-|~.l‘. (';) S (1’3 A LI H
ie. (3.4) holdg for w = m.
If ¢ 5 4, then

o0

™3
P ¢ o
Faan n ('ﬂ‘) R ]‘ ot e 45 Amd f @ At '”t“

8 &

a2
A 7 LU

if 2«54, then

4

g d.', é 3
oo n (8) e .qam-iaﬂ( ) + Fomp1 ( %) ] “r l” =4a B Amt (6 ? + S@WEIOg ';wmr
o ¥ gm -1 - Mg -l
”’";}"‘ A" w(s)se " s ad e T,

e, (8.5) holds for # = s, It Tollows by induetion that (3.4) holds for
all w2 L and 820, (8.5) holds for all »o- 0 and ¢ 2.
VOROLLARY. Lhe series

F8) = Ny (), wio8,  B(s) = M), 01 |
'l-wl Aral

are coniergent and
(%) O < flo) = Qe ) = B {s) 2= 0,

F(s) 18 of clasy (1, !f’(.\}) o of class (I for s 5= 8, T follows from the defindtion
of f(s) and (%) that '

On the error lerme in the near sieve . 0
o o F’(tm 1) L
(3.6) f(s) :J S dr+ o{8)  for 829,
S fE—1
[F18 0 o,
(3.7) F{g) = ; -1
l F{3) Jor  L=eg3.

The computation of f(s) and F(s) in the intervaly (2,43, (1,3 is
thus reduced to the determination of £(2), #(3). We shall show later that
the equations (3.6), (3.7) and the condition (#*) deterinine f(s} and (s
uniquely for all s. The difficulty of the problew lies in tho fact that f(#)
and F(s) are subject to linear differential equations with shifted argunient

- and with 2 boundary condition in infinity (and not in an interval of

suitable length).
JLimMara 5.

F(8) == s—2¢"log(s—1) for 284,
. . e loga | oo
F(s) = g-—64-2¢" (L j CEET de)  for  Bals< b
w1
1

Proof. Set M (s) = f($)+ F(s), W(s) = f(s)w]f'(s).for s 3. M(s),
Wis) are clearly of class (U Xt follows from (3.6), {8.7) that

. , M(s—1) . W(s—1) .
(8.8)  A'(8) = " e W (s) = el for  s=d,

_ 3 - '
(3.9) f(s) = fly++{F(3)-+3) log T Fs—d  dor 2Ls< 4.

Hence

M(s) == F(4) (8 (3)-+ 8) Jog -

for 3<lssgd,
3 SR -1
W(s) = f (1) (B(3) - 3) log e e e fg,]l dt
. L ) 8 — -

for 3<s< 4.

The equations (3.8) give a continuation of M (5}, W(s) on the half-line _

§ 2 2. It is enough 1o put ‘
M(8) = —sM'(s-+1) = B4+ F(8)—s+f(s) for 2<s<
W(s) = sW'(s+1) = ~B8-—~F(3)-+s-4f(s) for 2<s<

§ =3,
3

.
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The extended funetions M(s), W(s) are continuous. The equations
(3.8) are now galisfied for ¢ > 3. We have for s >3

{(s—1) M (s)) = M(s)— M(s—1),
thus there existy a constant ¢ such that
&
(s-1) M(s) = [ M{n)dw+€ for 533
)

Sinee M(s) — O(se™") (see the condition (*#)), it follows ¢ = (
We have thus in particular
3

2M (3 j M(w)da = 20 (3)— M (2)— { (o )M’ ()i
= 2M (8)— M(2)— [ (w—1) (' (o)~ 1) do
8
=2M(3)— M(2)+ [{F(3)+3)da

= M (3)—8— F(3)+2—F(2) 5+ F(3),

hence
(3.10) F(2) = 9.
The function W(s) is of class O for &= 2. Indeed,
Im W' (s) =f'(3)+ re H_?'
Frd
wr —_——

i W (s) LA 1L f@  FE)+3
oo d - 2 2 2

The formula (3.8) gives a countinuation W (s} on the half-line s =1.
Indeed, it is enough to put for 1 <s < 2

I3 3
Wi(s) = sW'(s+1) = s(f (-} L)1) = ¢ (2~- I 3 + ) By (B (3)-1- B},
The extended function W (s)is continuous singe W(2—) == 4 — (.Ir‘(ii)uk
3] = W(2) and it satisties the equation
W(s) = W(s—1)f(s—1) for &322,
. 28—W(s) . . .
Set (8) == et ; g) I8 G LLOTLE 8
w(s) == (3«|—P( ) It follows ﬂmt w(g) iy conbinwons and
w(s) == 1fs £ ol<sg2,

§
{sw(s)) =w(s—1) if =2,

icm

On the crror lerm in the lincar siove 11,

hence w(oo) = 7" (ses [4], p. 225). Since W (s) = O(s¢"") we have W (oc)
=0 and F(3) = 2¢'—3. (3.0} and (5.10) imply
fls) =f(8)—F(2)+2 = s— (3 F(3))log (s — 1) = s—2¢" log(s—1)

for 2<s<cA,

g2
1 logw
F(s) = §—0 -{—26”(1_—- f 28T clm) for 3=ls<B.
: g o1

CoroLLARY. M(s) = 2¢*(1—log(s—1)} for 2 <5< 3.

DEFINITION :
Ws) = —logle—1), 2<s<3,
ﬂBr(_S) —*—("—"—TIB(S‘——I), 8§ >3,
1
Mi(s) =2+ py—y —log{s—1), 28«3,
[931’(3) == e e Y5 — 1), & >3,
(s— 1)?
Functions MW (s) and M) are continuous,
We have for s > 3
Wis)}"  W(s—1) Wi(s)
s | (s—1)® g2’

thus there exists a constant ¢ such that

g Ton(m
8 o x? . ‘

Since

3 (3) '& logzr o f 1 (m—1 —1) d

3

it follows ¢! = 0 and for s 3 we get

s\
Rew)

311) () = —s f

§—1

hence MW(s) = O{e™").
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Let v(s) = (s—-1'— 1, thus #(s)/s == r(s+1)8"* and For 283 we have

¥

y(8) Mis ES'( ] ) - fwjb__u e _.E___ {81 ==
(—()—s_( )_) ) ( ! S () 4+ (_( )) Pi(s) _ (1) db == §(3 () 1) df = 1+ e log{s—1} ={(s).
’ 8 #
BEventually '
- (ST( )) Wi(s—1)- 1———(1—['1) Ms)  for &3, venbuaty .
: il 11 s> 3
Therefore, there cxisix a constant (0 such that (3.13) T(8) = f 5——1)2 '
#(s) M(s) (1) M) » b tsesd,
e f N L R BTV
ERl . 3.1 8) == — dl 8= 2.
Since : (544 T f (-1 7 '
7(3) MB)  35@5-log2)  Farmd [ 1 _ LEMMA 6.
e e e e S I W) <M for 532,

it follows ¢ = 0, thus for s 2= 3 we get Proof. It can easily be verified that

! i) 2(2) ! for 2<s<3
. e D ' 1 TS =% L AR ES I,
(3.12) (_LS) “E ) = j (_]_m 2{3) N () e M(s) AWe(2) 3
' 8-l : fuppose that the set {s = 2, IQB(S)[ = FM(s)} is not empty and denote

It follows hence that ¢ < Mi(s) == O(e"), thus M(s) is decreasing, by « its infimum. It follows that o= 3 and [M(a)| = 1M (a). Since a*—4%

Set > (a—1)2—4% for > a—1 and W{x) >0, we geb
We(s) - (&) M(s)—A (s §
F(8) = e U F(8) = ~()2—(), B (a f {933 < (?ﬁﬁ de
t{ﬁh(;% =1 for 1 <{s <2, It follows from the deilmtmn of Mis) "und W(e) _ 1 f. SJJI(:F-) (,32__%) " ‘_ l fm(a]‘
'] : o T a{{a—1p—}) o at T8 4
' 8] = ] o r———— & — i * 2 .;‘/ 5 < : 3 & ey ‘o {: L oL
1) i §—1 log(s—1) for 3 < S_ S8 Bl = Lde 1<, " The contradiction obtained proves the lemma.
For s >3 we have _ COROLTARY. '
) o T~ T () F(s-1) -ea-mt(s') <P <IME)  for 522,
§) = ENE e E '
2 (s—1)% M (s) = Flo) =L 45} for s22.
thus in view of §(s) = O(s ") Rewmark. The functions §(¢), f(s) are continuous, pogitive, decreas-
o i.T.lg'.
Y R
Flo = [ T | Tet |
_ (t—1)% . : Fis) {f(;s*) for v even,
F(8) =
Analogously : o sy for v odd,

fs)  for r even,
Gr(s) :{
F(s)y for r odd.
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Lvma 7.
Fol8) < M(s) < AM(s) for s=2.
‘Proof.
X Ms) _ for =3
AUED AR I ) o >3,
& Fl8)-F F(3) < 3+ 1(3)— s +f(s) = M (s) for 2. <33,

It can eaxily by verified that for 2 <8 <3
Ms)  26'(1—log(s—1))

- <4.
- M(s)

1 .
24 - —log(s—1)

Suppose that the set {s; M (s) >4IM(s)} iy not emply and denote by a

- 1
its infininm. It follows that « .2 3 and M (a) = 19} {«). Since 1 — -

| 2t
~ 1 m, for @ > a—1 and IM{x) >0 we get
(a—1) M (a Mz 4 M () d
u!l {
4 ‘-‘ 1
<”1_f1 M e )(_Lw 2ma) da = 4 (a—1) M(a).
2(a~m_l)2

The confradiction obtained proves the lemma.
LimMwma 8.

=t — < 48% for 523, 5
8

Proof. For ¢ =3

Ms) — (?lii' = f M (]——E%) e

Ni—’

& 1 .
Ty N dme o M-k
> (5~ 11— 4 8_£ (o) (l 2mB) du B (s IR (5~ §),

thus for s = 3.8 we get

§ §—1 9]%(9—_ )
W) > 50 33, B (s— 2y Mz —1) >
On the _otllqr hand, for 3 < -'»,\ 2.0 we have
-] 2
M(s 1){ W2 <1

icm

On the error term in the linear siove 15

Lrvwma 9. We have
' " @,.(s) exp(slogs | sloglog s} < exp(cy8).
Proof. By Corollary to Lemma 6

H(s) < G, (s) < $IN(s).

For s =3

W) =i [ (1= g Mleyan <

2p*

S}Jt(s-|—2)<—1; fsm(m+2)dm.

Hence
loglog 1
Mi(s2) < exp{—s (log.s*+10g]ogs—1+ Olgogfs +_0(10gs))}
(see [31), which gives the upper bound for &, (s).
Let
{@(S):l if 0<s<1,
gg'(8) = —p(s—1) i s§>1.

Tt follows

1 a
o(8) n;; fg(m)dﬂ} for  s>1.
) g1

' 1 - '
Since M) >? M(zx)dx for s = 3, we have p(s)

a--1

f loglogs ( 8
g) = — logs—1- =
Q(S). expl s|logs-4-loglogs - logs +0 Togs

— O{M(s)). Since

(see {3]), the proof ix complete.
Levwa 10, We have

()wg

A == (1),
-1
Proof. Let 5(t) = %tﬂ(t()})ﬁ We have for s >4
i
SDI(! © M)
log s (t) = log T log' Wi (e rlm = | — e
- [ ,_L
CMz—1)e 7{t)
Smwa?j)“fs @ f” TR
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thus ot
7 (& og
s % oy,
logy (t) 7 (1)

JOROLLARY. We have for 1> (i (—1))/2
Grlj.( ) (t“l) ]-O(E,l .

— <7 flg.
G (t— 1y
Proof followy from Corollary to Lemma 6. _
logy : il )5/ 2 e B i
Tmnwa 11, Let & = s I W™ e gl < &, then

(loglog 3y~
: ST - s*loghy
: 2logst\*" 1 @, (1 1)! , /( »
(3.15) f (1.~|~ iogh;) = Lt =< \H oy Gr,,.(s),
2logst\ % ' ) |
Proof, Letv(t) = (l»% —iz)gwy) G (t). In L]L( interval
Gp(t-- 1)1

W ==

2

-1
(1)
t2logtt “6‘(1‘ 1)
() = (.1.+ -‘L) i

logty
- L)% leorw rir(,aflog -} G(lou )
x 414 &’ll(_)_(j.m;]:.z.., Blog (14 -—rmmpof e . }
@¢.a—1 | log Qj t210n £t log?y |
oF A\ @, (1 1) (1—1)2logoe
(] 1*log Bt) 6, (i~ _m[l_‘ L4 Gra ) (1= 1yilog ]

<1< & t{l) ix differentiable and &, .,

log i (t——l) (zr,,(t—-, )6100 ¥
loghe\" (1 — L)t ( 1006, 1og* t)
>[1--- B 1 .
( log?y ) (t—1)® log®y
Since | —
2 & oo’ .
1006, 1000y 52085 < 1000, < 1
log*y og?
it follows
, ) 12logbt 5t~ J)(; ( ) 4
(316) b1 (i) - (L'{ 1‘0;2'%‘] (f - l‘)z
beeause
i bEtlogst 100, fﬂlng, r)
T logry log®y
(Blogt -~ 100¢, )!210,24;' - B00ey 1og"t
e log2y ) log* W
5logH® i~ 600e tBI()BQ“‘“t -
=1 ( g 2 o |

“ 10g (]

RRRY

icm
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On integrating the inequality (8.16) in the interval {8, & we get 1nequahty
(3.15).

LEvva 12, Let & = ien?
M et & (logTog 377

s2loghe |3
w(s) = (14—- gy } G (8)
is decreasing in the interval (s,, &>.

Proof. It follows from (3.16) that v(s) is decreasing in the interval
in question. Since

The funetion

uls) = =(s) (1+
a{s) 1z alzo decreaging.

§ 4. Estimation of ., (s), 4, ,(s).

LMy 13. Let A > B> 2, b(x) be a nonnegalive mcreasmq functwn
in the interval B< o << A. We have

A
) _ [ vie) g,
P # zlogx

Proof. We can apsume that 4 and B are integers since b{A)B™!

< b{A) exp(— l/loch)
n+1
1 bix) . b(a) 1 b(fc)
(1%—0(—5))4! zloga de = fﬁa-logﬂ,->(1+o("h_)) wlog'a; oz

: ‘ 1 1
loglogn—loglog(n—1) = Tomn +0 (M;Eé_) ,

s2logsg\ ~*
log?y | 7

< o,b(4) eXP( l/@)

Bpsd

exp(~ Vlogn)_ex11(~~1/10g (n—1)) = 0

——— oxp(— }/@;@7 )
( ﬂVlog W )

We have by the well known formula

S{m) == Ei‘ = loglogw-- 05~\~0(exp{mlfl—0;:£)).

It follows v
Sj % == 2 (S(w)-—S(n—ml))b(n)
B%’P%.«l Bene.d -
= D1 S A (1)) 8 (4)b(4) ~ S (B—1)b(B)
Dhansial -1 F,

Avta Arithmetles XIX.1
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_ 2 (loglogn -+ e;) (b (n)— b{n41)) +-

Bnsd—1

+ (loglog A + 0;) b (A4) — (loglog (B—1)- ;) b(B) -+

+0| Z oxp(~VIogn) {b(n)—-b(n+1))) +0(b(d)exp (—V1og B))

Bngd—1

— 2 b(n) (loglogn—loglog (n— 1))+
Bn sl ’

+ O(ex;p (MVW) —exp( —Vlog(n— 1) )) + O(b( exp |- Vieg B ))

(b (A oxp (——1/105 » B ))

F U)_(1 40 foxp(—Viogn) Viog ))+0
B{n nlog'n

.A ’ —-
— [ 20 (14 0fexp (~Viog) Viows] | +0/o(4) oxp [~V IoE T )
4 zlogx

A
- J A dw+0{b (4) exp(—V1og B)).
alogw
B
B (=1
- COROLLARY 1. Lel —wa—ﬁ < a< f < dlogy. Then
f(l_c!f%'ff_ﬂ )
“Mogp < ~fi§-~fl dilog ™ty 4-¢, - fr"%’/"l""ﬁw_)w
1
v pylie plog‘%— B _ - exprlogy
Proof. Let _
logy
ogw
b(g,-) P yA
lﬂg’“&r
Hence _
yih
f ———————— f firlt dtlou ly.
” mlow'

Olearly b(z) is increasing amd for 4 = y'*, B = 4"/ we get

b(A)exp(— —ViogB) < e ._.;'_),

e\:p l/log yt®

icm
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COROLLARY 2. Lt 2 a < < Hogy, Then
1 f—1
» ” —log a1 log™'y| < ¢,exp - l/logy”ﬂ)
PH<peytin plog — ,
: P
Proof. It is enough to take in Lemma 13 b (x) = *_}_L and to notice
' log—“zi
7
that
yhe
] -1,
__(_gb_wk = 10g E_. 10g“1y_
Y a1
w8 mlogalog =
&
COROLLARY 3. Let £ =logy/(loglog3y)s > ™ — g = If (34
H{-12<s<E 5 = MAX (8, 8), then .
Jogs }gg_y“) (et ')G (10gy___1)
n “\logp ] logp o
. log®
Myt o8y plog? ¥
p
silogss \* @, (8) 1006, £2
= |1 5 2 1 ],
log?y log?y _expVlogy™

Proof. Let s, <5< &,

18‘

) . ~1
e 5] o ()
h(w) = |14 — o 8L /.

logte W
log "

By Lemma 12, b(2) is decreasing in the interval ¥ < 2 <
from Lemimnata 11 and 13

glpegie

1,'3

It follows
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v b(y'*)
Fe L
»j[ mlog.x: ! expl/logy” ¢

2 g5y \H- 1) —1)¢
_ f o Pog?t *log ) &, (1— = )2 pr
F log*y (1—1)*log?y

stlogds Se-1) g, (gh_ |) 7 e

s [ WV Loy
( ) e logty exp| 2yt )
0()0‘59

stlogfs\™ &, (8) (
1 -
<(H ) - expl/log'e e

"1'31:35 Y log z'r/

Let (3+(—1))2<s< 8

gy =)
NG (1)
ll)g? A f ‘,._"‘_.._ - )gu dtlogw.ﬂy
| yUspszyyl/s plo,g2 !
i S RS p
s (8 — ) ( o )
<0 Vlog gt
= G (s —1)logy il gy
' tog3
togs [ 1288 | \ o) (,1.93_?1. ~ -1,)
" \logp logn v -y
. ﬁm-i;gﬂ}p - ““-“'""""""';!‘/"" - am m|.._
ylff.c‘;pgylls P ]_0g2 "; yl,ism.;,‘“,*;:,,’l./'a gMeimmytisg
(]95"3!. . )
BN P ) S N A €
log*y Y
yl[ﬁﬂ @;?,,5,‘;4'1’118 3) 10&2 P
p
[ telog s, ) G s) ( Ut )
T logty logty " expylogye
il U 204
- g(].—&- fhlog” qﬂ) - [(1 o 2 )G’,‘ {80+
log?y | logy expV logy'™
6 (6) Gy () 4~ 6, (5 1) o,exp| ~—log ﬂo)J
g‘(l_{ﬁ s3log’ '5'_0) G'r»ial(s) (l—w ]00(’45 )
© log?y log?y e:sz];ﬂ/lcug'yw

icm
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LevMmA 14. Let a = b= 2. Then
1 1 - e
. - - O(exp{—Viogh)).
plogp  logh loga + ( XP( £ ))

b<<p<a

Proof iz analogous to the proof of Lemma 13.
LEevMmA 15. We have

Cl (103?11
21,0 _lang
Ay p1, (8) = Y TeLLl for  s=3,
s T8, <1 . D:
(log'yl
21+ 1,95 1ng
1
dzn—;—z,y (3) = ———— fO?' $22
SO g cylis P
Proof. We have for s = 3
= \ ! B (Pan 1)
dynp1 y(8) = T MWEmdd)
A S ptle Pa--s Py
Wégéwz?an}l( e <plmy£10g y/log vy}
p2i+1<32¥3,1l::1,...,n—1 '
- {logy,
dZn W
N logpl
y1](2n+3)_€p1<1’1]s V4
Similarly, for s > 2 we have
N 'R (p:‘.ﬂ.+2)
Ay p0,(8) = S b . L
AT, <olle P1 o Pants
véi’i}_ 1Py -2 < g <D (T’!n ”%/3) .
73_21;-(2/;43_1,%& Lot
i logy, ) (logyl)
2 loomin (o . g ih) Bnd-Ly :
Y A logmin(p, , y1°) - ) " \logp, |
Ve <, <yl s YRR g, <yl P

ginoe

a logy, _ logy,
e Togmin (py, 9) [~ \logpy /"
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ConoLLAaryY. Let

S P Y Aoy () for  s=1,
P ‘
[
Qap,y (8) == IZ d'r'zk,rr(s) for sz 2.
=
Then
- [logy
@ , ( ~3)
. —y 20,1 1?{1@ for s 3
Dotrgls) = 2 P = 3
20 Degp <oy 148
logy
Q-n+1 wly (‘E‘ég m 1)
Danr(8) = ' — "‘”'39'"'"*’ e e dyy(8)  for s 2.
yH Ok &) gy 18 S

Lemma-16. If y > 1, we have

R

6" dy, (8) < ga( )]0“_171'“4“ (»69313( I/ &

Proof. Using the well known estimate
R(z) = e ¥log™ e+ O(exp(wVEé)),

Lemma 14 and Corollary 2 o Lemma 13, we. obtain for y > 1,
2L 4

X B{p)
di.u(ﬂ) = p(j;z)_
" 51;2<p1<.ﬂl"8 '
1 6™ "
_ et e O 0xD( -~V IOg P )
1/3,2 YA (@’210{51’2 . ( - m)

1; g <py <yl

4 (L 3 1 oo ]O_E?f’:
R e R e U T e»t))}

yl'ttivgp <,”1,’S

=e"" (3 Tog 3 - § e fL) log™iy 40 (exp(w Vloﬂ)) .
- s—1 : - 6

:69’
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logy | 34 (—1)
THEOREM 4. If ¥y >1, &= (oglogag) ™ = 5y we have
. Jr(8) r ( 82102‘58)55 G, (s)
4.1 & 8) << - ¢ 1 .
- ) < Yogy T log>y | log*y

Proof. We begin by defining the constant e,. There exists a con-
stant ¢, such that for ¥ > ¢

(4.2) 200£* exp (—Vlogy™) < log~y,
logy !
(4.3) céexp(—l/ O%y )< €, G"(f) s
6 log'y

(4.4) exp(— —g— log &— £loglog §-2025) > exp(—&log &4 Eloglogé4-28),

(4.5) exp{—£&logé+2&loglogé—3e, &) = exp(?élogEJr Eloglog £+ 2¢&),
loglogty de, sﬂlop: ,sn) 7
6 — SN [ I . =
(0 (] log?y )( i log‘-’?/) (l+ logty | b
log2y | '
(4.7) o < exp(—£&log £— Eloglog £ —2e,£).
¥
We get o :
(1+10gf') logy
e = ﬁ'@i&éé’)‘ +10¢ 31;113 {log2 ¥ exp (— l/ ;’ +¢4.

I y<ec and Q. (s) >0, then 2< 9", s< 2logy < 2loge, and

11 S du
(48) Q< > —<2w<1+f =X~ 1+1oge,
d’u d<iey '
LI .
logy 1 log*y logty
In virtue of Lemma 16 and (4.3) wo get (4.1) for r = 2, and all ¥ > 1,

and for r = 2,3, ..., and each ¥ < ¢,. The further proof will proceed by
induction with respect to ». For r = 2, (4.1) is true. Assume it is true
for » = m. For y < ¢, » = m-+1, (4.1) has just been proved. Let y = ¢

2log1

If m+1 > Tvé;i--—-/—, thew p,... P, >y for y=e¢ and apy distinet

Primes gy, ..., P o, thus g1y (8)== dy gy (8)= 0 and S ('5) = Qn—12(8)-
In this case, (4.1) foxr # = m--1 follows from the inductive assumption.
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2logy

It remains to consider the case y = g, m4 L < lbélorm/

In virtue of Lemmata 13, 15, 8, 16, Corollary 3 to Lemma 13 and
(4.3) we have for s = (5 (— )’“)/v

& Q1 (8)
| 5L
2 MUY logp Lo (=LY
= 6 Q1 (E— 1)+ Z T, o+ 5 "y (8)
Mg p <yli®
. (logy _ 1)
. kit ]-ng
Ly (E— 1)+ T
£ log 7.
sHE-Tgpayys P08 .
log? ulwc_)&yuﬂl 5“_852:-1}@ 10’(‘”] 1
m o6 logp " 1ag‘p
+ 2 1+ B PO v S
m+41 og2y 1o ¥
yHE-TNepeylls rlog P
14 (—1)y"+!
I a0
fm i ~1 _
= & Qg (E—1) -F— P dtlog ¥
™ sllog‘"sl 51 » . A G (8) _
“+e, o] (1 oz ) (l—I—J.O()a,LE exp (—Vlogy )) Togty —|
l " s —1 1+( -1
4__.f ( ), 4+ «____,,___,A),_v 6y, (5)
expVlogy ® 2
nar8) | 1—sm(s—4) ( }/‘16;?%)')_4_
< Tozy | g CaOxXp e
K Gm+1(?) . S“lOg 6‘] ‘¢ . H ‘W 1€
+¢ mil logiy L= Toaly ( ~|uJ()On,hE’ezx.p(wl/l.ogy ))i

+ € Qg (E—1).
- o, {2

l 1 Xy
Omary(E—1) < By (E—1) = Qg (E—1) < 2‘1 Wy

: k!
I s 1 & B foslianef 1 ko Ee-B
hloglo
<( —-%mgﬂ-) < exp{— &log £ |—§loglog$~| 25}
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Therefore, if s < £/2, we get from (4.4) and Lemma 9 that
Gy als —1 —sloglogs—¢
(4.9) mi( ) o exp {— slogs—slog 0gs— 0,8} -
log'y log*y

= exp{—3flog & Eloglog £— 2e, £}

> BXP{M Elog £ EIOglOg 5"1"25} s an—}—l,y(‘f"‘l);
if, on the other hand, s > £/2, we obtain from (4.5) and Lemma 9
é‘zl()g'ﬁs )5s Gm—Hl('g)
log®y

4.1 14 .
(4.10) ( ' Togty

> (loglogy)¥exp{— slogs — sloglogs— ¢, 8}
p exp{—slog;s+2310g10gs~3023}
> expi{— élog £+ 2&loglog £ — 3o, £} > v,y {E—1).
It follows now from (4.2), (4.9), (4.10) that for s> (54-(—1))/2

T (8) +e i (1 | silog® 51\ (l ey ﬁm-u(s)_
logy T 1 log2y Togty | logiy

If m is even and 1< s < 3, the last inequality is also true since its both
sidles are constant in the interval 1< s < 3. Since by (4.6)

Com s loghs, \™1 36,
1+ = (14—
m—+1 log®y log2y

< m-+1 1 1_ (l+ salogsé,E 5s0(1+ s2logss 53(1 N 3¢, )
w2 (m-+1)7 log?y log?y log2y

m-1 ( szlog'fs)“
- 3

g”@m-{—l,y (3) <

m~}-2 log?y
the proof of (4.1) is complete.
DEFINITION.
\ 1 . .
ay,, (8) = D 1 for s23,lz0,
gm0
Py <oy <yl 1)0!+1<"21’:3
=1yt 13-1]
.y {(8) = @, (3) for 1«53, 120,
by, (s) = > 1 for s§22, 120,
=117
g);{...<¢;1<v1f”,172i<vé4 1
{=1,...,10f2]

where for I =0, d = p, ... p, means d = 1.
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Liet

ar+1

(8) = 3 byy(s)
(2]

Ay y(8) {12r+1,u

2r
== Zaz,y(s)y
=0 .

LoxumA 17, We have

logy

Aypqryls) = Z 2r.10 (“""

141 or §»2
logp ) l Y !

p<yl®
W logy
A21-+2,y(8) = L\J Aar}li},’p( 0359

nyll

1) Jor o s 3,

Proof iz analogons to the proof of Lemuna 15.

: 34 (1) :
TumoreM 5. If y > 1, ~ B £ § % &, then
¥ s*log®s Frpr (8)
(4.].1) Ai.,u( ) < Gy “;I'_?L (1 "'l“ ]_ng‘f,‘] ) 10g2y 1
6log?e , B I Y C N
Proodf. SBince ¢, > m-a;gz:), it follows for s a¢,- g 558

& fandr =1,2,..

y
ér-ia‘tr;ij b GM"l (S) :

4,8 <y <~
The inequality (4.10) iy satisfied in this case. The further proof will
proceed by induction with respect to ».
For » =1 we have by Lemma 9 and (4.7)

Ay () < 11;(2)““1+ S 1<yt
;%ylﬂ
<:_3 y -exp{— &log £~ £loglog &—Ze &}
=3 1052'1 o8 :
2 Y 2y
<5 Togry < giggry B
thus (4.10} holds.
Agsume that (4.11) helds for 7 = m. If y < o, (4.11} I8 satisfied for

r=m+1l Let y = I m4+1> IIDJ
0g .10
distinet primes, then B, . Dy > 45 Appry(s) = dy1,(8) thus (4.11)

holds for r = m-+1 by inductive assumption,

- oand gy ey Py ArE BNY

icm
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- It remaing to consider as in the proof of Theorem 4 the really
important case

34{—1 2logs
SO chce, mrp1g D8V
2 loglogy

We show in the same way as in the proof of Theorem é'tha,t

logy
Z Am,j—; ( - J)

Arn_{-l,y(s) = Anr-H,y(E_]-)"I" logp

ylf(f-l)sgﬂ<vljs

y logy
10g5( logy 1) s{122 )

w AN logp
<AppyE—HToT g Y T ey *
yli('f*l]‘{ll\?llfa
logy
Gm.—!—l (@_ l)
¥
plog’-—
B
m oy " log 8
< Ay (E—1) 0 '{E;}“.L Tog?y Gpe (8) (L 30, log™7y) (1+ ]_ng 1)

Let &, — &£— &/logE. We have

Am»i—i,u(g__l) < 2 {a'k,y(f'—l)'Jf' bk,]f(§—]')} = Z + Z i

I et . Re<§y fpsksmLl

1!(* l)))
Z < 2 A, %]'T < byu/(c 1 Byl —1/log2¢ - y EXI)( E_logﬁfs' £+ £),
h<fy I\-’fl

- 3loglogy '
Z <2y Z a- <oy |20 ' < yexp{— flog £+ Eloglog &}
syshsm1 Hd=E B
Bld= 1<y

Hence by (4.8) and (4.9) we get

Am+-].,1r(‘§ﬁ 1} < yexp{“‘ flOg‘E—} leg].Og E'"I“Q‘E}

_ $*logbs ¥
e (:I "“iE)“g_";j—) ]_ng’u GJ:'!‘%—Z (8) "
It follows ’
J m_ g silog®s, \* 4c,
L,y 3) < 0 {l-??—l- 1 10g2 G111..»—2 (6‘) 14~ j-(;g“;‘;]_" 1+10g2y
,m!+1 y ) 8210g58 58
— S LA
2 log®y Gm'u(?)( - !

and the proof is complete.
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T am unable to decide whether in Theorem b the right hand side can
he replaced by o{y/log?y).

§ 5. Proof of Theorems 1, 2, 3.
Proof of Theorem 1. It follows from Theorem 5 that

N (1) N & $2logPs\" F(s)
Zl(y Vo Ay () <y (H Ty mgzw,
51 s*log®s \* *f()
P

ar Y A, |
(.’/ ) 4~}"1;3/(9) ( F 10&:2?/ ]0{_7}‘2?]

2

logy L
for —(l—c@ﬁji—ﬁ]ﬁ- = £ and any integer r > 1.
In virtue of Mertens formula
1 elogy
= ~ -~ 0{1
By e o
1 k 1 . loglog3klogy

&
g™ " ) B S 8

Using Corollary to Lemma 6 we get

for e 1, &, ¢ < EL

Ly szlog 8 1c1,c_>;10h3/.,
f‘““ﬂr<(1+ ) Me{s) -

logz J 100‘
Using Theorem 4, (2.12} and (2.13) we obtain for » == [logy]

_f_gr,k (y”s) - Sr,l (yl"s) er }-l,y(s)

G < ReT T R

& Q2r i«l ,],'( )10bq/
&

<L }‘O(Qu oLy 3;( ))

“"! A Ca ) ST Al
< 1+f{.‘i).--—0((1 + 821"#“*) I(s ))

log*y 1(1g o
I 2log® e \ 5 M,
1 218 g g (14 o i),
§ 1()rr2 y ) log W

since by Lemma 7 and Corollary (o Lewmma 6 F(s) = M(s).
A.nsulogou’slv

ra7) L T (01

S LA AE RN w1 By (8)
Rk(y”‘) TR T R
Sfl_—ﬂi)—-w ((1+ '%1"%“")“ M(s ))
8 log*y 100?;

The above estimates together with (2.7), (2.8) imuply Theorem. 1.
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Proof of Theorem 2. The set M = {n41,
the assumption of Corollary to Theorem 1 since

|

< 4, the inequality {1.4) implies

coy By} satistiey

’IMaI_

Fork =1,2<¢

26" e ‘
Al(ﬂf;y”ﬁ;m(y”“)( logls—1) o )

8 logy [’
@
Let P, be the »th prime, s =24 —1(—)-;?—, y = P =P We get for
72T,
J{i‘ (

A(M; P > LI PV PO NI S W L W B
seog\ 1+ logP,.] logP, =

thus C,(r) <€ r*log?*r which completes the proof.
Prooi of Theorem 3. Let %k =k ks, where &|P{z
(ks, P(2)) = 1. Then
Ap(M;2) = Ay (M32), Bp(z) = By (2),
ky < [e+ 1],

- [[P:

N

loglog 3k, < logz,
hence

5 5
i = o (225

10g‘2/
(log log 31/)“"5

s2logds ) 1 Bs

| loglogs | - :
< exp{——slogs~—log10 r§ - 9——E~%—g§g8+0(8)} == 0( sltfgs) _

for s < We have, however

]Og Yy
(log log, dj)
logulog., slog 109, l(w,r ?logloa SJ

It logz < : g = y"%, then & > - =.——, thus
® loglog3y ' v logloglog 16y '

e \*# 1
. O —=r
(slog&‘)_< (10gy)

and the proof iz complete.

for 5 < &, which implies the first part of Theorem 3.
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ACTA ARITHMETTCA
XIX (1871)

A Kuzmin theorem for a class
of number theoretlic endomorphisms

by

MrcHAEL S, WATHERMAN (Pocatello, Tdaho)

Recently several papers ([37], [4], [5], [6], [7]) have been concernecl
with generalizations of a 1928 theorem of Kuamin. His result gives a rate
of e~ for the convergence of fhe: iteration of an arbitrary funetion to
the invariant measure for the continued fraction. The present paper gives
a generalized Kuzmin theoren for & class of multi-dimensional F-expan-
slong whieh includes the w-dimensional continuned fraction. An earlier
paper ([6]) presented such o theorem with a rate of (s~ a(V). Our
present theorem improves the rate to ofy).

Ouwr M-expansions wepe fivnt considered in [6], and we inciude a ghort
sumtary of notation and assmwptions here, Let 4 be a fizxed convex
subset of B". Suppose I is o one-to-one continuous map of 4 onto (0, 1)*
We assume Jy (), the Jacobian of F, exists, the components of 7 have
continuous first order partial devivatives, and Ju(w) 54 0 for almost all
zed. Lot D == F'y P} == D{x)~[D{x)], and a,{z) = [D{T" )] (where
[e] = ([2,]5 [8a]s ey |':z,,i‘])). We call a, (x) the »-th coordinatle of the F-expan-
sion of ®. Letting

-2

(0, 1) = {wrel0, 1) T" (@) e{0, 1)" for all »= 1},

we [mpose the assumption m(0, 1)% == 1, where m denotes n-dimen-
sional Lebesguoe measure. We will write e & fo indicate the satisfaction
of these assumptions,

We defing the cylinder of order » generated by a realizable set of
coortlinates &, ky, ..., &, as

By Byl byy ooy b)) = {me(0, 1) a(@) = Ky, 4o=1, 0,

and the cylinder of order » generated by we (0, 1)% a8

B, == B, (@) = {QJG(O: L oy) = ay(w), ¢ =1, -';7”}'



