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The c¢yclotomic numbers of order twenty
by
JosEPH B. MusKaT (Pittsburgh, Pe]m.)
and ArsBERT L. WIITEMAN (Princeton, N. J.)*

1. Introduction. Let p = ef -1 be an odd prime. Let g be a fized
primitive root of p. The cyclotomic number of order e

{(By k) = (B, k)
ig defined as the number of solutions of the congruence
FEP Al = R modp), 0<h, E<e—1, 0K, i1,

A cenfral problem in the theory of cyelotomy is to obtain formulas
for the eyclotomic numbers. The derivation of these formulas has three
phases.

The firgt step is to express the eyclotomic numbers as linear com-
binations of coefficients of Jacobi sums of order ¢ and cyclotomic numbers
of orders which are divisors of e. The Jacobi sums (5", %) = (8", 5°)
of order ¢ are defined as

—1

p=t ) '
(1.1)  p(f, ) = 3 prutsmu0d where  f = exp(2mife).

f=2

Tn the second phase equations relating different Jacobi sums are
determined. This permits the equaling of various coefficients of Jacobi
sums. At the conclusion of this phase, each eyclotomic number is repre-
sented as a linear combination of a minimal set of Jacobi coefficients
and differences of Jacobi coefficients of orders ¢ and divisors of e. The
significance of this is that the relatively few numbers of the minimal
set of Tacobi coefficients contain essentially enough information to generate
all the cyclotomic numbers of order e for the prime p.

Tn, the third and final step, one seeks to replace the minimal set of
Tacobi coefficients by coordinates of ‘gquadratic décompositions of p.
The resulting represeniations of the eyclotomie pumbers are more useful
for cerfain applications.

* The research of the first author was supported in part under NSF grants
GP 2001 and GF 5308. The research of the second author was sponsored in part
under NSF grant G 24066.

Acta Arithmetica XVII2 . o - 5



186 ' J. B. Muskat and A. I. Whitoman

(It does not follow, however, that if one is given merely the appro-
" priate quadratic decomposifions of p, be can compute explicitly the
cyelotomic nnmbers of order ¢, The labeling of the eyclotomic numbers
depends upon the choice of the primitive root y. Some of the identition
hetween Jacobi sums depend upon the indices (modé) of the prime divisors
of e. In addition, for several values of ¢ there are sign ambiguities in the
equations relating certain Jacobi sums.)

Where formulag for the eyelotomic nurnbers of order e in tering
of quadratic decompositions of p have been obtained, we shall say that
a complete solution has been found. Complete solutions for ¢ == 2, 3,4, 5,
and 6 were given by L. E. Dickson [4], for ¢ = 8 by Emma Lehmer [11],
and for e = 10 and 12 by A. L. Whiteman [15], [16]. In published solutions
for ¢ = 9 and 18 [2], ¢ = 14 [12], and e = 16 [14], the third phase was
not carried through completely. It follows from Theorem 6 of [7],
however, that the solution for ¢ = 16 is indeed complete.

The principal result of this paper iz a complete solution for e == 20.
Ag an application, we show that if 5 is 2 biguadratic residue of & prime
p = 1(mod20), then the get of twentieth power residues, with or without
zero, does not form a difference set. Whether such difference sets exist
where 5 is not a biguadratic residue remaing unsolved.

2. Cyclotomy. In this section are gathered properties of cyclotomic

numbers, Jacobi sums, and the Lagrange resolvent to be uged in the :

study of the cyclotomic numbers of order 20.

If h = #'(mode) and % = &' (mode), the eyclotomic munbers (B, &)

and (', k') are equal, so that there are just ¢! eyclotomic numbers to
be considered. Application of the well-known identities ([1], pp. 202-203)

2.1) (hy %) = (—h, b—h),
&k, b} (f even),
(h+3e, htde)  (f odd),
reduces the number of distincf eyelotomic numbery to
(2.3) ' [(e*+3e+-8)/6].

Proof of (2.3) where f i3 even: By._ (2.1) and (2.2),

- (2.2) (h, &) =

(2.4) (ry k) = (&, R) . (—ky h—h) = (h—Fk, —F) - {t—h, —h)
= (=, k).

Assume first that 3‘|’e There are (6—1){(e—2) ordered pairs (mode)
for which :

(2.5} : hyk, h—k = (O (mode).
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But if (2.5) is satisfied, the six ordered pairs in {2.4) are different. This
accounts for (e—1}(e—2)/6 distinet eyclotomic numbers. If exactly one
of &, k, and h—k is divisible by e, then there are three different ordered
pairs in {2.4). This acconnts for e—1 distinct cyclotomic numbers. Finally,
add one for (0,0). The total'is (e2+3e+2)/6. (Dickson ({5], Theorem 5
and Section 12) was familiar with this result for e = g or 2¢, ¢ & prime
> )

If 3le, one adjustment must be made — if h = e/3, & = 2¢/3, then
there are only two different ordered pairs i (2.4). For all other A, k&
safisfying (2.8), the six ordered pairs in (2.4) are different. Torrethe1
these account for 1-4-(e2—3e)/6 distinet eyclotomic numbers. Thns the
total is

1+(e?—3e)/6Fe—1-+1 = (e2-+3e-6)/6.

A gimilar analysizs may be performed where f is odd.
Henceforth wherever e is even, let ¢ = 2E. Define the differences

s(h, k) = (b, B)— (h, k+B), t{h, k) = (h, k)— (h+E, k).
Then it follows from (2.2) that
s(k, 1) {(f even),
s(k+B,h-+E)  (f 0dd).
Let ¢ = y2. Dickson showed that ([6], (2))

—1 y-1

(2.7) (h, k), = 2 2 (h+nz, k-+r2),.

(2.6) th, k) =

By rearranging this identity in the case y = 2, z = F, Whiteman ([l—l},
Lemma 1) showed that

(2.8) d(h, B), = (b, BYg+slh, B)-Fs(h+E, k) +2i(h, k).
Turning now to Jacobi sums, we first set 5 =0 in (1.1):
p—2  (e]r),
2.9 T, 1)} =
(2.9) CEN =100

Let r+s-+1 = 0(mode). It follows easily from (1.1) (compare [3],
() that

(2.10)  w(p", B = w(f, F) = (—17p(F, 8%) = (=179 (8, £)
= (=18 B = (1T (BT, 6.
If ¢ is divigible by at most two distinet primes, at least two. of the six

expressions in (2.10} can be written in the form 4 ¢ (™, §"). (By contrast,
(A2, f?) eannot be represented in this manner.) Collecting the exponents
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of p which lie in the same residue class (mode) gives the following
expansion of (™, %) in a finite Fourier series (compare [13], Theorem 3):

e~—1

1)1mj‘ 2 b(] it ﬁm

i

(2.11) w(B™ ) =

The ‘Jacobi coefficients b(j, v)
([13], (6.2)) defined by

= b,(4,v) are Dickson—-Hurwitz snms

=1

(2.192) b{j, ) = > (h,j—oh}.
=0
They satisfy
@13)  b(G,0) =b,e—1—2)  ([12], (3.7)),
. =1 {eld),
2.14 b(j,0) = . [1], p. 201).
(2.14) (4,0) P (611), ([1] P )

I ¢ = yz it follows easily from (2.11), or alternatively from (2.12)
and (2.7), that
(2.15) b7, %) 2 bo (472, ©).

If ¢ == 28, define the Jacobi difference

(2.16) A7, %) = do(j, v) = b(j, v)—b{j+-E, v).
Note that
(217) i+ E,v) = —d(j, )
If e =2F and » iz odd, (2.11) can be written as
) H-1
(2.18) : p(B, ") = (=10 3} a(g, o).
. . =0

If, in addition, ¥ is odd, (2.18) can be written as

B-1 .
~1)7 3 atzj, ).

In particular, if n = B, applying (2.10) and (2.9) to (2.19) yields ([15],
(8.2.0))

(2.19) y(B7 8" =

(2.20) Y a95,0) = —1.

We shall have occagion to refer to the following two lemmas:
Iomuma 1. If ¢ = 28, then ([17], Lemma 3))
2f—1  (B15),

VO EMIAE B =
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Limmma 2. If o is velatively prime to e, then b{j, v} = b(%], 7), where ¥
salisfies v0 = 1{mode} ([15], Lemma 1).
Lemma 2 implies that if ¢ = 28 and » is relatively prime to e

(2.21) aij, v} = 47, 7

Thers are two especially interesting cases where ¥ iz even:

(2.22) a(j, B—1) = a(j(B—-1), B-1),

(223)  4(, B+1) = alj(B+1), B41) = d(j+E, E+1) =0 (jodd),

by (2.17).
The resolvent of Lagrange ([1], p. 83)
p-1
7(p") = Y B*™%%exp(2niz/p)
g=1

is associated with the Jacobi smums through the relationship ([1], p. 86)

(2.24) w (57, B = T(B) (B (™,
provided n-+r is not divisible by e. By means of (2.24) we verify that
(2.25) P (B, B p (B, 5% = w(f™, 8w (A" B1).

An important property of the resolvent is ([11, p. 87)

(2.26) T(f)r(p) = (=1)"p,
provided = is not divisible by e. Hence if ¢ does not divide », 7, or n-+r,
(2.27) (" Bly(BT BT =

Two cases of a remarkable identity established by Davenport and
Hasse ([3], (0.9)) will be used: If ¢ = 28,

(228) v e() = FEeB) e,
ble, let 6 be_ a primitive fifth root of unity. Then
(2.20) () z(F 0)T (8072 (B %) (B0 = BT P e (),

Let ¢ = 2J; divide (2.28) by =(f**") and also by (BB 2 (89 ) ().
In view of (2.24),

(2:30) w8, 87) = Pl B
(2:81) (B, B = B (8 B)

g*¥ = 2(modp).

g7 = 5(modp).

(t # $B(mod B)),
(t = 0(mod ).
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In (2.31) veplace ¢ by 2¢ and eonibine with (2.30):

p(E, B = P Ty, 6

3. Cyclotomy where ¢ is four times an odd prime. The primary goal
of this section is to derive a general expression for (A, &), by carrying
5 bit furfher results obfained in Sections 3 and 4 of [16].

Let & denote an odd integer, B = 24, and e = 4&. Let #(j, v),
B(j,v), and b(j, v) denote coefficients of Jacobi sums of orders &, #,
and ¢, regpectively. Leb

D(j,v) = B(j,n— d(j,v) =b(4,v)—

(This notation differs somewhat from that of earlier papers.)
We commaence with o reformulation of Theorems 3 and 2 of [16].

(2.32) . (t# 0, 1B (mod F)).

B(j+ &, 0), L(j-- 8, v).

TurorEM 1.
-1 )

2 Y [(hy kt-dm)— (h+ B, bt Bt dny+ (h+ B, b+ dn)—(k, b+ B+ 4n)]
=0

= d(—h+(k—h)&, &)+ d{—h—(k—h)&, — &).

Proof. It follows easily from (2.2) and (2.12) that for an. odd integer »,

(3.1) A 2

-—‘U? ?‘

where ¢ = h-} Hf{mode). Take v == n (3.1) and write v as 4dntz:

£-1 3
Z S {j—-2d, dn-t7).

. Mesl Z=0
Similarly, for v = — &,
A -1 3 .
b(j, — &) = 3 M (j+aé,dn-t}z).
n=0 g=0
Thus

A —h-+-(k—h) &, &)+ d(—h—(k—h), — &)

f~1 '3 . R
2 ;Y.,[(_"’JF (b—~h—2) &, 24 An)—(— bt (b—h—2) ¢+ B, 5-- 4n) -+
(ﬁh_(k loe-2) €, 2t-dn)— (—h—(h~h—2) 6-- B, 2 dn)}.

Whenever k—h_,—z iv odd, the first and the fourth terms in the
brackets cancel, and the second and the third terms also cancel, Thus
2 can be agssumed to take on just the two values k— h and k— h+F(mod 4).

icm
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Then the first and the third terms are the same, and the second and. the
fourth terms are the same. Henece

(3.9) ,(—li+{k-7?) ¢, sjta{—h—(k—1) &, — &)
=9 Z ",
+(w—h—i—E EF—h+f+d4n)—
=2§ (b, ok 40) — (b B, Tt B4 40) - (h+E, b+ dm)—

( 4B+ 4n)l,

by (2.1), g.e. d.
Replace —% by h and E—h by k in (3.2):

dh+-ké, &)+ dh—kE, — &)
&1

=2 ' [(hy Tt dm)—
=0

Combining this with Theorem 1 yields
TUROREM 2.

E—h+dn)—{(—h4-B, k—h-4n)-+
(—hy b—h+B 4 4n)]

(b, bt dn) - (B, b+ B+ 4n)— (b, b+ E-+dn)].

&—
4 21 [(h, Tt dn)— (h, b+ B4 4n)]

n=0

e A(hLRE, E)FAR—FE, —E+d(—h+(E—h) &, &)+
+d{—h—(k—h) &, — &).

Define
1, rin,

0, #tn.
We now state the principal result of this section.
THEOREM 3. Let & be an odd prime, B = 28, e = 2E. Then

Q_‘(’fb,’r‘“]_:

selh, k Eﬁ(k—i—hv )= 4F( & — 3)H 1+ (1) (~1)P+ (—1P*

e 2 [.D(k -2, 20)-- D (h-+2kv, 20)+ D (h—k—2kv, 20)]+
B=1 .

—1Y d (k- 2ke, 20)+

4 Al k— 2%, 20)]+ 4[(h, B)e— 4 (R, E)]— 4¢(k, &)~
—dg(h—F, 0)— 21+ (=1 "1g(h, B)+

(=1 E[D(—h, &)+D(—k, O+ D(E, 6)+
Lok héE, E)F2d(k—hé, — E+
24— R (kR &, &) +2d(—h—(h—h) &, — &)+
F(—1Y2 [~k (h—F) &, &)+ d{—k—(h—k) &, — a).

FoE]
+2 3 [d{k+-2hv, 20} (

w=1
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Proof. From ([16], (3.7)}, Theorem 1, and (2.7),

(33)  els(h, W)+ s(b-1-B, B)] = 2d(—h+(b—1) &5 &)
+20(~h—(k—h) &, — &)+ 4[(h, b-1-20)y— (B, k)y -
Bl
(B H, k- B)y— (h-HB, 842 3 d(k4-2he, 20).
=0

From (2.6), ([16], Theorem 1), Theorem 2, and (2.7),
et(h, k) = d(k+hé, &)+ dk—h&, — &)+ d(—k+ (h—F) &, &)+
Fd{—k—(h—k} &, — &)+ 4T, h-+B)— (k, k);]+

+ 621 d(h--Fo, v)
- =0

= d(k-+E+(h+B) &, &)+ dlk-+B— (h-+5) &, — &)
+d[— E+B+(h—E) &, &)+
+d{—k+BE—(h—k) &, — &)+
—H [(k+E, by— (k-+E, b--E) ]+

" ;; ah+B+ (k+8)v, v)

(3.4)

(f even),

(f odd).

Separate each sum in (3.4) into two sunis, one contuining the terms
for which o is even, and the other having the terms for which v is odd.
Apply {2.13) to the sums in which » is odd. Apply (2.2) to the cyclotomic
numbers of order 4 in (3.4). The result is a single expression for et (h, k)
which holds whether f is odd or even:

(3.5) et(h, k) = d(k+h&, &)L AK—hE, — &)+
F(=1Y [ =+ (h—F) &, &)+
. e
+d{—k—(h—F) &, — &)+ 21 [d(h—k—2kw, 20)+
==}
(=LY (k- 2k0, 20)].
"Thus from (2.8}, (3.3), and (3.5),
(3.6) de(h, k), = e(h, kgt 2d(—~h-+ (b—h) &, &)
+20( b (k— ) &, — &)4-2d(k+h &, &)
+24(k—k ¢, — &)+ (— LV E|d|—k+(h— k) &, &)+
BT (h—T) &, — &)+ 4[(h, h+-B),+
+ (b8, k)t (h+ B, b+-E),— 3(h, k),]+
B-1
+2 3 [d(k+2hw, 20) 4 (—
_v-—m )
+d(h—k—2kv, 2v)]..

AL(A-+B, T)y— (b, k)4

1Y d(h4 28y, 20)+

icm

(38.11)
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If (2.14) s applhed to the summation in (3.6), it becomes

B-1
2 3 [d{k+ 20, Sv)+

p=1
— 22— gk, B)+ (—1g(h, B)+(—1)* M q(h—k, B)].
2 of [12]. (Note that the f

(3.7) —1Y d(h+2kv, 20) - d{h— k—2kv, 20)] —

¢(h, k)p has been evaluated in Theorem
of that paper is taken to be even here.)

(3.8) e, k)y = 3‘2 A+, v)—4f (E—3)+1+(

(=1 (- 1)’*-’*[D(—h &)+ D(—
+(-1)"D(
-+ D(h+ 2kv, 2t)+D(k— I 2kv, 2v)]—
—2[q(k, By+q(k, B)+q(h—k, B}].

Combining the ¢ terms in (3.7) and (3.8) gives

—dq(k, 0) —4gq(h—k, ) —2[1+ (—1Y ™ g(h, B)].
A[(h, k+B)y+ (h+B, B+ (B, k+Ey—8(h, k)]
== A[(h, F)y—4(h, B),].

Substituting (3.7) and (3.8), as modified by (3.9), and (3.10) inte
(3.6) gives the theorem, q.e. d.

Formulag for the cyclotomic numbers of order 4 are tabulated in ([8],
pp. 156-157). They are expressed in terms of ¢ and b in the quadratic
decomposition ' '

—1f 4 (1) +
By €)1+
&)+ 2 [D{%k-+ 2o, 20)+

(3.9)
(3.10)

p = a' b, o=1(modd).

By means of these formulas one verifies easily
TarorREM 4. Let Clh, k) = 4[(h, k)y— 4(k, k)] If f is even,
(0, 0} = 663,

0(0,1) = ¢(1,0) = C(3,3) = 2—-22—8y,

€0,2) = G(2,0) = C(2, 2) = 23,
1) = 2— 28y,
)

2) =
€[, 3) = 0(3, 0) = €(1,
0{1,9) = €(2,1) = 0(1, 3
=((3,1) = —3—2a.

If f is odd,

I

2
0(3,1) = €(2,3)

C(0, 0) = C(2,0) = 0(2,2) = 2—34,
C{0,1) = 0(1,3) = 0(3,2) = —2—2a18y,
(0, 2) = —64-6x,

0(033) =01 :2) = (3 s 1) = —2--2r—38y,
o1, 0 = ¢(1,1) = €(2,1) = 0(2,8) = C(8,0)

= 0(3,3) = 2+2a.



194 J. B. Muskat and A. L. Whiteman

Note that Theorems 4 and 5 of [16] hold for every e which is @ mul-

tiple of &

In (2.15), seb 2 =4, ¥ = & ¥ odd, If v = 4243,
(p—5) (414),

Hp—1) (441),

ESC

&—1

SV, (i- s, 484 3) = by(E,3) = b (5, 0) =
=0

by (2.13), (2.13), and (2.14). Hence

2 d, (48, 414 3) = d,(0, 3} = —1,
(3.12) -

E A1 +d8, d43) = d,(1,8) =
oo =41,

&—1
3 b (it s, dE-F1) = by(d, 1),
s=4
According to Dickson ([4], (50}) B, (1,1) = (~—
= — g3, where a and b satisfy (3.11). IHence
&1
_2 d,(ds, 4-+1) = d,(0,1) = (—=1)a
(3.13) =0 :

Z (1-4ds, dt4+1) _d4(1 1) = (1Y b.

§==0

1Y[d,(0,1) - de(1, 1) 5%

4. Cyclotomy for ¢ == 20, Throughout this section ¢ = 20, B = 10,
¢ =5. § is a primitive twentieth root of unity.
~ Theorem 3 expresses (A, &)y, as a linear combination of p, a constant,
Jacobi coefficients of orders 5, 10, and 20, and cyclotomic numbers of
orders 2 and 4. The contribution of these cyclotomie numbers is given
in Theorem 4. The Jacobi coefficients of orders 5 and 10 are expressed
in [15] in terms of ,w, v, w, where
{4£,1) 16p = 22+ 50w+ H0v® 4 125w?,

The relationships are summarized as

THEOREM 5. o

204(0,1) = 4p— 8-+ 4a,

20#(1,1) = 4p—8— x-+ 10u+ 200 -+ 252,

202(2,1) = 4p—8— 2+ 20u— 100 — 25w,

20#(3,1) = 4p— 82— 200+ 10v— 25,

20#(4,1) = 4p—~8—w— 10u- 200+ 25w,

#(3,2) = #(3j,1), 4(j,3) = #(j,1)

=1{mod 5}, ww = v®— ¥*—dur.

([15]; {4.7))

(Lemma 2, (2.13)),

D{2j, 4) = #{3j+ 3T, 1)—4f ([1B], (6.12)),
D(j,2) = D{j4-4T, 4) ([18], (6.7)),
D{j, 6) = D(Tj+4T, 4) ([15], (6.8)),
D(j, 8) = D(j+2T,4) ([15], (6.6)).

iom

by the first statement of the theorem, (2.15) and (2.16).

The cyelotomie numbers of order fwenty 195

By virtue of (2.13), it suffices to determine d(jf, v), L=< v < 17, v oddl.
As we determine a minimal set of Jacobi differences for these d(j,v),
we ghall express d{j, 1}, d(j, 3) and d{j, 7) in ferms of &(j, 9); d(j, 15)
and d(4§, 17) in terms of d(§,11); and d(j, 15) in terma of d(j, i). We
note that either @ or b, defined in (3.11) and (3.13), will appear in the
expression of d{j, v;) in terms of d(j, v.) if v, 2% v,(mod4). Furthermore,
d(2j,11) can be expressed in terms of a Jacobi coefficient of order 5.
We begin by examining d{j,11) and 4(j, 9).

THEOREM 6.

A(2j-+1,11) =0, d(4§,11) = D(2j+ 4T, 1).

Proof. The first stutement is a special case of (2.23). Nowseti =1
n {2.32):

(4.2) | p(8", B) = BT wif B
Expand the left side of the equation by (2.18) and the right side by (2.11):

19

—1)f_§£d(j,11)9 = Y b(j, 1A

Since 2 is a quadratic residue of p = 1{mod20) if and only if f is even,
(4.3) (—1) = p"%.
Thus

=

Sag, 1§ = § 31b(5, D+ b(i+10, LI
=0

i=0

’ 3 ar ) 21 i an 4 . 2}
a2, 118Y = g% 2B, VT = XD, D
i=o =t =0

127

Sy

e

D(j+4T, T

i)

Henee

4 4 . EY

Sagi, 11)‘5“ N D(j+4T, D) = 3 DE@i+ 4T, 1) 5,
{0 J=:0 i=0

— DT, 1)]5%.

[d(44, 11)—d(0, 11)]f* = 2 D2+ 4T, 1)

e

1=1

These sums both lie in the cyclotomic field of degree four over the rationals
formed by adjoining p*. A basis for ‘this field is %, g%, g™, B Tlms it
is permissible to equate coefficients of like powers of f#:

d(4i, 11)—d(0, 11) = D(@i+ 4T, )—-DHT, 1), =10,1,2,3,+.
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S this equation over i =0,1,3, 3, 4: By the law of quadratic reciprocity, (5/p) = (p/3) =1. Hence F
4 L . ‘ . -8 even. If F = 0(mod4), equating (4.8) and (4.10) by virtue of (4.6)
3 d(4id, 11)—5d{0, 11) = _261)(2@—[— 40, 1y - 5047, 1), chows that
4=0 i=
L . SBI+2C(A—0— 0264 = 0.
Both sums equal —1, by (3.12) and (2.20), respectively. ITence d(0,11)

= DT, 1), so that d{4i,11) = D(2+-4T,1), ¢ =10,1,2,3, 4, Sinee I is purely imaginary and 68— 0*— 0+ 0* is real, B = C = 0. By
By combining Theorems 5 and 6, we chtain ' (2.27) :
(4.4)  @(4,11) = D(2j+4T,1) = D(%+4T, 8) = D (26T, 4) (411 p = {(—1p(, HI = A+ DI(6— 0~ 0"+ B*)F_= AP 3D0.
= B(3§-+2T, 1)—4f. Similarly, if F ==2(mod4), v(f*,8) = —p(f", "), 50 A =D =0.
The study of (4, 9)‘is a modification of that in [17], which wus (4.12) 9 = |BI+C(0—6— -+ M = B450°.
based on work of Cauchy. By (2.28),
o ‘ , Bet ¢ =2 in (3.13) and apply (4.T):
(4.5) ()2 (f7) = (=1 = s (g (5"™). :
, : 13 {—1Y e = (0, 9)+2d(4, 9)4-24(8, 9),
: == & == 7 [B): N
In (2.29) put 6 = g* and ¢ = 1, then apply (4.5) 7 (4.13) (=1 = d(5, 9)+-2a(L, )+~ 24(13, 9).
5 '3 13 17y __ g--58 5 3 17 7 13 -
(@) e (B)2(F) (BT (87) = £ (F) e (F) e (87) e (F) v (A7), Let the quadratic decomposition. of p given by (4.11) and (4.12) be
(B)7(F) = B3 v (B (7). written as
9 Y . ' — 2 2.
(4_6) . "P{ﬁ), ﬁ) — ﬁ 51 w([)ﬂ’ {3;3), (4.14) ) ) P [#} +5d
in view of (2.24). : : If F=0(mod4), let ¢=A,d=D. B=0C=0. ¥ F=2(mod4),
In (2.18) with © = 9, set n = 1, then 3: ' let 6 =B, d=0. A =D =0. Then the six equations in (4.9) and
9 ‘ v (4.13) can be solved for the six quantities d(0, 9), d(4, 9), a8, 9),dd, 9y,
P, 8) = (=1 3 a0, O, (B, 5 = (=1 Yy, 9Hpv. 4(5,9) and d{(13,9) in terms of a, b, ¢ and 4, yielding:
g =0 '

TeEOREM 7. If 5 is a biquadratic residue of p,

d(1,9) = d(9, 9), d(3,9) =a(7,9), BaA(0,9) = (—1/" a+tde,

4.7 -
w d(2,9) = —d(8,9), d(4,9) = —d(6,9). Bd(4t,9) = (—1)Va—e (B711),
Hence ’ o Bd(5,9) = (—1Y8,

(4.8) (=198, 8) = A+-BI4 (C+DI)(0— 05— 07+ 0%, ' 5d(1,9) = Ba(9, 9) = (—1Yb-+5d,
where 0 = 8%, T = g%, ' 5d(13,9) = 5d(17,9) = (—1)b—5bd.
24 =240, 9)+d(_2; 9)—d(4,9) | If 5 is a biquadratic nowresidue of

(4.9) 2B =23(5,9)--4(3, 9)—d(1, 9), BA(5,9) = (—1)b-4e,

| 20 = d2,9)+d(,9), o S5+ 41, 9) = (—1YB—0 (511},
2D = d(33 9)+d(1) 9)- ’ ' ’ ) 561(_0, 9} - (_1)f+1a, ) :

Similarly, _ _

' 5d(4,9) = 5d(16,9) ={—1)*"a--5d, .
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CorOLLARY. If 5 is a biguadratic vesidue of p, 5lb and d is even.
Otherwise 5ia and ¢ iS5 even. '

Proof. By (2.13) and (2.16), 4(j, 9) = d(j,10). Bubt (2.16) and
Lemma 1 imply that d4(j,10) iz odd if and only if 10[j. Thus if
F = 0{mod4), the formula for 54(1,9) shows that 5H{b and, since b ig
even, d must be even. If ' = 2 (mod4), look at the formulas for 54(0, 9)
and 54(1, 9).

Part of this corvollary is not new. See, e. g., ([9], p. 69).

TIHEOREM 8.

a(j,1) = d(j--127, 9).

Proof. In (2.531) set ¢ =1 and apply (2.10), then (£.3):
ﬂzT".“(ﬂ: ﬁ) =p (", f) = (““1)1"/’@9! £)s
{4.15) . w(f, B) = B v (8 B).
Expand (4.15) by means of (2.18):

2 . 9
jgn aj, DF = g7 -Eod(.j’ 0§ = por Ed 19, 0y g
"By (2.1 )_
% (44, 1}B*¥ L d(di-+1, 1) pH+?

4
= 2 dui+121, 9) ﬁ“‘»{wd(lz-{ 14127, 9)p,

(4.16) a4, 1)—

d=0

a8, 1)]184‘!.'—}" (d(4i+1,1)—da(9, 1)]ﬁmi—|.1

bA.;

= N[d(£i+12T, 9)— d(8+12T, 9)}4% +-

=0

Since Ehe CO(—;f.[lGllentS of % and ﬁg in (4.16) arve zero, and pince the seb
1,8, 8% 8°, 6%, B, g%, f?” formg a bagis for the cyclotomic field formed
by ad]mmng A 1:0 ’mhe rationals, we may equate coetficients of corresponding

powers of f in (4.16):

(4.17) a4, 1)—d(8, 1) = A(4i-+127, 9)— (8127, 9),

(418) A1, 1)—a(9,1) = d(4i+1-+12T, 9)— 4(94-127, 9).

Swim (417} over ¢ = 0,1,2,3,4 and apply the first staterent of {3.13)
to. obtain 4(8,1) = d(S—I-lZT 1), so that d(4d, 1) = d(44+12T, 9).

Similar use of the second statement of (3.13) af
ter summing (4.18) yields
d(4i4+1,1) = d(4i-+14+127, 9). § (18 v

Then p* = p
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Lvwa 3, Lef
(4.19) wyp(f, B) = v, B)-
5k
Proof. Set i =2 in (2.32), apply (2.19), then nse (2.24):
BT (B ) = w(B™, B°) = w(f, 8%,
(B = (89 (8,
t(B) () /r (%) (BT (BT (8%) = BT e (B = (B[ (BY],
p(B, BYu(F®, B = 87w, B = £ 87w(f, AV,
by (4.19). Bub
p(B, 8 = BTp(7, ) = BT w8, B) = AT (8, B,

by (4.15) with g replaced by #°, (4.6), and (4.15) as it is written. Hence
po= BSF

Since ¥ is even, w is a fourth root of unity. In oraer to facilitate
working with equations containing g, we introduce the following notation:

Let _
(.4__20) o= ﬁm’ M = (_1).15):1(1)24.-1)} M’ —_ (_1)%111(1:»1—1).

One may assame that m takes on the four values 0,5, 10 and 15,
TﬂEOkEM 9. '
a(4j, 3) = d(&j—m, 1)—[1+d,(—m,1)]/5,
A4 +1, 3) = ddj-+1—m,1)—dy(1—m, 1)/5.

Proof. We proceed as in the pro of of Theorem 8. Expand (4.19)

by (2.18) and use (4.20):

9 9 X
23, 3)F =p" Zd gy 1p =8" 24:1(] m, 1) ﬁ’“”' gﬂd(jwm,l}ﬂj-

=0
(4.91) d(di, 8)—d(8, 3) = d(4i—m, 1)—d(8—m,‘ 1),
(4.92)  d(4i41,8)—d4(9;3) = d(4i+1—m, 1)—d(9—-m;1).
Sum (4.21) over ¢ = 0,1, 2,3, 4:

4 4 .
2 (4%, 3} —"d(S 3) = ¥d4i—m,1)—5d(8—m,1).
i =

The two sums can be evaluated by (3.12) and (3. 13), respectively. Then
substituting the value of 4(8, 3) back into (4. 21) yields the first statement
of the theorem. The second part is obtained by summing (4. 22), evaluating
the gums, and substituting back into (4.22).
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By ecombining Theorems 3 and 9, we obiain
d(4j—-12T, 3) = d{dj—m, 9)—[1+d,(—m, 1)]/5,
d(4§+1 12T, 8) = d(4j-+-1—m, 9)—d, (L —m, 1}/b.

We now evaluate (4.23) by means of Theorem 7, and express the resulbs
compactly with the aid of the notation defined in (4.20) to obfain
TrrorEM 10.

(1.23)

A(8T, 3) = (4 Me—1)/5,
(1.94) Adj-+ 8T, 8) = (—Me—1)[5 (51 5),

A(4j-+ 58T, 3) = (%-)M’(z.
)

Notice that ¢ and & do not appear in Theorem 10.

From Theorem 9 and (4.24) we deduce that 1--d,(—m, 1), d,(1—m, 1)
and Me-+1 are divisible by 5. Combining this with the Corollary to
Theorem 7, we obtain the following determination of p:

Lemma 4. _
p=1, m=0, M=1, M =1: a=/(-1)(mod5s),
' ¢ = 9(modl10).
pe=—1,m=10, M=—1, M = —1: a= —(—1) (modb),
1(mod10).
p=p, m=>5, M=, =1 b= (—1Y(modb),
=: 6 {mod 10}.
p=pF% m=15, M =1, M =—1:b=—(—1)(mods),
: | ) = 4{mod10).

This determination is definitive only if F == 0(mod4), for in this
_ case we use the fact that 4 = 1(mod4) to ascertain whether p =1 or —1.
Since the sign of b depends wpon the choice of the primitive mot ¢, it
F =2(mod4) whether x = f* or g depends upon g.

Although by (2.21), 4(j, 7) = d(3], 3), we prefer to evaluate d{j, 7)
by means of :

(4.25) S TR, 8 = w8 p)
Proof of (4.25). By (4.19) with 8 veplacing f,
w(# B) = w(B", ) = (8", §7)
= WD, F) = W BT Ty, B) = uf" (R, B),
by (4.15) with " replacing £, (4.6), and Lemma 3.
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Expand (4.25) by means of (2.18):
B Sl Y = B 2,08,
ﬁ”é‘)d(j-ﬂﬂa N = ﬁmégd(jﬂm, 9p.
Proceeding as in the proef of Theorem 9, we establish
AU — AT, T) = d{dj—m, 9)—[1+d,(—m, 1)1/5,

AT+ 1— AT, 7) = d(4§+1—m, 9)— d,(1—m, 1)/5.

Comparigon with (4.23) shows that d(j—4T,7) = d{j—lzfl’ 3). Hence
from Theorem 10 we obtain

THEOREM 11.
a{—4T,7) = (4Mec—1}/5,
d(ia_ N =(—Mec-1)/5 (515,

A(dj - 5—4l, 7) ﬂ(%)M’d.
We turn now to the evaluation of 4(i, 13) and. d{i, 17). By (2.21),
(4.26) a(j,13) = a&(17§, 17).
THROREM 12. If F = 0{mod4),

A4, 17) = Ma(4j-+137, 11)4-[(—1)* a+M]/5,
A(4§+5,17) = (—1Yb/5.

(4§, 17) = (—1)"af5,
d(4i-1-5, 17) = Md(4j-+-12T, 11)--[(—1Y b+ M]/5.
Proof. In (2.25), take n = 1, r = 2, § = 1, then divide by (4.19):
(8, ) = w(8 ) = 67w (8", 4,
by (4.2). Apply (2.10) and (4.3):
wp(f7, 8) = 87 p(B", B)-
Expand by means of (2.18):

g ) M
g 3 dlj—m, I = T 3 AT, 1T
b _

= Zd(ZfH-l‘?T 11) g%,

g=0

- Acta Arithmetica XVILZ
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by Theorem. 6. Hence
A(dj—m, 1T)— a8 —m, 17) = d(4j+127F, 11)— d(8 4127, 11),
d(4j+1—m, 17)—d(9—m,17) =0
Sum over j = 0,1, 2, 3, 4, apply (2.15) and (3.12), and substitute to obtain
A(df—m,17) = d(45+120, 1) 4-[1 4 d,(—m, 1)]/5,
d{4j+1—m,1T) == dy(L—m, 1){b.
To complete the proef, seb m = 0 and 10, then § and 15, and apply (3.13).
TaeorEM 13. If F = 0(mod4),
' Ma(4j, 15) = a(84, 5)4-[(—1) a—I}5,
—Md(4j+5,18) = A(&F+5, 5)— (—1Yb/5.
If F=2{mod4),
Ma(di, 16) = a(8j+5, B)—[(—1Yb—M]/5,
‘ Mi(4+5,15) = d(8f, )+ (—1Yafs.
Proof. In (2.25), set » =1, r =3, s = 1, then divide by (4.19):
pp(f /5 = y(f’, ﬁ“)
(AT 8) = (8%, 8
Expand by means of (2 18):

-ﬁ””éd(j—m,lsmf“m=zdc N = 3t 5.

=0 Fe=t

by (2.10).

Thus if we take as a basis g, f 8% £°, %, 8%, §%°, B",
d(4j—m, 15)— &(—m, 15} = &(8&j, 5)—d(0,5),
A4+ B—m, 15)—d(B—m, 18) = d(8j-+15, 5)— (15, 5).
2,3, 4 and apply (2.15) and (3.13):
d{4j—m, 18) = A(8], B}+-[dy(—m, 3)+(—1) a)/3,
A(4j-+5—in,15) = d(8j+15, B)-+[dy (1 —m, 3)4- (1) 03/5.
To complete the proof, set m = 0 and 10, then 5 and 15, and apply (3.12).

Some of the relationships between Jacobi sums developed in this
section weve previously stated by Diekson ([6], Section 15).

5. Evaluating the cyclotomic numbers of order twenty. To produce
a formula for any cyclotomic number of order 20, substitute into Theorem 3
valiues of the appropriate cyclotomic numbers of orders two and four
and Jacobi sums of orders 5, 10, and 20 which can be obtained from
Theorems 4 through 13 and (4 26). Tt is necessary to specify only two
. parameters, T' and u. These determine the parity of f, and F (mod4),
by (4.3) and Lemma 3, respectively.

Sum over § =0, 1,

icm
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The formula could be expressed as a linear combination of twenty
variables: p, the constant 1,a, b (see (3.11)), o, @ (see (4.14)), =, u, v, w
(zee (£.1)), and d(4,5), 0 <j< 9. According to Theorem 6 of [7],

Zdu, =P,

80 the zolution of the cyc.lotomle nunther problem for ¢
aceording to the definition given in the infroduction.

Not all of the variables are lmeallv independent, hewever Aceord-
ing to (3.13),

@0, 8)—a(2,5)--4(4,8)—d(8, 5)+ 4(8, 8) = (—1)"a,
d(1,5)—d(3,5)+d(5,5)—d(7,5)+d4(9,5) = (—1)b.
Two of these variables must be dropped to form a minimal set. In the
interests of symmetry, ¢ and b were dropped, instead of two of the 4(7, 5).

Producing a list of all the formulas for the cyclotomic numbers,
however, is a formidable taslk. There are ten choices for T {1mod10) and
four possibilities for p, so that there are forty classes to be considered.
TFor each class 77 formulas must be computed, according o (2.3). We
turned to the computer for assistance in deriving the 3080 formulas.
An agtembly language program was written for the IBM 7070 to generate .
the formulas,

Computers were quite useful in earlier phases of the study as well.
First the cyelotomic numbers of order twenty were computed for over
600 primes. From these, values of Jacobi coefficients were computed;
examination of these values helped formulate some of the theorems
proved in Section 4.

When the eyclotomic numbers were computed for the prime p, ¢ was
chosen to be the smallest positive primitive root. Unless 5|7 and 4|.F,
the choice of g determined in part which one of the forty classes of formulas
would be applicable to p. Where the cyclotomic numbers had been
computed for at least eighteen primes in a class, the formulas for that
class were determined empirically. Specifically, we found the coefficient
& 0f the jth variable in the formmula for 1600 (k, k).

For eighteen primes p;,1 <4< 18, in a class, the values of the
eighteen variables were .computed. This gave rize to.a set of eighteen
linear equations

(5.1) - Z‘a,,,« ine = 1600 (h, ),

= 20 iy complete

gy,

where a; denotes the value of the jth variable for the ith prime, and
(h, k), is the value of (b, k) for the ith prime. The seahng faetor of 1600
wag used to insure rational integral values for the :

The.zet of equnations (5.1) was solved by computer, The eomputed
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values of the coefficients were rounded to the nearest integer. It wag
then verified that these integers formed the exact solution. These coeffi-
cients, computed for nine classes, were very helptul in the detection
(and elimination) of errors in the program which generated all the formulas
for the eyclotornic numbers.

Tt is not appropriate to include all 3080 formulas. Table 1 consists

of the formulas for the class T == 1{mod10), f odd, p = #°, ¥ = 2 (mod 4),
For each of eighteen primes in this class, the values of sixteen of the

TABLE 1. Cyclotomic number formmlas
Jodd, ind2 == 1 (mod 10),

icm

th, B p 1 ¢ 2 € iw L] 17
1600 (0, 0) =4 —138 18 —40 -5 ~ 110 — 21 25
1800 (0, 1) =4 4 - 48 —50 —-18 130 —~G0 350
1600 (0, 2) =4 4 —48 40 28 30 40 —~175
1600 (0, 8) =4 + 16 120 —24 50 ~ 50 —160
1600 (0, 4) =4 4 16 120 10 30 -80 0
1600 (0, 5) = 4 i 32 —40 27 ~70 ~140 ~175
1800 (0, 6) =4 4 32 0 -2 80 60 250
16000, 7) =4 & 146 ~200 31 30 — 40 a6
1606 (0, 8) =4 4 18 w120 - 20) --230 190 250
1600 {0, 9) =4 4 —48 40 2 -10 30 0
1600 (0, 10} = 4 4 —48 120 3. 870 80 9225
1600 (0, 11) =4 4 18 80 i ~d40 20 150
1606 (0,12) = 4 £ 16 40 15 110 120 25
1600 (0, i3) =4 4 112 —40 -8 50 -850 250
1600 (0, 14) = 4 4 —48 —300 —22 30 -80 0
1600 (0, 15) = 4 4 —84 —40 11 a0 180 225
1600 (0,16} =4 4 B4 o 1) 0 -100 - 50
1800 (0,17) =4 4 —48 120 T 110 120 ~175
1600 (0,18) = 4 4 112 40 -12 ~70 310 —50
1600 (0,19) = 4 4 18 40 -1 70 - 210 0
160041, 0) =4 -6 18 0 -10 ~40 20 150
1600 (1, 1).= 4 ~15 16 —40 ~10 70 -10 100
1600(1, 2) =4 4 16 —200 ~4 —-10 o180 50
1600 (1, 8) =4 4 —~48 —-180 -8 —~140 w100 ~100
1600 (1, 4) =4 4 - 64 ~40 0 30 - 10 150 -
1600 (1, 5) =4 4 —104 40 10 20 40 150
160041, 6) =4 4 —24 80 -14 50 -~ 150 ~100
1600 (1, 7) =4 4 —48 40 1% 170 - 14 ~50
1600 (1, 8) =4 4 16 0 0 ~100 ~ 100 100
1600 (1,12) = 4 4 18 120 0 70 80 —260
1600 (1,13) =4 4 168 0 4 20 -G0 -~ 100
160001, 14) =4 4 18 200 o -d --130 ~110 50
1600(1,15) =4 4 7% 40 —~18 60 120 50
160071, 16) =4 4 56 —80 10 ~110 -0 Ca00
1800(1,17) = & 4 18 ~-120 0 -30 -10 ~150
1600{1,18) = 4 4 16 —160 16 —20 60 100
1600 (1,19, =4 4 32 40 12 30 10 ~150
160042, 0) =4 -8 18 —40 15 30 ~ 40 25
1600 (2, 1) =4 4 —64 40 ] 110 -39 —-50
160042, 2) =4 . 78 64 40 0 —150 160 —150
1600 (2, 8) =4 4 18 160 0 —140 20 300
1600 (2, 4) =4 4 16 80 10 160 S 20 50
1800 (2, 8) =4 4 56 80 -15 90 80 —-26
S1600 (2, 6y =4 4

16 ~120 0 -70 ~80 —160
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.Vajriables. ay in equation (5.1) are given in Table 2 and the values of the

77 eyclotomic numbers arve listed in Table 3. Some formulas for (%, 0),
0 < h< 9, in five other classes ave included as Table 4; they are used
in the nex® section. In column headings d{¢, 5) appears as d;.

It was pointed oub in [12] that for several values of ¢, there are fewer
distinet eyclotomic number formulas than the upper bound given by (2.3).
This phenomenon has been observed for ¢ = 6, 8, 10, 12, 14 and 13. For
¢ = 20, the 77 formulas are all different for only some of the classes.

for the- class ind?2 = 1(modl10), p = §°
ind5 == 2{mod4), ¢ = 6{(mod10)

dy dy ds g [0 d, s dy tha dar
72 -8 -8 -8 -8 16 —54 16 16 18
72 72 —8 —88 ~8 48 48 ~ 32 48 —32
—56 24 --50 — 586 a 32 32 32 48 . —48
—38 -8 -8 72 % 9 —80 80 —80 0
72 72 ~B -8 88 16 —64 16 —B4 96
"3 —8 -8 5 -8 —52 28 —32 —32 -32
— 56 —56 24 a4 ~56 —48 32 —48 . 32 32
—88 72 72 -8 -3 80 —80 0- 0 —B0
72 -3 7% —88 -8 -84 —B4 a6 16 16
72 —8 —88 -8 72 —32 48 4B 33 - 48
—-216 24 Bk 24 24 —48 192 —48 —48 —48
—58 78 -8 7% -8 —80 &0 [ 80 0
72 -8 —388 72 -8 96 —64 —6d 16 16
72 -8 —8 72 —58 —32 48 48 48 —32
—~56 — 56 24 24 -56 —48 32 —48 32 32
72 -5 —8 —8 -8 0 —80 0 0 )
72 —88 -8 -9 72 16 —64 16 96 64
72 —88 72 -8 -8 48 48 —32 —32 48
—-56 24 —56 — 58 24 33 32 32 —48 —48
—88 -8 12 —8 72 0 —80 —8n ] 20
8 —72 8 8 8 15 18 16 —64 18
8 8 8 8 —72 16 16 16 16 —64
-8 —B 32 32 -8 —40 0 —40 0 Sg
-8 —8 —8 —8 72 8 -39 3 ] 8
8 8 8 -T2 8 24 16 36 —24 _;4
-2 8 8 438 —~32 56 18 —6d 16 - é
72 ag 48 —3 -8 —89 Q -40 40
~8 -8 =8 72 —8 8 —32 88 8 02
8 -2 8 —72 28 56 16 —24 —24 —;6
8 8 48 —32 -7 56 1€ —24 —64 1o
8 ~72 8 4 8 —9d 16 —24 56 —40
—8 72 -8 —8 —8 —40 0 —40 40 - ;
-8 o - - 32 8 48 48 —32 2
8 —32 —32 ] 8 96 -84 —24 —24 16
8 8 88 —72 -2 —94 13 —iz ig —40
— -8 —8 72 ~8 —40 - -
ST T A S B
—g —_73 —;g 42 8 —24 18 56 16 —gé
-8 = -8 -8 H -8 16 18 —64 18 1
8 3 -8 g -T2 —94 16 —24 —24 =
-8 —48 72 —8 32 —64 18 16 ;g o
8 —32 8 —33 8 18 B4 —24 u 2
—8 —8 — 43 ‘82 72 56 16 —-24 i
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Table 1 {(continned}
M, B p 1 e d ] (3 k] 1w o s T da dis g d, d; d, dya dyy
1600 (2, 7) =4 4 24 o 0 -10 ~70 ~ 50 3 8 - 3% 8 —52 ~24 —64 16 —24 98
1600 (2, 14) =4 4 18 T80 10 40 - 20 260 - 39 -~8 _8 39 16 18 16 o _ay
1600 (2,15) =4 4 —%4 -8 —35 30 ¢ h —13 48 8 32 H] 16 18 —24 —84 56
1600 (2, 16) = 4 4 —64 ~ &0 0 il ey 80 -8 T2 32 —48 —8 —24 16 56 —84 18
1600 (2,17) =4 4 —-24 80 0 =170 10 —50 -T2 8 - 32 8 48 —24 16 16 54 —64
1600 (2,18) = 4 4 16 — 80 -10 120 — 0 150 : ~3 39 —8 72 —~48 16 16 —64 —9d 58
1600 (2,19} = 4 4 16 0 20 ~20 —140 — 200 ] CEI £ 8 -2 —24 16 56 24 —24
160043, 0) =4 ] -6l —40 bl 50 ~ 50 54 8 8 8 ] g 18 16 — 64 16 16
1600 (3, 1) =4 4 16 160 —4 100 —100 =200 -8 ~8 72 ~8 ~8 40 0 — 40 —40 —40
1600 (2, 2) =4 4 —48 0 -8 —140 20 100 8 T4 -8 -8 -8 8 —32 8 88 5
1600 (3, 8) =4 —16 18 40 15 30 - 40 2 8 8 -2 8 8 ~ 64 18 16 16 16
1800 (3, 4) = & 4 16 40 0 40 150 ~ 150 8 8 —72 8 H] 56 16 —ag —24 ~24
1600 (3, &) =4 4 24 —30 —d -1 ~ 80 -—1850 ] T8 32 ~8 —48 40 0 U] ~40 —80
1600 (3, 8) =4 ¢ —48 80 2 — 120 i 50 -8 — 48 72 72 —48 48 —32 48 8 5
1600 (3,16) = 4 4 18 80 o o 100 50 8 —382 8 —-72 48 —64 16 16 - -2 56
1600 (3,17) = 4 4 16 —-80 ] 0 180 160 -8 22 -8 ~8 32 0 o 0 —40 —~40
1600 (3,18) = 4 4 -8 — 80 -23 20 80 228 -8 82 -8 32 -8 —-352 48 8 43 8
1600 (3,19) =4 4 16 ~120 0 ~00 — 30 11 8 -7 —-72 83 8 —2d 16 —21 —24 56
1600 (4, 0) =4 —76 16 40 —10 70 —10 100 —8 -8 -8 -8 T2 16 18 15 18 —64
1800 {4, 1) = 4 4 32 — 8. 12 —10 70 ~150 -8 —~8 732 —8 ~8 88 —82 - § 8 8
1600 (4, 2) = 4 4 —43 30 -2 80 60 150 24 ~18 —56 —56 ~18 32 —48 32 -3 -8
1800 (4, .3) =4 £ 16 40 —4 10 1] —50 -3 —8 -3 -8 T2 —40 ¢ —40 —40 .40
1600 (4, 4) =4 -8 16 0 —-10 40 20 —250 -8 179 -8 -3 ~8 16 16 16 —B4 16
1600 (&, 5) =4 4 -8 80 2 ~150 50 100 -8 32 32 -8 . -8 48 48 8 8 —38
1600 (£,18) = £ 4 32 40 H -7 —90 50 2 — &6 —16 -18 —56 ~8 —48 -8 32 a2
1600 (4,19) = 4 i —54 — 40 26 —20 180 —80 72 —8 -8 —48 22 ~40 0 —80 0 40
1600 (5, 0} =4 ~718 16 . 4D 15 90 30 8 -T2 8 8 8 8 18 —64 18 16 16
1800 (5, 1) =4 4 56 —40 —10 ~00 80 50 8 8 8 -32 —32 —24 —84 2 16 ~ 84
1800 (5, 2) = 4 4 —2¢ 80 -19 —30 ~160 75 72 —48 -8 32 -8 ] 9 40 —80 —40
1600 (5, 3) =4 1 ) 0 12 70 ~110 250 -8 -8 32 -8 32 8 43 —32 8 48
1800 (5, 4) = 4 4 —2¢ —30 10 10 ~30 ~100 -3 -39 48 8 8 —64 16 i —24 18
1500 (6, 3) = & 4 16 200 0 —110 30 0 -8 -8 32 32 =8 —24 18 — 24 16 16
“1600 (6, 3) =4 4 16 —80 -10 80 60 - 50 : & 48 —72 8 32 16 18 —64 56 =24

TABLE 2. Values of 18 of thoe variables for 18 primes in the class ind2 = 1(mod 10}, x = 8

n ¢ @ i w L] W [ & ds @1a ) dys d, & dy dis 4
421 -4 -9 -18 8 1 6 —11 1 4 -2 -7 -3 .2 = 2 2
701 —24 —5 —79 4 9 1 18 3 8 -2 —17 1 8 1 4 8
821 —24 - 31 4 16 -1 9 10 —1 1 —4 12 ~-180 —-16 1 -1
1301 36 -1 121 0 ~11 1 -t 5 2 8 18 25 —1d 3 -2 1
1001 36 ~11 -0 8 15 11 1 —16 —19 -3 2 10 ~14 18 23 ~11
2291 —4 21 131 18 7 -5 25 22 5 —11 4 2 2 -2 17 —13
3701 —24 25 —29 12 1 10 —a3 -8 —13 —33 . 2 24 2 -7 .4
7801 —84 L13 71 ~48 1 -1 85 14 8 -3 a2 Sz —~3¢ LT 1 -19
886l —Bd ~19 —49 ] 35 —25 1 8 1 —15 10 —58 48 -2 —33 —~18
o221 9% 1 ~369 12 ~f -1 -39 38 -~ 29 —25 -4 16 14 ~52 3 3
10141 —d 45 . 181 e 3 -9 1 28 61 21 —24 —92 34 -3 . 1 -1
10861 — 104 -3 - =149 52 © -5 11 13 2 -3 11 —4 40 -28 L -8 -2
11261 —84 29 —149 24 —41 19 25 18 25 9 18 § 34 38 & 93
13801 . —B& . 87 121 -39 —ay ~31 25 — 59 -0 ~8 -3 —28 a0 ~21 —14 3%
14451 —104 —2r —149 20 59 11 —11 10 —1 —-20 dd —10d 22 A -1 =3
15461 —84 41 140 . 24 55 19 a7 T4 . a7 21 —7d 46 B .38 35 —'z
16801 78 45 7 20 55 —25 27 —22 . 23 o 28 0 10 1 5 115

16301 —B4 —43 i 48 15 -39 41 0 +358 49 ' 8 ~38 28 i3
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pumberg for the 18 primes in Table 2
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TABLE 8. Values of 77 cyelotomic

: 8861 9221 10041 10861 11261 13901 14461 15461 15001 16301
» 191 701 821 1301 1901 2931 3701 7901 ‘
T . 18 28 24 24 30 36 32 33 36 10

¢, 0) 0 2 2 i 6 4 (: 28 19 29 17 a7 41 29 13 49 24 43
0, 1 3 5 3 1 7 7 14 17 . 28 18 26 30 30 42 34 34 38 v
© 2 0 0 Z 4 2 8 12 20 22 20 20 34 26 28 30 36 46 35
0, 3 0 0 0 4 1 2 B 18 16 24 98 30 32 52 30 44 44 44
@, it 2 2 6 2 8 8 42 28 20 36 18 a0 52 30 24 38 8
(0, 5 i o 0 + 0 8 G 13 26 28 28 22 18 38 40 26 52 44
0, 8 2 2 2 3 4 8 8 12 18 20 24 a0 20 28 30 84 30 48
o, 7 2 ¢ 4 3 6 6 g 14 44 90 26 18 30 38 48 40 44 38
{©, ® 0 4 2 0 8 2 2 32 28 10 29 98 4 44 10 38 42 4
10, 8) 0 2 2 2 4 b 12 28 30 il 44 20 86 36 44 36 38 18
(@, 10) 2 o o 0 0 2 18 18 16 %4 30 20 24 24 38 4 4 4
{0, 11) 2 0 8 4 5 8 8 18 16 22 22 30 16 32 30 46 48 54
(0,17 o 2 & 8 8 10 10 20 12 30 22 2% 24 %6 34 42 34 34
,13) 2 2 0 ¢ 10 4 8 12 3¢ 23 20 30 28 44 16 34 33 4
0, i4) i i 2 0 4 0 [} Lk A 14 20 36 a6 30 48 52 38 50
(0, 18) 2 4 8 2 8 8 12 5 20 10 20 30 54 40 52 33 30 4
{,18) 0 2 2 2 8 6 8 8 48 18 80 34 28 38 23 48 54 14
1,17 0 4 1 2 2 10 12 2f 99 34 24 20 24 28 32 34 46 28
(0, 18) 0 0 0 4 8 4 12 L4 14 30 24 20 39 80 24 28 a4 a8
0,19 2 0 0 5 2 i 10 14 21 23 23 30 30 34 6 38 40 30
{1, 0 1 2 1 3 § 2 12 2 %0 28 29 31 27 29 39 15 32 39
a, 2 8 2 2 T 5 9 14 21 24 23 26 19 35 46 37 39 45
{1, 2) 3 3 E 2 7 3 8 17 24 %0 20 26 33 47 34 28 37 47

i, » 1 2 2 n 3 1 8 26 s 18 21 34 37 5 46 43 32 39

1, 4 2 3 2 1 H & 13 28 28 10 30 15 a0 a4 41 49 35 45

3 a, 3 2 3 5 ? 3 7 14 20 a1 27 26 o7 34 40 37 31 35 46

3 a, & 1 2 1 L 2 8 7 20 22 15 20 a5 25 83 37 46 22 51

a, 1 2 3 4 5 q 9 20 18 99 25 o 36 38 28 28 35 28
i, & 0 0 0 & 5 4 13 28 9 a7 21 51 25 32 35 46 52 2
(1,19 0 3 3 3 2 9 10 17 91 23 26 23 26 39 33 3 40 0
(1,13} 1 i 1 8 5 6 7 18 e 93 ay 20 36 30 30 a8 36 32
(1,14} o 0 0 3 7 8 10 7 22 49 a1 97 21 28 37 42 40 34
{1, 13} 1 2 1. 3 8 4 12 15 12 94 23 24 25 36 22 30 36 37
(1,16} 0 0 2 g ¥ 3 8 91 o5 20 29 e o 37 40 37 a7 s
1,17 2 3 2 2 4 8 4 11 o8 11 21 27 19 36 41 35 34 s
(1,18} 2 1 3 4 T 3 6 19 20 a4 24 20 o7 34 30 34 49 49
(1,19} 0 0 2 & § 9 2} 20 99 19 28 24 28 24 38 35 41 40
2, 0 2 1 1 i 4 8 ] 18 26 18 21 34 28 30 40 42 35 44
@ 1 ) 2 1 3 6 10 21 o 19 35 54 2 42 10 4 45 46
@ 9 0 3 5 1 2 8 '8 27 1t oo pye 93 35 29 37 48 42 7
@, 3 1 2 1 3 4 5 13 23 2 19 26 a7 27 a7 39 41 46 39
@, 4 7 1 1 8 6 9 11 16 40 24 24 24 24 54 “ 4 40
@, 5 1 2 2 3 9 g 10 18 1,‘; 94 93 24 24 43 28 2g 32 it
2, 8 ] 0 2 5 5 4 @ 19 : 99 24 28 " 30 40 6 37 42 46
@ 1 2 2 a 3 4 7 23 a1 5 21 0 29 30 28 37 38 9
[, 14) 2 1 2 5 7 5 12 17 “ " 18 P 13 32 44 40 39 38
(2, 19) 3 4 1 1 4 1 18 14 2 as 23 36 37 35 14 42 34 "
(2;16) 2 3 2 2 2 8 11 a1 o 2 32 19 31 a7 35 36 37 15
@1 o 0 1 2 4 5 10 24 o 2 ; 83 3 38 a7 40 28 46
(2,18) 3 3 3 4 5 ¢ ) 11 18 ?1 :“é ' 2'3 27 - A% 31 38 34 47
@,1m) 0 0 1 § 2 7 4 18 23 23 2 P 25 39 40 39 a5 45
@ 0 7 3 3 2 3 7 12 20 el = 33 29 30 27 38 " a1
3, 1 o 1 1 4 1 9 10 15 u 21 i a3 39 16 34 43

; 2 < = 20 28 28 23 35 43
(&2 2 1 3 3 2 3 5 9 26 g 92 oy a8 36 34 4t

@, 3 1 0 1 4 5 . a 19 21 21 25 35 36 9 47 18

i . T a6 24 28 20 5

i {3, 4) 0 2 4 g B 8 11 18 = 31 29 41 35 30 29 41

b 3, 5 0 3 3 2 3 5 5 24 ' 2 o s 50 %2 35 50 41 3

(3, 6) b 3 3 2 i 4 9 20 18 a2 84 41 31 Bl 15

: (2, 16) 1 28 25 19 27 23 51
. 1 1 3 5 7 13 23 ‘ ‘
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: Table 3 (continued}
2 £21 701 82 1301 1901 2221 - 3701 7901 B8B1 gl 1014 10861 11261 13901 14481 15461 15001 1630¢

(3,173 2 2 4 3 8 6 12 18 80 23 2 30 22 28 44 42 140 42

(3,18) 2 : 3 0 5 5 6 15 30 29 4t 27 23 a7 45 12 14 51

(3,19) 1 t 2 4 5 1 ] 21 23 92 24 29 81 48 31 a7 40 43

4, D) 1 1 1 3 7 4 13 17 20 25 21 30 30 28 a4 39 37 36

4, ) 0 1 g i 4 6 6 19 . 17 #2 21 26 26 34 24 35 42 12

4, 2 1 3 3 2 7 7 15 93 a1 21 19 35 33 31 41 19 38 41

£, 3 1 1 2 3 4 6 11 20 26 24 46 26 . 26 35 38 L?| 49 i

*, 4 0 8 2 3 2 ] 7 19 28 a8 a7 27 27 3 EE 37 14 43

4, 8) 0 2 2 3 4 o 12 24 91 22 51 24 54 1 34 145 38 32

(4, 18} 1 1 1 5 0 1 6 21 15 23 25 21 28 - 38 31 33 37 28

{4,19) 1 2 i 3 4 10 9 a4 20 15 i a1 24 42 43 27 41 50

@, 0 1 0 2 6 5 7 0 18 18 o 24 27 83 30 a1 31 48 15

5, 1) 1 2 1 8 - 8 3 Y 21 20 45 21 253 27 21 30 42 EL 44

(5, 2) 0 2 0 2 3 8 0 4 21 9¢ 24 46 37 37 32 39 29 31

1 24

(5, 3 2 0 0 T B 6 12 1 12 24 23 24 30 29 28 32 42 3

5, 4 2 1 1 3 3 : q 19 : 28 17 25 27 27 40 41 32 41 41

6, 2 0 i 1 3 3 7 11 23 19 23 a7 21 31 . 30 33 EE} 47 3t

(6. 3} 2 3 4 2 7 7 8 13 23 32 91 26 2 35 40 41 38 51

TABLE 4. Formulag for the eyelotomic numbers. (7, 0) in five classes, wsed in studying diffevence sets
. fodd, ind2 = 1(modl0), ind5 == 0(med4), ¢== 1{modl0}

¥ o 1 ¢ a = " " w d . s de N & &, d ds i dir
1680 (0,0} = 4 ~155 40 .0 —1 —150 —100 —15 8 8 8 8 8 0 i 0 0 0
1600 (1,0} = 4 —78 —48 o0 & —4D 90 150 24 ~56 —56 24 24 ] 0 0 0 4
1600 (2,0) = 4 -6 40 [ 19 70 40 —g 8 8 88 8 —-72 0 0 0 o 0
1600 {3, 0) =4 ~186 - B8 ¢ —4 —30 _10 — 50 24 —56 24 —56 24 o 0 ] 0 0
1600 (¢,0) = 4 —~76 10 o -5 —10 30 200 8 g 1 —v 88 o 0 0 " 0

1500 (5,00 =~ 4 -7 . -8 0 11 130 60 25 —134 24 24 24 24 0 0 o 0 0
1600 (8,0} =4 —~18 80 ¢ —286 —40 20 —250 8 88 -2 8 8 o hl 0 0 ¢
1600 {7,0) =4 —76 —8 ¢ 11 —1p 120 125 a4 24, -~ 86 24 &6 0- 0 ] 0 o
1800 (8, 0) = 4 T —40 o 4 ' ; 8 0 0 0 0 0

‘ —170 110 — 50 8 -T2 8 88§
1600 (8,9) = ¢ —78 -3 G —14 150 —350- 0 24 24 94 —56 ~56 o 0 0 0 0
fodd, ind2 == 1(modl0), ind§ == 0{mod4), e= 9(modl0}

"B w i ¢ 4 [ % [ w d, i, L1 g dya dy ds da ha the
18000, 0) = 4 —156 " . e T e BV 7 0 0 0
1600 (1,0) = 4 —Tg _&g 0 -9 ~70 80 125 136 -4 -2k —24 -_ﬁg 2 g o o 2
1600 2,0 — 4 —16. ] 28 —4l 20 180 -5 58 e ™ " : o 0 0 0
1800 (3,07 = £ T 0 : " e -1: 24 —E 2t 56 -2 6 ; 0 0 0 0
: 0 o 0 4 130 ~90 -8 T2 -8 —88 ~8
1800 (£, 0) = - 150 : 0
1608 gs g; o T8 8 0 -1 130 -50 0 . T 56 56 0 0 ¢ : .

! . —74 —40 0 .19 50 _ _ -8 8 -8 oy ~8 0 ]
1600 {8,0) = 4 -6 48 . 100 175 0 o 0 g
1600 (7,0) = 4 [ "0 6 —40 29 ~250 . -2t 56 66 ~-24 -2t o o 0 0
1600 (,0) = 4 ; e 0 12 70 40 —15 -3 -8 -8B -8 72 0 0 ! ; :
1600 (9, 0) = 4 o 88 M ~d ~ 230 190° —250 —24 56 —-24 G0 —24 -0 v o o 0
= —6 —40 0 -8 —10 -8 72 .88 8 0
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fodd, ind2 = 5(mod10),

%) » 1 ¢ a x 2 K u

1600 {0, 0} = 4 ~156 0 G [iZ3 G i} 0
1600 (1. 0) ~ 4 16 -8 0 —14 80 160 50
1600 (2,0) = & ~176 40 o —~8 120 40 -5
1600 (3,0) = 4 —78 -8 4 —14 ~180 B0 — 50
1800 (4,0) =4 ~78 40 0 -4 40 ~120 50
1800 {5,0) =4 —76 —128 0 16 0 0 0
1600 (6, 0) = 4 ~76 40 o -G kU 12¢ a0
1600 (7,00 =4 i) —8 0 —14 160 — B0 —50
1600 (8, 0) = 4 - 76 40 0 — 0 -~ 120 - g} ~ 10
1608 (9,0 = 4 —76 —8 0 —14 - 80 ~160 L

Jodd, ind2 = 5(mod 10},

tx P 1 € [ ® U | v t

1600 (0,40) = £ —158 128 0 96 [} 0 0
1600 (1,0) = 4 -76 —40 0 —G 160 320 —-150
1800¢2,0) =4 —76 8 0 -1 — 40 120 ~250
1600 (3,0) = 4 -~ 76 ~—40 4] —6 —320 160 150
1600 (4,0) = 4 —176 8 0 —14 120 40 250
1600 (5,0) = 4 —176 0 0 -16 0 0 0
1600 (6, 0) = 4 —18 8 0 -14 —120 - &0 250
1800{7,0) = 4 —18 —40 0 —6 320 ~160 150
1600 (8, 0) = 4 —-76 8 0 —14 - 40 -120 —250
16008, 0} = 4 ~78 —40 0 —6 - 160 —320 ~150

fodd, ind2 = 5(mod10),

&, k) 1 e . 4 z % ] 1

1600 (0, 0) = 4 —156 —64 0 8c 0 0 0
16601, 00 =4 -6 16 40 ~10 120 240 —50
1680 (2, 0) = 4 il 16 40 -10 40 30 —150
1600 (3,0) = 4 —T76 16 —40 —10 — 240 120 50
1600 (4,0) = 4 —T76 16 —~40 —10 80 C =4l 150
1800 (5,00 = 4 ~76 —64 0 0 i} 0 0
1600 (6, 0) = 4 - T8 16 -~ 40 —10 — B0 40 150
1600(7,0) =4 —78 16 —40 -1 . 240 120 50
lggg (8,0) =4 - 76 16 &0 10 —40 - 0 ~150
1 (9,0) =4 —~76 10 40 —10 -~120 —240 - G0

A copy of all the formulas may be obtained from the first author.
A copy has been placed in the Unpublished Mathematical Tables repository
maintained by Mathematics of Computation.

The authers wish to express their appreciation to the University
of Pittsburgh’s Computer Center for granting access to its IBM7070/1401,
IBM7090/1401, and IBM360/50 systems, partially supported under
NSF grants G-11309 and GP-2310, and NTH grant FR-00250, respectively.
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Table 4 (continued)
nds = 0(mod4), o= 1(modld)

1} ;2 ds 1 71} ay ds ds dag a1z
8 8 8 8 8 0 1] 0 V] 0
24 — 56 —56 24 24 0 Q 0 0 0
8 8 88 8 —72 o 0 L} 0 0
24 — a6 24 —aB 24 Q [1] i) 1] i}
8 8 8 —72 a3 o 0 L] [t} 0
~ 186 24 24 24. 24 i} 0 0 0 1]
3 83 -T2 8 8 0 0, 0 0 1}
24 . 24 —56 24 —&6 0 (] 0 1] 0
8 -2 8 38 8 0 1] 0 4] [}
24 24 24 —56 -~ 58 LU [ 0 1] 0
ind5 = 0(modd), ¢ = 9(mod10)
d'ﬂ d‘ dl dl? diﬂ d[ dﬂ dl ﬂ!,l dl?
136 24 —24 —324 —2d4 L] 0 0 0 g
-8 —88 T2 -8 —8 0 0 0 0 0
—24 —24 a8 —24 56 0 0 0 0 0
-8 72 -8 —88 —8 Q 0 0 0 0
— 24 —24 —24 1] 56 0 ) 0 0 0
] —8 -8 —8 -8 ] 1 0 o 0
—24 a6 58 —24 —24 a 0 0 0 0
-8 -3 —88 —8 2 0 0 0 1] 0
—24 56 —24 56 - 24 a 9 0 1} 0
-8 -3 -8 72 —88 1] 0 13 4] 0
ind5 = 2(modd), ¢=6(modll)
dy dy dy ys e d, 4 dy i dhy
72 -8 -8 -8 —8 16 —64 16 15 16
8 — 72 8 8 B 18 16 16 —64 18
-8 —8 2 -8 —8 —B4 16 16 16 16
8 8 8 -T2 8 16 16 — 84 16 15
-8 —8 —8 -8 72 16 18 16 16 —~64
—72 8 8 8 ] 16 —~ B84 18 15 16
-8 72 —8 —8 -8 16 18 16 —64 C16
8 8 -T2 8 8 —64 18 16 16 16
-8 —8 —B 72 -8 16 16 —64 18 16
8 .8 23 8 —72 18 i6 16 18 . —B4

6. Application to residue difference sets. A difference set of modulus 7,
order k, and multiplicity 2 is a set of % distinet residues r., 7y, ..., 7 (modv)
such that the congruence r,—7; = d(mode) has exactly 1 solutions for
each d = 0 (modw).

A regidue difference set is a difference set consisting of the non-

.' zero eth power residues, modulo a prime p. A difference set formed by

zero and the eth power residues is called a modified residue difference set.
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Emma Lehmer proved that f is odd i3 o necessavy condition for the
existence of a residue difference seti or a modified residue difference sef.
Necessary and sufficient conditions are given, respectively, by
(6.1) (,0) = (f—1)e,
(6.2) 1--(0,0) = (i,

i=0,1,..., B~1 ([10], Theorem ITI),
0) = {f+1}fe, 1=1,2,.., F~-1.
([10], Theorem TYT),
. THEOREM 14. If 5 4s o biguadratic vesidue of o prime p == 1(mod 20),
then the twentieth power residues, with or withowt zero, do not form a difference
set. )

Proof. The arguments to be presented hold both for regidue differance
sebs and modified residue difference sets, as no reference is made to (0, 0).
It suifices fo consider ind2 =1, 5{mod 10}, forif ind2 = 3, 7 or 9 (mod10),
one could choose another primitive root g’ such that ind,2 = 1(mod10)
and the difference set is independent of the choice of ¢.

The contradietions are obtained from (4.1). The eyclotomic number
formulas which are needed have been included in Table 4. Note that
by (2.1) and (2.2), (},0) =(—h, —h) = (10—F, 10—h).

First consider ind2 = 5(mod10). If ¢ = I(mod10),

4[(1,0)—(9,0)+(2,0)—(8,0)] = u+w» = 0,
AT(4, 0)— (6, 0)—(3,0)+(7,0)] = u—v = 0.

Thus % = v = 0. This implies zw =0, o0 that 16p is either a perfect
square or divisible by 125 either iy impossible.
If ¢ == 9(mod10),

4[(1, 0)—(9, 0)—(2, 0)-+(8,0
4.[(4: 0)_(6’ 0)“"‘“(3: 0)""‘

- Again 4 =9 =0, a contradiction.
Now let ind2 = 1(mod10). If ¢ = 1(mod10),

160 (1,0)~(3, 0)4(7, 0)-+(9, 0)— (2, 0)-+- (4, 0)— (6, ) -+ (8, )]
‘ = %— - Dw =0,
8(9,0)-+(2, 0)+ (4, 0)— (6, 0)— (8, 0)]
= m3%~—3fn+6w+m = 0.
Gw = 6u--91. Then by (4.1)
(6u+9w)w = (u+ow) —uf—du(u+ 5w ),
16w —16wu — 4ut — O. (4w —2u)2 = 2(2u)2.

N=u4+v =0,
(7,0)] = —~utv=1.

160 —(1, 0)+(3, 0)-+-38(7, 0)—~

Thusv = u—|—aw @ = 3'u+3(u—[—5w)

icm
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This equation has only the solution # = w = 0. Then » = 0, which is
impossible.
If ¢ = 9(mod10), .
16[{1,0)— (3, 0)+(7, 0)— — (1, 0)4-(6, 0)+(8, 0)]
= —jutsr—9%w =0,
0)-+3(4, 0)4-(6, 0)—(8, 0)]

= Tu—v—2w—x = 0.

(9,0}—(2,0)
16[(1, 0)-+(3, 0)— (7, B)— (9, 0)—3(2,
Thus 9w = 3v— bu, 8¢ = T3u—190, By {1.1),

B(v—u)(T3u—19v) = 81{»*—u?— dun),
Multiply by 11]/4:

1760 —T84up+284u® = ¢,

(22p—19u)? = 5{18u)2.

Then 4 = v = 0, which is impossible.

I 5 is a biquadratic nonresidue of p, it suffices to consider just two
classes—ind2 =1 or 5(modl0), ¢ = 6(mod10), because replacing g
by ¢, where t = 11(mod20) and ¢ is relatively prime to p—1, would
leave ind2{mod10} unchanged but would yield ¢ =4({modl0). The
formulas for (k, 0), 0 << A< 9, for the two classes mentioned above are
included in Tables 1 and 4, respectively.

Efforts to prove that there are no residue dlfierence sets or modified
residue difference sets for these two classes were unsuceessinl.

References

f11 ‘P. Bachmaunn, Die Lehre von der Kreisteilung, Zweite Aufl, Leipzig und
Berlin 1921.

[2] L.D. Baumert and H. Fredricksen, The cyelolomic numbers of order eighleen
with applications to difference sets, Math. Comp. 21 (1987), pp. 204-219. _

[3] H. Davenport and H. Hasse, Die Nullstellen der Hongruenzzelafunktionen
in gewissen ayklischen Fdllen, J. Reine Angew. Math, 172 {1934), pp. 151-182.

[4] L. E. Diekson, Cyclolomy, higher congruences, and Waring's problem, Amer.
J. Math. 57 (1935), pp. 391-424.

[8] — Cyclolomy and frinomial congruences, Trans. Amer. Math. Soe. 37 (1035),
pp. 363-380.

[6] — Cyclotomy when e is eompaosile, Trans. Amer. Math. Soe. 38 (1935) pp. 187-200.

[7] R.E.Giudiei, J. B. Muskatand 8. F. Robinson, On the eveluation of Brewer’s
character sums {in preparation). )

[81 Marshall Hall, Jr., Combinalorial theory, Wdltham, Mass,, T1967.

[8] Helmut Hagse, Bericht iiber mewere Untersuchungen und Probleme aus der
Theorie der algebraischen Zahlkérper, Teil 1X, Resiproziliisgesete, Wiirzhurg—
Wien 1965.

[10] E. Lehmer, On residue difference seis, Canad. J. Math. 5 (1953), pp. 425-432.



216 J. B. Muskat and A. L. Whiteman

[Ilj E. Lehmer, On the number of solwlions of wh4- D = w?(modp), Paeific
J. Math. 5 (1955), pp. 103-118.

[121 J.B. Muskat, The cyclotomie numbers of order fourteen, Acta Arith. 11 (1968),
pp. 263-279.

r13] A. L. Whiteman, Finite Fourier series and equations in finite fields, Trans.
Amer. Math, Soe. 74 (1953), pp. 78-98,

[14] — The cyclotomic numbers of order sizteen, Trang. Amer. Math. Boe. 86 (1957),
pp. 401-413.

[15] — The cyclotoméc numbers of erder fen, Proceedings of the Symposia in Applied
Mathematics 10, pp. 95-111, American Mathematical Socisty, Providence,
Rhode Island 1960. . :

j16] — The cyclofomic numbers of order hwelve, Acta Arith. 6 (1960), pp. 083-76.

[17] — Theorems on Brewer and Jacobsthal sums, Proceedings of Symposia in Pure
Mathematics 8, pp. 44-55, American Mathematical Society, Providence, Rhode
Island 1965,

TUNIVERSITY OF PITTSBURGH
THE INSTITUTE FOR ADVANCED S8TUDY
UNIVERSITY OF S0UTHERN CALITORNIA

FReceived on 18, 6. 1968

icm

ACTA ARITHMETICA
XVIL (1970)

A metric inequality associated with valuated fields
by
P. E. Brankspy (Cambridge)

1. Introduction. Suppese that F ig a field with a valuation || ||,
mapping F into R, the real numbers. Let o and 2 be two points in the
cartesian product F" = Fx...xF, with coordinates (&y,...,2,) and
(B1, ..., B,) respectively. We ean define a function from F"xF* to R
as follows: ’

d{a, B} = min maxije;— S,
oely, 1=j<n
whers 8, i8 the symmetric group on » objects. If is clear that if we write
00 = (gyy -y Gopy), then for any ¢, v in 8, we have d(ca, 78) = d(a, B).

Tt follows that d(e, ) salisfies the iriangle inequality since we may
suppese, by taking a snitable permufation of the coordinates if necessary,
thait

d(a, r) = maxflo;—ypll,

I<i<sn
and
dir, 8) = max|y;— B,
: 1<i<n
Hence )
d(e, 8) < lnaXHa,-—ﬁf!I < max o — ;|4 max|jy;—f4ll = d(w,r)-d(r, B).
1=f<n l<i<sin isi<n

Thus d(e, ) is a pseundo-metric on F".
We define the real quantities
Vi(e, p) =M == maxmax {jlo], 15},

L<jgn

R, 8) =R = I;I lioy— Prlt -

In this paper we seek lower bounds on d{e, 8) in terms of M and R. TE ||
is & non-archimedean valuation, then it readily follows that if I > 0,
then
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d(s, f) =



