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By (52) and {53)
Na\~% Na
F{8,) = &0 g‘ x(a) (‘D“_a) ¥ (311 ‘D"“) .

Hence, by (50),

) ¥ sl ) =resle) = 50+ T
Na)

_ﬂi 1 x(a) ( R
T g P ZNaslwsl’ D

Now we use (51) and divide (56) through by Yee, D G (s,). Using (B5)
(with % == Na/D, B = y"*) and considering that 1/G(s) €1 (since
{, €1) we can prove that the remainders of the infinite geries with
Na > X, are in modulns < 17" Thus we geb (48) with

by = 1.‘)("31: %)/G(sl)? 0:1 =% (31; *ﬁll)/a(s:)

which are <1, by (54}, (55).

510 o . N7 x(a) " Na
+ —;~ Dy Vi ¥ (Su 5") .
Q
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Kloosterman sums and finite field extensions*
by
L. Carrrrz (Durham, North Carolina)

1. Iniroduction. Let g = p’, where p is prime and f>1. Put
F = GF{q), the finite field of order ¢g. For arbitrary a<¥ define
Ha) = ata ... fa? ),
g0 that a<GF(p). Put

e(a) = ¢ HAP,

We now define the Klposterman sum for #:

(1) Sa) = D elar+a,
T
L0
where a2’ == 1. ¥t is easily seen that S{a) iz real for all a<F.

In addition to F we consider also the finite field F, = GF(¢") of
order ¢", where n 3> 1 and define the Kloosterman gum for F,. We denote
this sum by 80" (a), where a is an arbitrary element of F,. Clearly 8" (a)
= S(a).

Tt follows at once from the definition that

8™ = —1 (m=1,2,3,...).

We may accordingly assume that a == 0. For arbitrary a<F we in-
vestigate the relationship of 8™ (a) to 8{a). We shall show that

> 1
(L.2) 2%7,38%)=1og{1+q-ssm)+q‘-“} (s > 1).

By means of (1.2) we can express S (a) explicitly in terms of S(a). In
particnlar we show that

L3y S(")(a) o (_1)n—121_n Z (;)(S(a))ﬂ"y{(ﬂ(a))2~—4q}r

Irn

* Supported in part by.NSF grant GP-7855.
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and

(1 — _ n_iL ne-ty ¢ n_zt-
(1.4) 8 (g) = Z( 1) %Mt( ] )Q(S(ﬂ»))

i)
Another simple explicit formmla is
(1.5) 8 (a) = — (" + "),
where «, § are the roots of

22+ 8{a)z4+g = 0.
If we assume that

(1.6) O 18()] < 2
for some g and some g, then it follows from (1.5) that
(1.7 S®a) < 24" (m=1,2,3,..)

for the fixed a. It is indeed known [1], [7] that (1.6} holds generally but
the proof depends on the Riemann hypothesis for a function field. The
proof of (1.7), on the other hand, is elementary.

In the final sections of the paper we evaluate S(a) for small values
of ¢ and verify that (1.6) holds in all cases considered. It then follows,
for example when g = 2, that

S 1)y = o (2™
for some infinite sequence {nz} and that

n72

S (1) ~ 2.2

sor some infinite sequence {ny}. This result js proved in several other
fpecial cases and it seems plangible that for any ¢ and any a<GF(g),

B8R (a) = o{g™¥?)
for some infinite sequence #; and that

;S'(w;‘) (a) ~2 -qw"!!

for some iofinite sequence {nz}.
For p>2 let «y, a4,..., 0y denote nonzero numbers of F and
@y Ayy oeny Ay denote arbitrary numbers of F. Pub

T =D o(@h &+t 20mbu),
where the pummation is over all &, ..., &yeF such that
(1.8) - a 81+ .+ onby = a.
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Then (see [3]) we have

(1.9) T = ¢ 'p((—1)'8) 8(aw),
where not all 4; = 0, p((—1)'6) is the quadratic character,
22 2
0 = 0,0 ... ay, w=—1+...—'r~-l-zi=,é0.
2y Tai

(The corresponding weighted sum T when the number of squares is odd
is evaluated explicitly.) Thus by (1.9) our results for 5™ (a) can be restated
in terms of the weighted sum

7 23(23151-]-...—}—212;51;),

where now the summation is over all &,,..., &yef, that satisfy (1.8)-
We remark that the recent work of the Lehmers [4], [5] on Klooster-
man sums is in a different direction.

2, Preliminaries. As above we put

(2.1) tHa) = e+ +...+a
and
(2.2) ela) = AP

for arbitrary aeF. It follows at once from (2.1) that

t{a+b) = t(a)+1(b), 1(ka) = kt(a) (keGE(p)),
§0 that
(2.3) e(a+b) = e(a)e(d), e(ka)= (e(a))k (ke GF(p)).
It is also evident that |
(2.4) ' Ha) = t(@®), e(a) = o(d").
We shall make frequent use of the familiar formula
(6= 0),
(2.5) ée(ab): i o),
In particular it follows from (2.5) that
(2.6) | 8(0) = —1,

where S(a) is defined by (1.1). Also it is evident from (2.4) that
8(@) = e zta’) = Zﬁ(ﬂpmp—FmW) = Me(aw+a),
aa .

Zel LeF
TA0 B E£0
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8o that
B8(a®) = 8(a) (acF).
Hence
(2.7) Sla) = 8(a?) = ... = S(a ).

The definition of S§™(a), the Kloogterman sum for F, = GF(¢")
is of course included in (1.1). However for the application it will be necessary
to introduce some additional notation. For u<k, we put

(2.8) 8" (a) = EZ enlaf+ &),
kg

where ,(£) iz defined by

{2.9) en(§) = e(ta(£))

and .

(2.10) () = £+ 4.+ &0

Note that 7, () « F, so that e, (£) is well-defined. We note also that by (2.10)

(2.11) Tm(E+n) = w(E)+wmln) (&, nely),
{2.12) T (0} = ar, (&) (ael, Eell,).
Hence by (2.8), (2.9), (2.11) and (2.12), we have
(2.13) 8M(a) = Molary(&)+ (&)  (ach).
cely,
0 : B -

Thigs may Dbe rewritten in the form

(2.14) 80 a) = > o(au+v)hu(u, v),
uw, Vel ) )

where

(2.15) hafw, ) = > 1.

Eelly, &
T lf )‘='”' "’ﬂ(f Je=

3. Characters. In order to evaluate h,{u,v) we consider the distri-
bution of monic irreducible polynomials in F[x] subject to certain
regtrietions.

Let A be a monic polynomial in F[z] with non-vanishing constant _

term:

(3.1) A=a"Fagd" 't (@€l 4y £ 0).
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The set of such polynomials will be denoted by D; clearly @ is closed
under multiplication. Next define Ax(l) =1 and, for m > 1

(3.2) o Ap(A) = e(jay - Rm_jan)  (§, keT),
Where am oy, == 1. Tt is easily verified that
(3.3) 4 p{AB) = Xy x(A)A;(B),

where A4, B are arbitrary polynomials in @. *
“In particular it follows from (3.2) that

(3.4) - (-t a) = e(jat ka')
and
(3.5) A p(@*-- am+b) = e(jat kab').
Also by (3.2)
D Aty = 3 etk
Aed Ay enny e
deg d=m Ay =0
and therefore by (2.5)
(3.6) D a4y =0 (m=3),
deg-;dj.im

provided j,% do not vanish simultaneously.
By (3.5) we have

(3.7) D Aold) =0 (§#0),
ackdont

(3.8) D haxld) =0 (b #0).
degA 2

If neither j nor % is equal to 0, we have

2 () = > e(jathab) = D N e((j+ b

a,bel b#0 a
degA 2 bgeo

By (2.5) the inner sum vanighes unless j--kb' = 0; hence for fized
Js & = 0 there is just one such value of b and therefore

(3.9) D hud) =g (jk #0).
dep iz

For m =1 it is evident that

(3.10) D hald) = Yle(ja) = —1 (j #0),
Aded a£0
deg.d=1
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4 As for Iy ¢(s), it follows at once from (3.20) that
an , -
(3.11) 3 dould) = Ylethn) = —1 (b #0). (3.26) Toals) = (L—g H2—g77"
ot @0 4. The main result. It follows from (3.3) and (3.21) that
If neither § nor & = 0 we geb Pyt
= | (1) 1) = [ ] - 222
(3.12) D hyald) = Y oljatka) = S(jk). B
aci et 0 where the product is over all monic irreducibles in @. The only irreducible
If we put in F[z] that is excluded is P = &, so that (4.1) may be replaced by
. -1
(3.18) om0 = 3 hpld) (G, ke) (4.2) Lt = [ | {1~ ”L’-’f_(l’)} .
Ae@ ’ I-Pls
deg d=m P
then Taking logarithms (4.2) becomes
(3.14) oy(f, k) =1 (j, hel). 3) tog el = 3 2""7 1 4P
By (3.6), (3.7), (3.8), (3.9), (3.10), (3.11), (3.12) we have . £t P
(3.15) on{j, B) =0 (m =33 j, k not both = 0}, © 1
o L —ms
(316) @l 0 =0, =0 (j#0,k=0), =2t HZTZP: el
. \ : M=1 —m  degP=r
(3.17) a(f, ) = ¢ (35 #0), _
(3.18) 0,4, 0) = (0, %) = —1 (j #0, % 5 0), _ where it iz anderstood, on .the ex?reme right, that P = 2 i3 excluded.
. ) . Let P denote a monic irreducible of degree r, so that
(3.19) 0:(f, k) = 8(jk) (% #0). (4.4) Pla) = (@ &) (o &Y ... (1— E )
. ) = (z— &) {z— &%) ... (60—
Tf both j, % = 0 it is evident from (3.2) that ’
L where £ is a primitive number of GF(g™), that is,
(3.20) om(0,0) = (—1)¢™*  (m=1). |

m 2 .
We now define FeGR("), £4GF(g) (<i<m).

2 a(d) If we put
(8.21) Lip(s) = ) o >, P(a) = @'+, 0 bt (g€, a, £ 0)
ea then clearly

‘where oy = E Eq_!_m_i_gqr..x,

Al =q" = . 4.5 + ’ V) o —

4] =d™ (m degA) (4.5) P L RIS L
In view of (3.13) we have where &£ — 1. Since
.(3'22) L:f,k(s) = 2 Qmmdm (45 k). ) -Pi(m) = $ir+ ta]_mr_l’!“-- --‘“tﬂfr_1art—lm+ aﬁ,

e it follows from (2.10) and (4.5) that

Therefo:.re, by (3.15), (3.16}, (3.1.7), (3.18), (3.19) we have (4.6) wl(E) = —tay, TH(&) = — Ay Oy
3.23 =1~g* ‘ i
(8.23) Liole) =14 (7 #0), Put n = tr. Then by (2.9) and (4.6)
(3.24) Louls) =1—g~° (k = 0),

(3.25) Ty x(8) = L+g 8 (jk)+ ¢ "° (jk = 0). () = G(Tn(f)) =e(—1ay), e.(&')= G(Tn(f )} = e(—1tar_10r),
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g0 that by (3.2)
(£.7) YplPY) = e(—jlay— Ktay_ap) = e(ju, () -+ kra(E')).

To each irreducible P of degree r it is clear from (4.4) that there
correspond » values of & namely

r—1
£, 8L &

Hence
27 X B = Yeljprke) X 1= 3 e(jotko)haid, ),
r=n degP=r [ EeFy ety bcef

() =0, 7 {8} =0

by (2.15). Thus (4.3) becomes

=] 1 .
(4.8) log L 2(s) = Z?@" ™ 2 &(jb 4 ke) b (b,0).

n=1 b,ceF

For arbitrary w, v<F we have by (4.8)

Z e(—ju—kv)log L; 1. (s)
f kel

oo

=3 b Sepiewm )

6(Jb—+ke)ha (b, o)

n=1 §, el b, cel
o0 l .
= D™ Db, 0) X e(jb—u)+ h(o—v)).

n=1 B, 0el g e

Since | SRR
g (b=u,0=m"n),

4.9 i(h— — ) ==
o ' ;%’FG(J( AR '0 (otherwise),

it follows that

010) > e(—ju—kn)log Tyu(s) = q“’Z’ — g, 9),

Iy kel . Ti=1

where u,» are arbitrary elements of F. :
We now return to (2.14). It is clear from (2.14) that

[

> 1
Ze(au—l—v) — ¢ ™ hy (4, v).
LIy o n=1 W/

L negim )
ol 8" (a) ==

N

1
|
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Comabining this with (4.10) we get

o

1 .
ngzq_ 8™ (a) = MZ:F o (- v)?%;e(——ju——kv)logL,,k(s) |
- Zlogzﬂ,(s) Ze((a-—j}u—]—(lmk)'u).
kel u, vl

Again applying (4.9), it follows at once that

o1 1
(4.11) 2 — 47" 8% (@) = log Ty ().
N=1

Therefore, by (3.25), we have our prineipal result:

THEOREM 1. If S(a) denoles the Kivosterman sum for F = GF{q)
and 8™ (a) the corresponding sum for F, — GF(¢™), then for acF,

fne] 1 .
(412) M0 = log{t4-g 8@+ (3> 1).
. & n

5. Explicit formulas. Clearly by means of (4.12), 8™(a) is expressed
in terms of §{a) where g is an arbitrary element of . 'We shall now obtain
explicit formulas for 8™ (a).

It is convenient to put

(5.1) 1+ 8(a)2+¢2* = (1—az)(1— 2),
where :
(5.2) atfi=—=8(a), af=g4q.
Thus a, § are roots of
(5.3) 4 8(ayw+q =0,
50 that '
(5.4) a, B = 3{—8(a) L{(S(a))’—44]".
Now by (5.1)
log {1+ S(a)z—+ "} = log(i—a)(1—f) = — 3 (" )",
. M 1 #

Oomparing this with (4.12) we get
(5.5} 8™ (a) = — ("4 ")

and therefore
(5.6)
§7(a) = — 27— 8(@)+{(S @)~ 40) "™+ ~ 8@ ({8 (@)~ 40) "}
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Also it is elear from (5.3) and (5.4) that 8™ (a) satisfies the recurrence
(6.7 80+ () -+ §(a) 8™+ {a) +g8M{a) =0 (n3>0)
provided we put

SO (g) = —2.
In the next place, by {H.1),
g+8(@z 1 L Qi g
1+ 8(a)e+g2? l1l—az 1—f ,f?o(a R
But since
24 8(a)z 24 8(a)e

15 8(a)z gt [1+458(a)2l—1[(S(a))—44]#

ot S(O‘: )2—421
=7 2 S @er T

- 224-’ 2 [(S (@)~ 4] Z — (") a8 (@9)

Tz

=2 Z (— 12" 2(;:_)(S(a))n"”[(;g(a))z——iq]r;

=0 2r=n

it follows from (5.5) that
58) 8w = (=12 3 (NS (@) (8@ - gl
2rsn

Since
(8(a)) —4g = (a— )},
we may replace (5.8) by
69 8@ == Y (D e pT (3@

ren
Again, sinee

i ( a B )___ 1 _ 1 '
a—B \l—az 1—f2] (—@)(1—p) 1-+8(a)e+ge?
and

{1+8(a)et e} = i(—l)’z’(S(a)Jrqz)'
Z( 1 tZ( )(.S )r-t qz)i
— Zzn 2( 1y ( —t) .t(S(a’))n_zt,

B ) 2
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it follows that
'IMI'—‘BMI n—tfn—1I) 2 n—2f
—T_‘B_mzﬂ;ﬂ(“‘l) ( . )Q(S(“')) .
Hence making use of the identity
s S 5n+1 n_lwﬁn_l
a—p a-p

we geb after a little manipulation

a"+,8"’=

(5.10) S(n)(a.) = ——2(_1)“"t_nit ("";“t) qf‘(S(a))ﬂ_.ﬂ-

Han
By means of (5.10) §™{a) is exhibited as a polynomial in §(a) with
integral coefficients. For example we have
59 (a) = - (8 (@) +2¢,
8@ (a) = (8(a))’—3¢8 (a),
8%(a) = —(S(a)) - 4q(S (@) —24,
89 (a) = (8(a))* —Bg(S(a))*+B¢*8{a).
Tt is easily verified that these values satisfy the recurrence (5.7).
It is known that ({11, [T])
(5.11) ' © o |18(e)] < 207
for all ¢ and all a<GF(g). It follows from (5.11) and (5.4) that

(5.12) la| = Bl = ¢

indeed a, § are complex conjugates. If we only assume (5.11) for some
fixed ¢ and some fixed aeGF(g), (5.12) remains true.
Consequently, by (5.5),

(5.13) 18 ()] < 2™
for all =.

This proves

Tagorem 2. If S(a) satisfies (5.11) for some q and soms aeGF(g),
then 8T (a) satisfies (8.13) for all n and the same value of a.

6. Some spemal cases. It has been remarked in the Introductmn
that when g =9,f>1, 8(a) is an odd integer for all GEGF(Q)
consider first the case ¢ = 2, @ = 1. Then we have

(6.1) 81 =1 (g=2).
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Thus (4.12) becomes

(6.2) 24_1}2_“‘9,5*(") (1) = log(1 424 2%),

P 1

By (5.4) we now have

(6.3) a,f = H{—1£V=7),

go that

(6.4) e == 18] = V2.

Hence we have

(6.5) : I8 (1) < 2:2™  (m=1,2,3,..).

An equivalent statement iz that
(6.6) |8(1)| < 2¢'7°

for ¢ = 2%, n>1. We have therefore proved (5.11) in this special case.
We rematrk also that S™(1) satisties

(6.7) ST (1) 4 8O (1) + 28M(1) =0 (1= 0)

with 8@(1) = —2. Using the recurrence it is easily verified that
801y =3, 891)= -5, 8U1) = —1,
Sy =11, 891 = —9, 8O1)= —13,
8O(1) =31, SN(1) == —5, 8(1) = — 5T

The explicit formulas (5.9), (5.10) now become

: ; L i

(6.8) 8M(1) = (—1)r—1gi~n 2 (—1) (2?*) 7,
Wit

6.9 ] — _ . n—tm__ﬂ’___ f—1\ o f

(6.9) 81 (1) 2;“( 1y %mt(t)z,

respectively.

- By means of (6.9) we can compute the residue (mods) of 8™(1).
Indeed we have, for n =2,

1) {1—

The quantity ingide the braces is equal o

8(1) = (— ﬂ(nml) dn

e i R n 2)} (mod 8).

1—2n+42n(n—3) =14 2n% (mod8).
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Hence we get
(6.10) M1y = ~1(mod8) (n even),
3(mod8) (n odd).

The special values §%(1) = —1, 8®(1) = —5 suggest that S™(1)
is sometimes considerably smaller than 2-2™2 Put

(6.11) a
go that

= ﬁ(cosr;:—f—isin@, 8= I/?T(cesq:——isin(p),

3

cosg = sing = coslp = -1

1 VT
—2y2 2/a’
Since cos2¢p = —3/4, it follows (for proof see [9], [6]) that ¢ is an
frrational multiple of .
By (6.11)
8O(1) = —(a"+ ") =
We may therefore state

THROREM 3. For ¢ =2 there exists an infinile sequence N
= {fy, Mg, Nay ++r} SUCH Thai

(6.12) 8™ (1) = o(2™?

—2-2™ cosng.

(neXN).
There olso ewists an infinite sequence N' = {nt, ny, n},
(6.13) 8™(1) ~2-2"  (neN').

It is not clear to what extent (6.12) can be sharpened. In particular
it seems unlikely that

(6.14)

oo} such that

8 1) = 0(1)
for any infinite sequence N'’.

7. Other special cases. When ¢ = 4 we define the GF (4) by means
of 62+ 6-+1 = 0. Tt is easily verified that

(neN'")

(7.1) : 80y = —1."
We have therefore
. =

2 : 8) =log(1—4"5+4%),
(7.2) 2 g S°0) = Tog (147147
In the present case o, § are roots of
_ ?—u--4 =0,
so that . .
(7.3) @ B = H1+V~15).
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Clearly 8™ (6) satisfies the recurrence

(7.4) 8D () — GO (0) + 48 (0) = 0
with 8©(6) = —2, 80(8) = —1. The first few values of S8U(6) are
808y =17, 8O0y =11, 8¥(h) = — 17,
S8 = —61, - 806 =7, 8OO = 231.
Formulas (5.9}, (5.10) now reduce to
(1.5) §O(0) = —2= 3! (ml)’(;’;) 15",
2N
) - g B et
(7.6) 8®(6) 2( 1) %_t( t )4.

260
It follows from (7.6) that

(7.7} 8M(0) = dn—1 (mod 16).
~ Since, by (7.3), '

la] = 18] =2,
it follows that
(7.8) |8 (6)] < 24",
go that we have proved (5.11) in thiy special care also.
If we put
{7.9) a = 2(cosptising), [ = 2(cosp+ising),
g0 that

eofg =}, Bing = i—VISj

then exactly as above we can assert that there ewists an infinite sequence
N such that

(7.10) 8M0) = o(4™)  (nelN)
and an infinile sequence N’ such that
{(7.11) 8M(6) ~ 2. 4™

We remark that by (2.7)
{7.12) S™(g) = 8™ (9%,

For ¢ = 16 we may define the GF(16) by means of &*-+e-+1 = 0.
We find, after some computation, the following results:

81} = —1, 8(te) =7,

B(e) = —1, B8 =3, 8(*+1)= —Bb.

Note that 0 == e®+ ¢ satisties 02+ 6--1 = 0 so that S{s2+e) =7 iz in
agreement with the result obtained for ¢ = 4. Also §(1) is in agreement
with a previous result.

(neN').

(1.13)
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The numbers &, £3, e3--1 are primitive elements of GF(16), that is,
they do not belong to any smaller field. Moreover by (2.7)

8() = 8(%) = 8(e+1) = S(e?+1), _
S(e%) = 8(sP+e%) = Q(31 62+ e+ 1) = S(e2+e),
S(ef4-1) = F(e8+ &2+ 1) = Sfed4e242) = 8(ef4-24-1).
Also by {7.13) it is clear that

{7.14) 8(a)] < 2-¢"* = 8,
0 that
(7.15) 18" (a)| < 2-16™2

for all a<GF(16).
We shall not take the space to state various explicit formulas for
8™ (a).
Finally we remark that for g =3 we have
81)=-—-1, 8(—-1)=2,
go that here also
(7.18) |8 (a)] < 2-3%*
For ¢ = 5 we find that
8(1) = 3(3-V3),

{g =3, a = £1).

8(4) = 3(34V5),

8(2) = —1-V5, K(3) = —1+V5.
Once again it follows that
(7.17) 8™ () < 2.5 (¢=5;a=1,2,3,4).
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Sur certaines fonctions additives & valeurs entidres
par

HuserT DELANGE (Paris)

1. Introduction. Kubilius a établi le résultat suivant (V):

Soit f une fonction arithmétique additive & valeurs entitres. On
suppose que f(p) = 0 pour tout p premier(2).

Alors, pour chaque entier g, Pensemble des entiers positits n pour
lesquels f(n) = ¢ posséde une densité d,.

Plus precisément, si »,(2) est le nombre des n < « tels que f(n) = ¢,
on 4 pour z infini :

rloglogx
'Pg(ﬂ}') = dqﬂr‘*[“'O [—m-] .
Nous nous proposons ici d’améliorer le résaltat de Kubilius en montrant
que Pon a4 en fait

(&) = dyo+0 Y],

On peut méme préciser qu’il ewiste une constanie absolue ¢ telle gue,
quelle que soit la fonction f considérée et quel que soit Pentier g, on a pour
g=1

1) [rq (@) — dy| < CV/2,

2. Rappels.

2.1. Soit & Densemble des fonctions arithmétiques, c’est-A-dire
des fonctions réelles ou complexes définies sur I'ensemble N* des entiers
=1,

Il est usnel de définir une convelution dans & par la formule

G = Sea(%)

din

() Cf. J. Kubilius, Probabilistic Methods in the Theory of Numbers (Trans-
lations of mathematical Momographs, vol. 11, theorem 4.9, p. 8§8).

(*) Tout au long de cet article, 1a lettre p désigne un nombre premier. Les lettres
m, n, r désignent des entiers > 1.



