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ACTA ARITHMETICA
XIII (1967)

On oscillations of number-theoretic functions
by
I. KArar (Budapest)

1. Introduction. In recent years S. Knapowski, P. Turdn and
W. Sta$ obtained important results concerning localized omega-esti-
mations of effective type of many number-theoretical functions. The
proofs of their theorems are based on Turdn’s results in the theory of
diophantine approximation. The author obtained some results of a simi-
lar type which were partially published in [2]. The following estimation
is a typical one: if 7 > ¢,, then

(1.1) max M(z)o " >4, min M(n)z " < —8,
T<eT* T<r<T*

where ¢, >0, 6 >0 are explicitly calculable numerical constants and
% =(24V3) = 4,...; M{x) = 3 p(n), u(n) the Mobius function. We
nLE

also proved in [2], that (1.1) are fulfilled with » = 1+ ¢ (& arbitrary posi-
tive constant) if 7' > T,(c). But here we cannot estimate the value of
To(e). It is natural to try to obtain an effective inequality of type (1.1)
with better localization.

The aim of this paper is to refine the localization in (1.1) and in simi-
lar inequalities of some other functions.

In our estimations we shall use the numerical results of Rosser and
Schoenfeld concerning the position of the roots of zeta-function [10].

2. Formulation of the results.
2.1. Let us introduce the following notations:

(2.1.1) M(z) = g;#(%);
(2.1.2) Mo(w) = 2 $;
ngT

(2.1.3) 8(p) = Zl‘_(;l e em?,
A=1
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(2.1.5) m(w) = w(n)

ki1

]
8

Let gy(n) be the indicator function of k-free numbers, i.e.

1 if » is a k-free number,
(2.1.6) or(n) = .
0  otherwise,
@
2.1.7 Pulz) = 2
2.17) @) éakm) 5
Let B (> 2) be a positive number,
. ) 1,01
(2.1.8) r=7(B) = -210g2B-’
1 2e
9 1.4 = — — _
(2.1.9) %= rlog p
In the following ¢, ¢, ... ¢, 05, ... denote explicitly calculable

numerical constants, and as usual log,z = logz, log,,,» = log(log,)
(r=1,2,..)); expz = ¢~

TevoreM 1. Suppose that the =zeta-function of Riemann (L(s)
= {(o+1t)) is non-vanishing in the domain
(2.1.10) c>3%, || <B+20.

Then for every 1 > ¢, Bt we have

(2.1.11) max M(z)z ' > 48,
T*gacT

(2.1.12) max My(z)z'"* > 4,

T*geT

(2.1.13) max S(@)z'? >4,
T*gagT

(2.1.14) max T(x)s™ >3,
T ca?

(2.1.15) max m(z)z " >48,
T gaT

and for I'> c,exp(c;kloghk-logB)

(21.16) max Py(m)aV* > 5[k,
el

min M (z)a ' < —4,
T<agT

min M, (z)2'* < — 4§,
Trgagl

min §(z)r'? < —9,
Treaet

min 7'(x)s~ " < — 4,
T*<eT

; — 12 g
min m(z)s™ " < — 9,
TegogT

min Py (x)a "% < —§/k,
T*<agT
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where § 1is a suitable, erplicitly calculable positive numerical constant; x
as in (2.1.9).

Using numerical computations of Rosser and Schoenfeld we can
choose s = 0,36.

THEOREM 2. Let us suppose that the zeta»functe‘an 8 non-vanishing

in the domain (2.1.10). Then for every T > chc2 we have

T
S (e .
2.1.17) J '—#(lm > 5T,
7
(2.1.18) J [, ()| de > 6T,
1
r
(2.1.19) f 18 (@) de > 8T,
1
" ()
@
(2.1.20) f - | e > o7,
; .
Y @)l
m ¢
(2.1.21) f dz > 5T,
i @2
and for T > e,exp(c;klogk-logB)
Y P
(2.1.22) [ Prlo)] g S o,
i z k

where o is a suitable explicitly calculable positive nusnerical constant and
% as in (2.1.9).

Using numerieal computations [10] we can choose x = 0,36.

Remarks. The first investigations concerning the oscillatory prop-
erties of M (x) (in an effective sense) were made by S. Knapowski ([6],
[7], [8]). In his paper [7] he proved the following: assuming that in the
rectangle 0 <o <1, |t] < w all the roots of the zeta-function lie on the
line ¢ = 4, we have for all 7 in the interval ¢, < T < exp(0'?)

max M(z) > TPA(T), min M2)<—T"1T),

el 1T

MT) = exp _.15%1_1 .
log, T
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It is evident that the changmg of the sign mflmtely many times
follows from this assertion only if v = oco.

In this case (i.e. if the Riemann conjecture is true) the author ob-
tained a slightly better estimation [3], namely if the Riemann conjecture
is frue, then

max M () > T exp(—¢y(log, 7)), min M(w) < —T"exp(—c,(log, T)%),

I<esT 1<aT

for every T > ¢,.

M. Riesz stated that the estimation T(z) = O(2"**°) and the Rie-
mann conjecture are equivalent [9]. Later, using the ideas of M. Riesz,
Hardy and Littlewood proved the equivalence of the Riemann con]ee-
ture and of the estimation (see [1])

(2.1.23) i‘i = Oz ).
- &L BI(2R+1)

Using the substitution # = ? we can write (2.1.23) in the form

(Y - u(n) ~Bm? _ —3+e
66)~§Te" 0(F ).

From the theorem of Hardy and Littlewood it follows immediately
that if the Riemann conjecture does not hold we have S(8) = (5 %3).
W. Stag dealt with the localized Q-estimation of S§(8) ([11], [12], [13]),
and in [13] he proved the following theorem: if the Riemann conjecture
s true, then for T > ¢,

max  |8(B)| > T~ W
Tl_o(lkﬁdl G

I can prove the following one-sided theorem: if the Riemann con-

jecture is true, then for T > ¢, we have

max S(z) > T "y(T), min 8(z) < —T"2y(T),

Tlg.'rgi’ Ti<esT

max T(») > T"p(T), min T(z)< —T"p(T),
<l T<z<T

where

log Tlog,T'
T, = Texp (— W), P(T) = exp(—e,(log,T)?).
2

The proofs of these results are not published.
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In my dissertation [4] and in [2] I obtained results for these func-
tions without any conjectures. Here the inequalities (2.1.11)-(2.1.16)
were proved with » = (2—/3)% In the proofs of those theorems I used
an idea of Rodossky.

Conecerning our Theorem 2 we note that- S. Knapowski obtained
conditional results for the lower estimation of ; [ M (z)|@ " do. Tn my opin-

ion the inequality (2.1.17) is the first uncondmonal_lesul‘n for the inte-
gral mean value of |1 (x)].

We shall deduce our Theorems from two general theorems concern-
ing the Dirichlet integrals.

2.2. Let 4 () be a real function on the interval 1 < « < oo, 4(1) =

and
~dd )
(2.2.1) #(s) :f (@)
; z
We assume that
(2.2.2) f |dA (w)] < e a®™

where 0 < 6, <1.

Further, let f(s) be analytically continuable into the half-plane
o>(1—e)0, (s =0+1t), where 0 < e < 1.
Let f(s) have a simple pole at the point

(2.2.3) 0= bOy+1y (y>0)
with residue b,
(2.2.4) b = Resf(s),

s=p

and let y < ¢,, where ¢, is a constant.

Further, let f(s) be regular in the domain D except for the point o,
where D is defined as

(2.25) D={s=o0+it; 0= 0,(1—¢), —£,0, <t < y+e: 05},

0<e <e
Let

(2.2.6) M= mixmax(]f(.g)], If(s+in)l),

where 4 is a broken-line with vertices

(2:2.7)  6i—e10,8,  Oy(L—e))—e,0yi, Oy(1—ey)+ey0y0, O+ s, 04
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Let f(s) be regular in the strip o > 0,, [t| < 02(B+42)+y and let

[flo+it)] < (]+8,)"%°%CD  in 2(B+1)4y.

Suppose that for every real T’ there exists a ¢ in the interval T <t
< T'+ 8, such that

(2:2.9) flo+it)] < (+6)% it

Finally let us assume that there exist a positive g, such that

(2.2.8) o> 0y, 1t <8

o =0,.

Oy 8,
log(1/(1—&;))"

If these conditions are satisfied, then the following assertion holds:
THEOREM A. For T > ¢; we have

6,— 6,
2.2, S (1426
(2.2.10) “logB (1+2e,) <

(2.2.11) max A(r)z"% >4, min A@ae % < -4,
TB<a<T BT
where
(2.2.12) PO
’ 20(0,+y)
2.2.13 = (e 2=l
(2.2.13) 7= ( &y logB ’
(2.2.14) B = Ba—rlog(fae/r) 7

0,

&, >0 is an arbitrary constant satisfying (2.2.10) and ¢; is a numerically
caleulable function of ey, ..., ¢, €0, M, B, b.

Suppose that the conditions of the Theorem A are satisfied, except
the assumption that y >0 in (2.2.3).

Introduce the notation

o AW
(2.2.15) Ix(m)_lf———q—‘——-du.

The following assertion holds:

THEOREM B. For T > ¢; we have

0,4 |b]
A

(2.2.16) E(T) >-L— 1,
where f is defined by (2.2.1
of €1y...y 64,85, M, B,b.

4) and e5 is a numerically calculable function
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3. Deduction of the Theorems 1 and 2 from the Theorems A and B.

3.1, Lemmas. We shall need the following lemmas:
Leaya 1. If the function {(s) is non-vanishing in the dosmain

o>%, {tI<B4+3 (s=o+i1),
then
(3.1.1) o+ i)| < (Jt] 1) Calesle—
in §<a<§, 1t} < B

For the proof see [5], Lemma 2.

LemymA 2 ([14]). For every real T we can find at in T <t < T+ 1,
such that
(3.1.2) [N o+t < (J]+1)

in the intervel —1 <o < 2.

It is known that the function {(s) has a simple root at the point
9 = 341y (yo = 14,13 ...), further, that in ¢ > 0, Jt| < 20 all the roots
of {(s) are o and p.

3.2. Since

1 ~AM (z)
= ) = :
) [=& ww =0, @)

1

we can apply Theorem A with 0, =1, 6, = 4, ¢ = g, (see Lemmas 1, 2).
Hence (2.1.11) follows.

For the proof of (2.1.12) let
_m,_s)/‘*?ﬂo(m)‘_lhl o
fls) = f 2 A My () — J = T Ty AW = ela)

1 1

It is known that f(s) is regular in s = 1. Let 6, = 1,60, =%, 0 =g,
Using Theorem A we obtain (2.1.12).

For the proof of (2.1.15) we choose 4 () = m(2)—m(l),

f(s) =f Wﬂ =M(l)+3fm(%)ys“ld‘y

1
o

= q;}(l)-{—s ‘f ) (%) ysﬁld?/_‘))(s))

where

Acta Arithmetica XIIL1
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is an integral funection and

p(o+in < [ ey 'ay <T(o) for o>0.
1
Using the relation
© 00 P(S)
1 7 o= S
f«/” _>_1 w(n) dy = RER
[ N=1
we obtain
I'(s
716 = s (1) =g s,
£(s)

In the domain } <o <2 we have |['(¢+it)] < ¢;. Hence eagily fol-
lows (2.1.15). ’
It is known that

(3.2.1) BS(B) =

Using the prime-number theorem in the form > u(n)/n = 0, we have
_ Z #(n)
=1
if0<p<1

So the function ¢(s) defined by

) _
_ [ s 8(VB)
ﬂ—Jﬂ—ﬁrw

(=B __

1) =0(p),

is regular and ¢(s) = 0 (3 !

) on the half-plane o < 3. By partial inte-

gration

5.) ‘lit f ﬂ“sd( lle 1/‘3)) “S(I'(%—S)

s o)+ 5.
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Transforming the integration line in (3.2.1) onto Res = PRGN
being regular on ¢ = 3}), we get

B[ Ir(0—it)
2w ) (e 2]

Now let f(s) = h(s), 4(p) = f*28(VB)—8(1), 6, = }, 0, = 1. From
(3.2.2) follows |4 (B)] < &V /3 Applvmg Theorem A we obtain (2.1.13).

The inequalities concerning T'(z) can be proved similarly.

It is known that |Py(x)] < (w”l“ Now let us choose

IBS(A)] <

o o () 1 O
f(s)_lfw dP"(m)_g w C(k)(s—1)  Z(ks)  C(R)(s—1)"

The function f(s) is regular in s = 1. From the assumption (2.1.10)
it follows that f(o+4t) is regular in ¢ > 1/, |t| < (B+20)/k, and we can
apply Theorem A with 6, =1/k, 6, = 1/2k, ¢ = g,/k. Further,

1 Yo 1
-l
Y NS
The deduction of the inequalities (2.1.17)-(2.1.21) is quite similar.
4. Proofs of Theorems A and B.
4.1. For the proof we need the following

Leyma 3. If
> dA (s
Fiy = [ 2

1

Res f(s)

s=gg[k

(4.1.1)

A(x) is a real function and

x

J1ad (u)] < ez,
1

(£.1.2) A =0,

then for every integer k=1 and for every real v the integral

(4.1.3) I(z) = jf w -Hi h“ dw

u)7_

crisls if Rew = o > 0, and is equal to

4.1.4 1 @\* —izlogu
(£1.4) I () =ﬁf logq—b ¢ ad(u).
1
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Proof. The existence of the integral in (4.1.3) is evident from (4.1.2).

From the definition of f(s) we have

oo ) 1 w
dw = f g—-ulogu {—2—5 f(%) k+1 dw} dA(u)
1

(9)

o ff(w—rw

and, changing the order of integration, we obtain

1 a —irlogn
- f (log ) S A ()

by using the well-known relation

1 @\*
1 z\v dw —'(logﬁ), if u<ua,
- f(—) T = k! [

28 ul w
0, if wu>w.

()

4.2. In this section we shall estimate the integrals Iy (y), I;(0). Let
us take the points 4,,..., Ay, 4,, 43, 43, 45, on the complex plane
defined by

; 1 ]
—iBy; Ay 0,4 —— —1iBy;

1
Ay by —— —ioo; at —_—
it Bt teos st bt log logz

logz

ds: 0,(1—e))—ie,0,;  Ag: 0y(1—eq)-+ie,0,;

b

1
Ay Oy —— —1g, 0y
Iogm

1 , 1 .
4,00 + +zel 25 Ag: Bg—i—@ +iBy; A4, 61+@—|—1B2;

) . 1 1
AIO: 61+T{3g—m +‘lOO; .A.g! 01+@~1B1: AS: 62+T‘Dg—w'—7zB1;

1 . , 1 .
0+ —— +1By; : — 41
.+ logw +1iB,; Ao 6+ loga +1Bg,

where B, B,, By, B, are chosen so that‘
6,B < By, By, B, By < 6,(B+1),
and
(£2.1)  If(o—1B), If(6+1B,)|, If(o-+iy—iByl, |f(o+ip+1iB))|

< [6(B+1)1%.
(The existence of B’s follows from (2.2.9).
Transform the inte’gration line of I;(0) and I,(y)into the broken line
oAy and Ay, 4y, A5, Ay, ..., Ay, Ay, Ay, A,y respectively.

bm@
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Let us denote by K;(r) (r =0 or y) the part of I,(r) on the ith
segment.
From the condition (2.2.2) it follows immediately that

(4.2.2) Iflo+1it)] < Tll
in the half-plane ¢ > 6;.
Now let
(£.2.3) k= [rlogz], r as in (2.2.13).

From (4.2.2) and (4.2.3) it follows that any of the integrals |K,(7)|,
|Eo(7)} (r =10 or y) is smaller than

e exftoET Dy <o B 2%
EEI T S 100 gEY

(4.2.4)
if @ > ¢, where

ble
Cs = exp ([82(01—62)]“10g 16l ) ), ¢ absolute constant.

(6:— 0s)e,
Similarly, from (2.2.9) it follows that

- - - o e(8;— 6,)a’t 12 #"
(4.2.5) Ko (7)], 1K ()] < o (BT <Joo T
if x> e

Further, using (2.2.8), we have

P (14 gelein jp g

. o , ol
(£.2.6) HHs(0)], G (T)] < ea’ (03‘[—12)7“/2_.(” <T66 Bé-.+1

a0y
if # > ¢;, where

Iogzez
_ o G . [21og(100/1b])
= (“ rlog(1 +e€>) e ( rlog(1+e) )’
Further,
M b %2
(4.2.6) KD, [Ke(v)] < ea bl @

SmOE(I L )R 100 G
if » > ¢, where
(210g 100Me/|b|) )
Cy = ex]p ——
81

Further
(4.2.7) [Es(n)l < M

202 0281
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Using the inequality (2.2.10), we have

x~a s . 6:— 0, 1 ) 0]
Sy = a7 e e (et g Jogg) <« 0L
A= =% = "Xp( “TogB *17s Y < Toom
for & > ¢y, where
log (100.M/|b])
t = GXT) e
fn 1 erlog(l/l—e,) /)’
and so
. 10| o
(4.2.8) [Hs(7)| <W.WT'
From the inequalities (4.2.4)-(4.2.8) we obtain
[b]a
(4.2.9) H(0)] < 071—6,k—,+1—,
for @ > max (e, 7, ¢4, Gy, €1) = [
Sinece
9
. b;v"ﬁ .
I{y) = gt 2 i),
2 =
we have
2%
(4.2.10) 1I(y)] > 0,9 b| GFT for w>ey.
4.3. We obtain from (4.1.4) by partial integration
x
1 . m\ k=1 A
(43.0)  I(r) = f ¢irlogu (mgi) (k+mogi) A 4.
k! ; u U U
Introduce for the sake of brevity the following notation :
@
. 1 . @ \k-1 \ A
(132) B, 1) = o [ o fog 2 ) (k+mlog%) ) g,
“y

(4.3.3) I(@,y, & LR
O €2, {) == ——— e .
(@, 1 (k_l)!yf w (log u) du.
. Now let 6 > 0 be constant and suppose that at least one of the func-
tiong A (u)+ su® has a constant sign on the interval Yy <u <o
From this assumption we deduce the inequality
(logz)®  (loga)*+js|

(£34)  [Li(o)] < 20,97 {T + W} *

T20(I(@,y, k) + I(2,y, k1) [rl) -+ [L(0)] 4 2] T2 (0)].

bm@
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Using our assumption we have

w82 2]
SCELLAR |

1~ 2 \k—1 z
|B(@, 4, k)| <—f (10gz) 7c+|1llog-uf J[
v

k!

1] F z\*-1 @\ Aw)
<—E!—‘yf (log—u—) (Zc—k]r]log;)Tdui-{-

25 LA T 61
+ o f (log-T;) (ZH— {r]log—“—) w2 du
v

< Byl y, k)+ 1zl By(2, ¥, k+1)4
‘)L?-‘é(I(J", Y, k)l (=, ¥, k+1>)

Further, for arbitrary real r we have

% 4 L log 2\ ket e/log =) 2
' —_ oy M X | A N e —— — T —_—
4(0)= B2, , 1)] < max 4 (u) k,lf g £—|=

B (logz)” [r|logz

% 20, Y %! k1 s
because v

max 4 (u)] < [ |d4 (u)] < 09"

I<u<y T

(see (2.2.2)). From these the inequality (4.3.4) follows.

Further,
(£3.5)  I(z,y, %)
x x
1 0 z\FY af2 z @\
— %21 flog — du = f —0108 — 7{ 9 oo —
<k!if * [( g u)] ¥ Gf-kll ¢ ud( 208 'u)
2% by 2%

—? 7.k~ 1 o
< ‘W‘J e "k dv = 0’5
holds.
Now let = = y and take into account the inequalities (4.2.9), (4.2.10),

(4.3.4), (4.3.5). Then we have

mE
s (loga)

[b] a2
(4.3.6) 0,9 o

Ry
0

< 2¢

ylogz 26m%
1 0y .
R
Let y = 2f, where
0,—rlog(B,e/r)

b=
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Using the Stirling-formula for %! = (k/e)*Vork k(14o0(1)), we

obtain

k 05
Ecxy”l (loga) ( ylogm) bl a2

k! k1) S 10 6T
if & > ¢y,
Now choose )
< o
20(0:+ )

Then from (4.3.6) it follows that g|b| < &|bl, Wwhich is a contradiction. So

* K A ()
max > 0, min o
TBgaT X 82 TBga<T X7

< =3,

if T > ¢;, and Theorem A is proved.
4.4, For the proof of Theorem B we start with the integral

1r k
L) = = f (Iog ) o TR G4 (1)),
Let us introduce the following notation:

(4.4.1) D, (z) = f e‘““’guﬂdu.

u
1

Then partial integration gives

r k-1
Io(z) = ;; f (1og ) (k+mog%)dp,(q,¢)

L f Dw) [, @\ )
:—k-!—if " (log;) {(k»«l)(k%—'nlog;) —l—w}du

Now let y = #°. Then

(4.4.2)  |I(2)|

D) 1 [ o, k2
<;1<\13<Xm——%92 Wf u'” (log ) {k(k-—l)—l—lﬂ%—irllog%}du-i—

v
v

1 k-2
+ max |D,(%)|- f(k(k—1)+lri+\ﬂlog—z-)(10€%) -

1<u<y ¢ u
holds.

Let us denote by L,(r) and L,(t) the first and the second integral
of the right-hand side of (4.4.2).
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It is evident that

O ] EL T L R L)

So from (4.3.5) it follows that

) il
i< a;”{ ”2(1* (k—l))}'

Let 7 =y, k as in (4.2.3). Then we have

(4.4.3) L) < 2
2

if #>¢y,, and we have

k— N y k-1
(4.4.4) L,y < Mf (lgu) 2du+Lf (logﬁ) au

% k! ; [ U

k(k—1)+y (loga)*™'  y(loge)®

%! F—1)! %k
Further,
v
A (u R
max |D, (u)] < f ! (Zu < clf w2 lqu < ey —— v
lu<sy 01

1

Using the Stirling formula for k! we infer that the second term on
the right-hand side of (4.4.2) is
ol i

max (D, (u)|I(y) < — TR
2

1<u<y 10

if @ > ¢, Further, from the inequaliby (4.2.10) it follows that

2% D, (u) a2 || 2%
0,910 < 2 max — " — —
o1 pE+! veuce U2 9;“1 10 6§+”
whence
K D (u 0,410
max l(eil) > max —————l g:t)] = d zl l,
y<uge WE y<uge  UF 5
if @ > ey
Now let T > ¢,5; then
K(u 0,4 1|b
K(T) >| max (9) 7%f > ’J l.T‘”Z,
ThusT U2 [y

and Theorem B is proved.

Acknowledgement. I wish to thank Professor P. Turén for all
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