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ACTA ARITHMETICA
XIII (1967)

A note on a recent paper of U. V. Linnik and
A. 1. Vinogradov
by
P.D.T. A. BErurorr (Nottingham)

In a recent paper [3], U. V. Linnik and A.I. Vinogradov proved
that r,(p), the least prime quadratic residue (modp), satisfies

ra(p) < P

for any fixed positive value of e. It is the purpose of the present note
to show that, with a simple additional argument, one may prove a con-
ditionally stronger result.

Let L(s, ) denote the Dirichlet series formed with the Lagendre
symbol (modp). Then we make the following

HYPOTHESIS.

1/4+z

¢; (loglogy)*
L 2 27
(1, Z) > logp ’

where ¢, is a positive constant, and k 1s a non-negative integer.

The estimation of L (1, y) from below is important in many parts
of number theory. Here we note that J. B. Littlewood [5] proved that,
if an extended form of the Riemann hypothesis holds, then

¢
i —

1,2 > loglogp
Indeed, with trivial modifications his proof shows that if

L(S7X)=0’ Res>1—9(17): 0(}7)>0,

then

¢ 0(p)

loglogp
Hence a sufficient condition that our hypothesis should hold, is that
L(s, x) does not vanish in the region

¢4(loglogp)*+*

logp )

L1, 7) >

Res >1—
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The result which we now prove is the
TueoREM. Let L(1, y) satisfy the hypothesis with a constant ¢, > ¢,
Then for any fized &>0,

5(p) < pi(l-l‘ﬂ)/(k’l'z)

The constant ¢, 15 absolute and. effective.

Before g1v1ng the proof we mention that if we asswme that ‘we may
take 6(p) = %, then N. 0. Ankeny [1] showed that n,(p), the least prime
quadratic non-residue (modp), satistied

1 (p) < (logp)*.

The same proof gives a corresponding result for r,(p). The novelty of

the present result lies in the comparative weakness of the hypothesis.
Proof. We begin with a result of Linnik and Vinogradov, nhamely

that ' [}

1) 2(1_—)2M ) )——mL( )+ 0 (wp™)

n<x dn

holds uniformly for z satisfying p**** < x < p™*, with a certain § = d(¢)
> 0. Actually they give a skefch of a similar result, pointing out such
changes as are necessary in order to prove (1). The method rests heavily
upon a result of D. A. Burgess [2] concerning character sums. This states
that, in the present case, for any fixed &> 0 there is an » = 7(e) >0,
so that for all H > p'**e,

| D a(m)| < op
n<H
Since we know by Siegels’ theorem [6] that L(1,x) >c¢(8)p~ ¥,
we see from (1) that for all large primes p,

) 2(1———)2u @) > <L, 7).

n<x dajin

For the application which they have in mind -the result is therefore not
effective. However it clearly will be in our case provided that the hypo-
thesis holds for an effective ¢,. ‘

Consider now the integers n << # for which »(n), the number of dis-
tinet prime divisors of n, is m. It was proved by Hardy and Ramanujan
[4], that the number of these does not exceed

1 sz s (o5logloga)™

e loglog« -1
m—1)! Togs togloga+ ™ < S D)1
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Thus
k41
-csm (2¢,loglogr)™—?
—_—— (d)
(1 )—J @) loga,"- 2 (m—1)!
n<T dn m=1
rm)y<h+1
2¢x(loglog)® Z.Qw (2e,)™ &
2 rna.
< logw PR €,z

if @ = p'**, and ¢, is sufficiently large.
From this and (2) it follows that

2 (1_%)#2(11)1((1) >%L(l, x) > 0.

n<x
»(n)>F41

Thus we can find an integer 2, not exceeding #, for which

[](l+x(q)) =Z#2(d)x(d) #0.
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All of its prime divisors ¢ must therefore be quadratic residues (modp).
There are more than k-1 of them however, and so at least one does
not exceed x'/*+?, This completes the proof of the theorem.
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