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to ¢ modulo H which are less than 2 for which G(f) has all of its
prime factors greater than z'%, ie., G(f) has at most R-m prime
factors, m being the degree of the polynomial. Sinee the polynomial F(n)
of Theorem 1 is equal to F(¢)3 (%), the theorem follows if we set

A = Rm-+4,,

where 4, is the number of prime factors of F(c).
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On Mordell's theorem
by

I. SH. SLAVUTSEY (Leningrad)

1. Suppose that R(}d) is a real quadratic field with fundamental
diseriminant d, main unit E; = T,-T;¥d and class number h{d). Fol-
lowing Berger and Leopoldt ([6]. [21]), we introduce the generalized
Bernoulli numbers Bf; belonging to a primitive residue echaracter »
modulo f >1 by the relation(?)

L]

LR B o
Ntz gt ;f;<—2}’-1.

o zﬁy
r=1 k=0
Then the results we find in some Mordell’s articles ([24]-[27]), and
in the article by Ankeny and Chowla ([4]) demonstrate the equivalence
of two facts
U, = 0(mod p),

B2 = 0 (mod p),

where f =1 for d = p = I1(mod4), and f = 4 for d = 4p, p = 3(mod4).

This fact was first stated by Kiselev ([15], [16]) and later independ-
ently by Ankeny, Artin and Chowla ([1], [2], [4]), but Mordell succeeded
without Dirichlet’s formulae which have not up to now been proved
with the help of elementary methods.

In this note, by extending Mordell’'s method of p-adic logarithm,
there is, demonstrated the

THEEOREM. Let R(Vd) be a real quadratic field with fundamental discri-
minant d = np, p > 3, an odd prime number and 1 <n < p. The con-
gruence

(1) U, = 0(modyp")
(*) As for arithmetical properties of B;‘, see articles [9], [18], [19], [21], [29].

‘We remark also that for f = 1 and f = 4, generalized Bernoulli numbers correspond
to usual Bernoulli and Euler numbers.
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holds if and only if
(2) —B’“ = 0(modyp"),
m ’
e . ) l-1 _(__1\-Dp2
where 1 is any positive integer, m = ((p—l)/?.)p , e =(—1) and

z{wx) = (i) is Kronecker’s symbol.
g r

The demonstration is obtained with the help of an estimate for the
class number h(d).

2. It is known that A(d) = 0(1/5) and a more exact result follows
from Hardy-Littlewood’s hypothesis ([3])

h(d) = O(VE hﬂn‘l).

Ind

Also for any &> 0 there exists infinitely many real quadratic fields
such that Z(d) > d*~° (see [5]). . .

For the purpose of our note, for example, the following estimate
is sufficient (?)

3) wd) < Vd.

This specification of the result of Polya ([18]), Schur ([32]), La,ndffm
([20]) and Hua Loo Ken ([12]) can be easily derived if we consider Dir-
ichlet’s formulae for class number of real quadratic field in the form

way = V2 2(1z)
) W) = 51 # ),
v ¢ (m) dy . ,
where Z(1}y) = Z " and y(n) = - is Kronecker’s symbol.
n=1

Indeed for B, = }(t+uVd) provided £—u’d =
t=ufd—4 holds, so that

+4 the inequality

B> u(d+vVa—4) >vVa—3,

and since Z(1ly) < 3Ind+1 (see [12], lemma 5), then

(3) Note that many recent articles ([3], [8], [11], [22]) contain much_weaker
esults given sometimes for special cases. As for d < —4 wecan get i (d) < 1V |di1n|d].

iom®
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Inequality (3) follows since (3lnd=1)/In(d—3) <1 for d =17
and for d = 5. 8§, 12, 13, as known, k(d) = 1. Therefore (3) is true for
all d.

- Let k= R(g) with ¢ = exp{2=i p). where p is an odd prime ra-
tmnal integer and R is rational number fickd. Then provided » > 1 and
(n, p) =1, we consider a field K = E(S) = R{£). where = exp(2=i/n)
and & = exp(2=i;np). From the theorem of class field theor v {for example,
see [33], Ch. 3, par. 12), the odd prime ideal 1 — & from field decomposes
in K into the product of different prime ideals so that if P, a prime 1dea1
of K and p! (l— o), then pii(1—- o) and therefore together with (1 — 5)"~*
we have p"~'[/p. Selecting an integer xe K with 9 'z, we consider the
a-adic algebraic integers a, beK such that a = b (modp). For these
numbers, we define the quotient

Since the formulae

o =b(wodp'p), and (a-p'apy’ = '+ p¥ay(modp™p),

where f, y are m-adic integers of K, imply that f(a) = f(b)(modp'p),
s0 the quotient f(a) is characterized by residues modp'p. This quotient
has the properties of a logarithm(3), namely, if a = b = 1(modyp), then

1. f(ab) = f(a)+F(b)(mod p'p), since
1 ! 7 1 K
-1 o g’ P—1 a"—1
(a)Z _a aI a - 7:" : L a 2, ' ":fl(modpv)
r r p p

a
2. 7{2) = s sy moayy).
Using these two properties, we conclude that
(modp), 1 i<

Ha,w«Hb,- = ﬂ(modp’p),

3. if a;, =b; = < s, and

(3)
then we have
s 7 »l
. v al —bY
(6) ML

P}
=1 p

= 0(mod p'p).

(3) For details concerning relation between f(a)} and p-adic logarithm for case
1 =1, see [2], and for any I > 1 [23], [29].
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Indeed, from [Ja;—[]b; = 0(modp'p), it follows that

H;—i = 1(modp'p)
7

\2
(LT3 =xes
b

with some m-adic integer yeK, so that

ST )=

and, together with properties 1 and 2 for f(a), we obtain property 3.
Mordell himself nses his p-adic logarithm method only in the cases
n=1and n=4.

or

4. Supposing ¢ = np is a fundamental diseriminant of the real quad-
ratic field R(Vd) with 1 <n < p, we conclude that h(d) < p (see (3)).
Firstly we assume that # >1. Then Dirichlet’s formula for the class-
namber %(d) of field R(V E) may be written as

Eih — n (1_ Eb)z’
(@)= rocr<s
or
El—zh — n (1_ f“)z,

(%)=+1,0<a<d
ay .
where " is Kronecker’s symbol. Then since

B = (I,—U,Vay,

and
gt .
‘_21_ = U,@QrT? 4+ CL T3 02 d+.. )Va,
the conditions
(7) Uy = 0(modp?)
and

) [Ju—&r—fa—ey

2

= 0(modp'p)

follow one from the other. Here the prime ideal p of R(&) divides (1—p),
¢ = exp(2axi[p).

hn..@
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Writing & = exp(2=i/n), ¢ = (—1)®"P* and selecting for every b

fe d o
with condition 2 = —1 two positive integers u and » by
b= np(modp), 0<p<p,
B pr(modn), 0 <w»-<In,
so that
W d &n sp) (en)(sp)
= " nd —1=[—)=|"—-}{=}=¢e|l—]1=],
g="re an (b) ( b ) ( b € yI\ul’
we obtain

1-& =10 = " — g +1— 0" = "1 -+ (7" -1 (1= )7
Sinee (o, p) = (1— 7, p) = 1 acting by analogy with 1— % where (g)
= 11, we rewrite (8) in the form

[1+(e*=1)(1—=)"F~

7

o<u<p,o<»<n,(f§)=_
- 11 [1+ (g *—1)A—&)'F = 0(modp'p).
S<p<P v, (j—f}:a(f;)

Then using (3) and (6) we suppose that every product consists of ¢(d)
numbers and cancelling by 2 we state

%{ > [+ (e~ 11— ) —
()el)
- X {1+(9—’1_1)(1—§’)'!]1}} = ((modp'p).

()=

¥ er-na-nTY-

Y Ot Da- 7P = 0(modz'p)
(Z)=5)
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or after raising to power and changing the order of summation,

ol
o NoalNa-or[ 3 er-v-
= " () =—e()
-\ (g“—l)"]}EO(modplp)..
2
(%5)=(5)
Note that
L ’—}, it pli,
(”7):;‘,(8“)9 ‘!i[—l—‘—e(i)(—gg)}/;];] it pti
)5 5 i P : ’ Z )
and hence
D e Y ey
(Z)=-e(5) {)=(5)

It is easy to see that

1 . . e_p p
Py 20k | (—1) B C’k ; (mod pY,

1

from (9)

. £ e s . . 1. .
since (—fi) =0, if p|i, and, if p{i, then ZO;‘ is a p-adic integer. Then

Pr:l, T L T(“\,) ié:(—wl) C’,L.(»i-)}EO(modpp),

Since from all i with m = 3(p—1)p"*
(Ef) = mOd‘pl>,

T=0

ference.

k
") s & .
50 E( —1)*1¢t (—fi) = A*0™(mod p), where 4*0™ is a k-any finite dif-
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Therefore

_ 1
(10) y *‘—“—E‘)‘r = O(modp p).

k=1 »

ol ( En )JI. Om
EPIP)

We notice that 150" = 0 for & > m.
With the help of Kiselev’s identity ([16], [Ty

r—1 3
1O v\ ¢ (=1 AFof
B Z n(;)r S El e

where r>1, v — integers, 0 <r<<r—1, 7 =exp(3=i/r) and B,(x}
is a Bernoulli polynomial, we conclude from (10) that

1 V(m) vBm( )m = 0 (modp* M1y

M i {1
>
\{ &k &n —
Ty a
Ven,
2 ( )’ ( v ) ’

v

Noticing that

we obtain at last
—B;_,ﬂ = O(Hl()dpm Hi-§H 1}7
m

&n ; .

where y(r) = (—) is Kronecker's symbol and By rational numbers, so
v

that

wwB”"‘ = 0(modp").
m

In the case d = p = 1(mod4), provided []

Igrp—1
o = exp(2=i/p) we see that [; = 0{mod p') is equivalent to
[Ja—oy—[1a—¢y

2

(1———4;),' =P with

= 0(modp"*'p).

Using the given above method for I’ = I+ 1 and writing m’ = {(p—1)/2) Fu
finally from Kummer’s congruence,
Bm’ Bm
z -

= "% (modp")
m F1a

we get

1
— BF = 0(modp),
n

where in this case B} = B, are usual Bernonlli numbers.
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5. In connection with all said above, there is a hypothesis first sug-
gested in the article [2], completed in [17] and repeatedly d{scussed in[33],
[34], [19], [31]. Namely a far advanced calculation gives a right to suppose
that in case when the discriminant of field R(I/d) is d =p or d=4p
(p =1, p = 3(mod4) respectively and p an odd prime integer), we have

U, = 0(modp)
or (just the same)
B Y2 = ¢(modp).

Here y is an character mod f, f =1 or 4.

It is also interesting to observe that if d < —4, so for d = —p,
p = 3(mod4) and d = —4p, p =1(mod4) (in both cases p is an odd
prime integer), we have(?)

(11) h(d) = —2BPV*(modp),
where y is a character modf, f =1 or 4, y(—1) = —1 for f = 4.

Therefore since h(d) < 1V|d|In|d| for d < —4, in above cases we
have h(d) < p and thus

B £ 0 (modp).

Lastly we note that when the square free kernel of a composite discri-
minant contains more then one prime integer, this hypothesis is false.
For example, for d = 184 = 8.23, fundamental unit is F, = 24335+

+897V184 and U, — 897 = 29.23.
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On the zeros of L-functions
by
E. FoGELs (Riga)

Introduction

1. Let L(s, 7) be any L-function of Dirichlet with a character z to
modulus D > 2. Using an unproved hypothesis in 1945, Linnik proved
(see [10], §17) that for any Ze¢[0,logD] and t,e[—log’D,log’ D] the
number of zeros of L(s, y) lying in the rectangle (1—4llogD <6 <1,
fy <1< 1,+1) in the plane of the complex variable 8 = ot does nob
exceed 0%, where ¢, (and later on €, ¢y €1, €y -..) stands for an appro-
priate absolute constant > 0(1). In 1944 Linnik [9] proved by a very
complicated method that the number of functions L(s, z) having at least
one zero in the rectangle {1—Z/logD <o <1, It < min (2%, log* D)}
does not exceed e*. Ten years later Rodosskii ([12}, pp. 333-341) gave
a simpler proof, but merely for the rectangles (1—iflogD <o <1,
it} < é*flog D). In 1961 Turén [13] proved by his new method a slightly
more general result: The number of zeros of the fnnetion Z(s) = TTL(s, %)

x

in the rectangle (1—i/logD <o <1, [i—14,] < é'/logD) with |t| < D2
does not exceed e’

The height of the rectangle considered by Turén or Rodosskii for a large
D and 2 < logloglogD (for example) is very small. In order to eliminate
this restriction I have combined Turdn’s method with some ideas taken
from Linnik’s paper [10]. By these means I have succeeded in proving
the following

THEOREM. (i} For any T > D and Ae[0,logT] the number of zeros
of the funetion L(s, y) in the rectangle

(1) A—-2logT <o <1, 1| <D
does not exceed ¢*
(i) The same is true for the function Z(s) = []L(s, x).
x

(1) Linnik’s proof is based on the following hypothesis: Any eircle of radius
1/logD with the centre in the rectangle (1—loglogD/logD < o < 1, il < log®D)
contains no more than ¢; zeros of L{s, y). He promised (see [10], pp- 111 and 118)
to publish another proof for the case in which this hypothesis does not hold. Twenty
years have elapsed since, but no proof of this kind has been published yet.
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